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Some Elliptic Function Formula. 

Page 67, For equation 1 read 

— —-j—=in{n — Ijsn^-^M — n^(l -f F)8n"u + n(w-f l)ife'sn*+*ii. 
'^ 75, Insert du under first integral sign. 

A Constructive Theory of Partitions. 

Page 251, last line. After * * insert *. 

" 267, line 8 from foot. For imtraotUe read contractile, 

" 268, line 10 from foot of text. For cmd that those read a/nd those. 

" 282, in formula following the words "we obtain the equation'' for 1 +aa?.l +aa; 

in numerator read 1 + oa:. 1 + ax*. 

" 283, near middle of page dele 1 + aa?, preceding a^^a*. 

" 299, line 1. After number of insert improper fractions with, 

" 300, Art 51, line 2. Between into and termed insert what I have elsewhere. 

" " Footnote, line 2. For 2^ read 26. 

" 301, line 2. For aocu/raoy read precision, and for method read resuiL 

12 12 n n 

« 302, line 6. For f^ + ^ r«^ J^ + 5 
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vi Errata. 

Page 306, line 10 from foot. For lemma read the remark made. 

" " lines 8 and 12 from foot. For 8j read 8y . 

'^ 325, Paragraph 3 is quite unintelligible as it stands and will be corrected hereafter. 

" 330, lines 2 and 4 below the diagram. For the words following conaeq^iently and 
preceding be a, substitute no similar contour obtained by treating any one of 
the three nodes which it contains a« a centre of similitude will. 

" " line 5 below the diagram. Aft«r the word origin insert in such contour. 

" " lines 6 and 5 from foot. Dele from so to sign inclusive and supply what 
follows as a parenthesis : (Points in a plane arranged in any order of 
sequence, such that the successive determinants formed by their trilinear 
coordinates are of uniform sign, are said to be in a normal order. Rays of a 
conical pencil arranged in any order of sequence, such that their intersections 
by a plane satisfy the above condition, are also said to be in a normal order : 
see privately printed syUabus of my lectures on Partitions, 1857, or M. 
Halphen's theory of Aspects.) 

On NoN-EucLroEAN Peopebties of Conios. 
Page 375, line 10 before conies, line 11 before elUpsej and line 12 before ctrcfc, insert real. 

Di UN Nuovo Teobema, Etc. 
Page 382, for Dominico read Domenico. 




Quelques Applications de la Theorie des Formes 
Bifiaires aux Fonctions Elliptiques. 

By M. Faa de Bruno, Twrin. 



Apr&s avoir pris connaissance, presqu'a Phasard, d'une note de M. Klein sur 
les fonctions elliptiques, inser6e dans les Mafhematische Annalen, il m'est venue 
la pensee qu'on pourrait d'une fapon 61ementaire arriver aux r6sultats de M. 
Klein sur Pemploi de Pinvariant absolu dans la determination des elements 
elliptiques. J'esp^re avoir atteint le but, sans passer par les series hyperg^o- 
metriques peu connues, et qui du cote pratique laissent beaucoup k desirer dans le 
cas qui nous occupe. Ce qui etait pour ainsi dire entrevu par de grands genies, 
trouve ici une realite facile d'ex6cution. II m'est arriv6 dans cette recherche de 
trouver des series que je croyais nouvelles, et que ensuite j'ai rencontree dans 
quelques auteurs ; il en reste pourtant quelques nouvelles. Ce qui peut-etre 
pourra paraitre interessant, c'est une serie d'une convergence vertigineuse qui 
donne k Pinstant la valeur de la periode, une fois calculee la valeur du module, 

« 

pour n'importe quelle quartique par I'emploi de I'invariant absolu. 

D3 V Invariant absolu dans les Formes Qaartiques. 

Toute quartique pent etre reduite par une transformation lineaire a la forme 
canonique 
(1) x^ + 6iia?i/ + ^/. 

Ainsi en appellant /g, I^, A, les invariants quadratiques, cubiques, et le dis- 
criminant de la quartique donnee, et en observant que ceux de la quartique (1) 
sont 1 + 3/^*, (I — |u^ (1 — 9/^*)^, il viendra 

Vol. V. 



2 Faa de Bruno : Qiudqiies Applications de la Theorie 

(2) /, = (1 + 3/i»)5S I,= {u-u')h\ A=/|-27/l = (l-9a75", 

h designant le module de la transformation. Nous avons deja vu {American 
Journjcil^ Tome III) que ^i peut s'exprimer en fonction de Pinvariant absolu. 
Dans les recherches actuelles nous preciserons davantage le role que joue 
Pinvariant absolu. Rappellons nous a cet effet que la canonisante de la 
quartique est 

(3) X»— 7^ + 2/3=0, 

equation, qui, ayant egard aux valeurs (2) , peut etre mise sous la forme 

>? -Xh'{l + ^li^) + 2{ii — li^)h^ = {i . 
II s'ensuit, que en posant ^ = TJh^ , il viendra 

(4) • ;i'3-;i'(l + 3^^) + 2(iti-^«) = 0, 

« 

dont les racines sont, comme nous avons fait voir en 1875 {ThJporie des formes 

binaires), 

(5) ^\ = 2(i, X\ = l-(i, Xs=-{l+(i)] 

ainsi les racines de (3) seront 

(6) X^=2iih\ X, = {\-ii)h\ :^ = -{\+ii)h\ 
Or on a par les valeurs (2) 

et les 3 racines ^ deviendront 

^^^ ^i-^XT^T?-' ^-X/7(iT7)' ^--Xmi=7)' 

observont maintenant que des equations (2) on deduit que 

(9) T?E? = ^^ o^i5 = ^/^; ou/i«— 9V — f^ + ^=0» 

equation qui peut se mettre sous la forme 

(10) ''3^^a = ^- 

Sous cette forme il est assez naturel de considerer a, ~ — — : > ^ - comme 

* 3// + 1 3/i — 1 

les 3 racines, puisque le premier membre est au signe pr^ le produit aussi des 
racines, et de songer ^ substituer ^T a /i; et alors on voit que Pequation (10) 



des Formes Binaires aux Fotictions Elliptiqties. 
est satisfaite tout de meme, car on a 

3i" + l _ At + l _V±1___ 

d'o6 il s'ensuit, le produit demeurant le meme, que si /f est une racine, 



pi + 1 fi-1 



3/1—1' Sfi-{-l 
le seront pareillement. On verra ainsi que or pent poser 

(11) ;t,_^_^^-^___ ^^ ___, 

(12) ^ - 2 X ,_//i+iY - T MA'^r)* 

Reciproquement, en posant g6n6ralement a, =: -^ -y - » on deduira de (11), (12) que 

2 It 



i^^^ /^-ii^iis' l.sM^i/ ~ ^ir+3 ' vs^i^i/'-c;; 

d'oii 



n4\ „» / /A — 27, /^ + 1 _ ^ / J,;^ — 27, // — I _ /^ 

l^*; /* - V /,^^ ^_ 6/, • 3//- 1 - V /,;, + 67, ' 3/1 + 1 - V /,;x 



8 2-18 



i]/8 + 6/8 



et puisque en dernier lieu tout depend de la valeur de fi, les S racines fii, (ji^, (i^ 
seront encore 



-11 / Ij^ — 2/ 8 1 4- A. /hhzz^h. 

(15) ii^ = sJyj - 



f^ = . 1^3 — 



1 Q . //2^ 2^ 1 _J_ Q . //2^ 2-^ 



^N/gfS 1+3^1^ 



+ 67, 



Les racines k de l'6quation canonisante sont li6es avec celles de la quartique 
d'une mani^re remarquable comme a montre M. Hermite,* Bn les appelant 

• Crelle, T. 62. 
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a, /3, y, 5, et designant par ci© le premier coefficient de la quartique, oii a 

>^i = f [(«-*)(.'^-y) + («-y)(.':^-*)]. 

(17) x, = ^[(a-.^)(5-y) + (a-y)(A-/;^)], 

• X3= 6 [(a-5)(>'-/:^) + (a-/?)(y-a)]; 

et si I'ou pose 

(18) /i = ao(a-/?)(y-^), /, = «o(«-5)(|^-y), /3 = a„(tt-y)(^-/i^), 
il viendra 

(19) ;ii = {(/,-/s), ^=\{k-h),-^= \{h-k), 
et 

(20) Aj X3 = 2 ^ '^ ^^ ^ * ' '^^ 'W ^^ ^ ' ■ 

On observera que les X et les / sont liees par le relations suivantes : 

(21) ^, + ?^ + X3 = 0, /, + /, + /s=0, 
d'oii 

Rappellons (v. Theorie des formes biiiaires) qu'on a 

(22) /, = ^[(a-^)»(y-5)' + (a-y)'(3-y)'] = ^-(/! + ?l + /|). 

ce qu'on pourra verifier pour I'equation canonisante. En effet on doit avoir 

(22) h=-^{^^ + \>., + >^\) = -^ 1-2^' 

= ~{i\+n + i\-hk-hk-hh)=li{n+i\+n)- ' 

Pareillement on aura 

Iz=--^{h-k){h-h){h-h), 2I,= -X,?^X,. 
II viendra aussi pour le discriminant 

d'oii 

(23) likh = '^^\^- 
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* 






■ 



D'ailleurs 



?i4 + 44 + «i4 = -|2P=-12/,, 



ainsi -r^hh^^^ — ^h] 

et puisque 2/ = , il s'ensuit que I'equation dont -^^ -^^ \ sont la racines 

aura la forme 

(24) Z» — 3/,Z — 2VJ"= , 

dont le discriminant P par rapport aux racines sera 

g = _4(A-/3)= + l08/|. 

Pour se rendre compte de ce resultat il faut noter que le produit des 
Carres des differences des racines pour la cubique k coeflScients binome est 
\{ad — hcf — 4 (ac — b^) {bd — c*)|; c'est k dire — le discriminant. Ce resultat 
nous prouverait au premier abord que Pequation (24) a toutes ses racines r6elles, 
ce qui est impossible, car les racines a, j3, y, 5 de la quartique ne sont pas 
toujours r6elles. Mais observons que cette deduction ordinaire tir6e du signe du 
discriminant n'est legitime, qu'autant que le coeflScients sont reels, ce qui n'est 
pas le cas lorsque la quartique n'a qu'un couple de racines imaginaires. Dans ce 
cas les 3 racines I ont la forme 

d'oii 

{h-hy{f,-hy{h-hf = {2Gy\-G + {A-D)i\^-G+{D-A)il'', 

ainsi le discriminant sera positif, quoique les racines de la cubique soient toutes 
fois imaginaires ; mais alors aussi A est negatif, = — A', A' etant essentiellement 
positif,. et ^equation (24) devient 

Mais si nous changeons Z in -r- » il viendra 

(24)' L' + 3/,Z' + 2V^ = , 

dont les 3 racines seront 

7i = — 4 , 1!^=—D+Gi, l\= — D—Gi, 
et il faudra que le discriminant P' de (24)' soit negatif, ce qui arrive, car on a 

i' = -Z(A' + il) = -Z(-A + /|) = -108/|. 
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Quant aux racines ^ , si cause des relations (19), on voit que les ^ seront r^elles 
pour le cas des racines toutes reelles ou toutes imaginaires, et que pour le cas 
d'un seul couple de racines imaginaires de la quartique on a 

\=\{2G), A, = |(-C+(A-2>)0. ;i3=|(-^-(A-Z))»); 

et alors la cubique (3) aura aussi un couple de racines imaginaires. Dans ce 
cas en effet le discriminant est 

et il sera negatif avec A . 

En resume, done, les racines A, et Z seront toujours conjointement r6elles si 
les racines de la quartique sont toutes reelles ou imaginaires ; X et /V— 1 auront 
un couple de racines imaginaires si la quartique a un couple de racines imaginaires, 

P P 

ou si A <] , a savoir -^ <] 27 , ou / <] 27 , en appelant / I'invariant absolu -^^ • 

Cela pose, pour la determination des racines A, et i nous aurons recours 
aux formules donnees dans la Theorie des formes binaires, p. 113. En remar- 
quant que le discriminant de la canonisante par rapport aux coefiScients est 

4 4 ' / I \ 

= — 97 (^S — 27/3) = — "97 ^ » ^^ ^^^^ ^^ ( ■'• — oY )' ^^^^ trouverons que 

;i = </^(^>y- 1+ v/l - ^ + V - 1 -x/l - ^ j 



Par consequent, en posant 
H (27) ^ = <^Zy, 

la valeur (14) de (i* deviendra 



resultat qui nous apprend que le param^tre (i de la quartique canonique ne 
depend que de Pinvariant absolu / et en foumit une expression trfes simple. 
Pareillement on trouvera 



(29) L=4^'27 >v//s 




I 
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Nous verrons maintenant comment on peut developper les racines X et ? en s6rie 
suivant les puissances ascendantes de Pinvariant absolu. Observons d'abord 
qu'en posant 
(30) 7,= ^2I^x 



r^quation (3) devient 



8 



ou en rappellant la valeur 






(31) x«— ^_^x+l = 0. 

Ainsi toute canonisante d'une quartique peut-etre reduite ^ ne d6pendre que 
de Pinvariant absolu de la quartique. Ce resultat nous sugg^re une reflexion. 
Supposant qu'on ait construit des tables des racines de la cubique 7? — ax + I 
(ce que p. ex. la British Association pourrait trfes bien entreprendre) pour une 
certain 6tendue des valeurs de a, on aurait alors tout a la fois les racines de 
toute cubique par un simple transformation lineaire et les racines de la quartique 
canonique a Paide de la formule (28) par une simple resolution d'une biquad- 
ratique. 

Posons maintenant pour abr6ger — =: 7", P^quation (31) pourra etre mise 

sous la forme 

(32) x= ^^f + ^IW; 

et en y appliquant la formule de Lagrange* pour les equations trinomes, il viendra 

(33) x=^T[l + T+^'P + y' »y(3j)--l) . . . (3j>-j> + 2)^,^^,y^-| 

L 1.2 ^^^ 1 . Z , o , . . p J 

Pour la convergence de la s6rie il faudra d'aprfes des theor^mes connus que 

v'r<27;^. ou/>27. 

Le cas correspond k celui de racines r^elles dans la canonisante. En effet 

4 
le discriminant, qui comme nous savons est egal — -^ {II — 27/1) , doit etre 

alors >• 0, Or I'in6galit6 

(34) It - 27/| > 

* Voir la note 1' d la fin. 
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r6vient ^ /> 27. Alors le developpement (33) , ou 



p = oo 



correspondra a la racine r^elle du plus petit module. Posons 
(36) p = i+7^+ J_y» + . . . 

il sera aise de voir que Ton aura, en se reportant & la valeur (14) de /i* , 



(37) fi»=2^j^^. 

Ainsi /i* est donn6 explicitement en fonction de Tinvariant absolu T. Passons 
au cas oii le discriminant est negatif, et oii par consequent /<] 27. Alors, pour 
abreger, considerons Toquation 

y_ay+l = 0,* 

(38) et posons y = aifz + 1 = 0, ou2;=l + ai/z . D'apr^s des theor&mes 
connus la condition de convergence de la serie de Lagrange appliquee a la forme 
2 = 1+ ai/'z sera 

(- -V^ - 

a< ,,.. . oua<V-^- 

{if 

Mais dans notre cas on a 

done /•< 27 , comme il fallait. La s6rie de Lagrange donnerait 

(39) 2 = l + a + ^-^a»+ ^ 1.2.3 ... p " ' 

p = 4 

mais 2 ^ 1 + a \/7 ; done 

(40) j,= l + _a+^ 1.2.3.... y "' 

* Voir la note 2* d la fin. 
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ct il est aise de voir que pour les valeurs de p multiple de 3, il y aura des termes 
qui disparaitront. En particulier on aura 

(41) y=n_i.«__l_a3 + ^„4_4^„.+|^T + 

et si on remplacc y par sa valcur et a par-^— , =^ T^ il viendra 

seric tres convergente, en se rappellant que /= 47'<C 27, et qui fournira encore 
la racine du plus petit module. II s'ensuit qu'en posant 

(48) (2=i_^^7'_^,P + . . .+|^r(i + 3l7'+A,r+ . . .) 

on trouvera ^ 

et (i^ sera pareillemcnt exprime explicitement en fonction de I'invariant absolu 7! 
Passons a I'equation en L (24). En posant 

(45) L = sf2i/Jx 

elle pourra etre mise sous la forme 

Posons 

iAiK<\ ^^ ^-^ , V4 /i"~ 27 

(46') " = ~ ~37,~ et a:= - y, a= V 27 V 1 — 7 ' 

ct appliquons la serie de Lagi-ange a I'equation 

(47) y = a-\-ai/] 



on aura 



(A9,\ y—lA-a?^ ^ r," ^'^ a» 4- , 3p(3p- 1) . ■ . (3p-y + 2) .^ 

(4«) ^ -l.+ a +j 2« 1:2:3" + ••• + 172,3... p «* + ..- 

serie. qui en posant 

(49) H=j,, «' = ^-^> 

deviendra 

,50) Hi+,V'+l(^0'+l:-aa^O'+- ■■='■• 

Vol, V. 
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MaiDtenant on a 

Ainsi 

(51) ? = - i- ^ J ;/» (i + i /7+ 1 (1 n)+ '^lQiU)'+ ...) 

oil n cat uu autre invariant absolu lie avec le premier / par la relati(»n 
Pour la condition de convergence il faut que 

Mais comme A^= If — 27/|, cette condition se reduit a 

27 

et par consequent / }> 27. Or, dans ce cas nous avons ru que le discriminant de la 
cJianonisante est positif, et en ayant egard aux relations (19, 20), les racines 
I seront toutes reclles. Lorsque /<] 27, les racines de la canonisante sont 
imaginaires et Tequation (24)', en posant 

deviendra f/ — at/ + 1 =i , 

equation semblablc a la (38) et qui fournira la serie (40), 

y= 3 +T« + 2^ 1.2.3... p "" '' 

qui, developpee, deviendra 

27 P 1 

ou a^ = -T- k, ^• =^ —J- = "7^ • Par consequent il viendra 

^^ ^ 1 / 27 \ 4 z' 97 x8 

(SI)- vii;?! = 1 - sr (-4- *) - 8F (-4- *) + ■•• 



+</^(l+K^)+>(4'-)'+ ••)^ 
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et on trouvera que la condition pour la convergence de la serie se reduit a 
rinegalite /<C 27 comme pour (38). Ainsi dans tons les cas Ics expressions 
de Jl et Z sont connues et exprimees par des invariants absolus. 

Nous verrons dans le paragraphe suivant la partie avantageuse que Ton 
pent tirer des expressions des racines /. Mais avant de passer outre, nous 
remarquerons que les fonctions elliptiques nous offrent un moyende verification 
des formules (39) et (44). On sait que si dans une equation differentielle ellip- 
tique ordinaire, oil figure une quartique quelconque dont les racines sont 
a, /3, y, 5, on opere une transformation lincaire* pour reduirc la quartique a la 
forme typique, (1 — 7?) (1 — l^J^), h le module aura cette expression 



V(« -h) (y - /g) - V(« - y) (g - /g) 



d'oii Ton deduira, en egard aux equations (20), 

k ^2 + 4 — 'i k — h 

Or par les valeurs (6) il vient immSdiatement 



6 
ou 



An — — /o 



*+| = 6 



comme cela doit etre, puisque de la quartique (1 — x*) (1 — J^^) on passe h la 
canonique 1 + Gfia? + x"^ en posant Jca?=^jfetk + ~r = 6/^ . Ainsi les systemes, 
que Ton choisira d'apros le caractSre du discriminant A. 

,52) , = |(. + |) = V4^. 



(63) ^='(k+l.)=^$4S=i. 



Q ^Af-\- 6 



/dx _ /* 



dy 



(*+;)y^ + y* 
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rcsoudront complL'tement la question, a snvoir, d'exiiriiiKM- Ic immmr-l i-o de In 
canonique ou Ic nioiliilc en fonctioii do rinviiriaiit iitisolii. ^^ni^« ce siijct pout 
eti'c encore envisage sous uii autre point do vue. Sii|i]ios(ni^ que par une trana- 
forinalion liiit-aire on ait Irrtiisforino une (juarticpie quclfouque daiw celle-r.i 

(l-j')(l-/.V). 
Les invariants quadratique ct cubiqiie de cette forme soroiit rertpe<aivemeut 
1 -f. 14/:* _|_ i" 1 -I- fc- ( 1 _ :Uif -1- 1') 
12 ' (t ' m 

Par conaequent I'invariant absohi do la quarti([ue proposje sem 

r_ ^l _97 (l + Ut^ + ty 

Or nous allons voir que cette sextiijuo, d'ot'i depend Ic module k se ivduit 
precisemciit il la canonisante (31). Posons en eflet 

1 



il viendra 
Faisons 

nous obtiendrons 

Equation qui, en posant / = — \^Tx , revient ii ar* — -s/Tx + 1 = . 

Ainsi nous retombons siir la canonisante connue, rcsultat reinarquable, qui 
prouve une foia do plus comment I'etude de la canonisante founiit la clef de la 
susdite question, a savoir, (Vexprimer Ics ekmeiits ties fonctions cU'tptiqitcs en 
/onctiom de I'invariant absolu. 

De I'fiquation (53) on tire 

P-f 14/+ 1 _ t 

d'oCl 



e = i, i+,= 


l/i 


ti+ii)' _ 


I 


(y+ 2) (»-:«/' 


27 


y+14 I 




y — 34 S 


' 


1+1-4- 


T, 



- 21 + 17 v' ri ± i ^(1 — 4/'r>) (S - 2> j'x) 

i — VTx ' 



des Formes Bbiaires auz Fonctions ElUptiqiies. 13 

X designaut une racine de requatioa (31), racine que nous avons aprjs a calculer 
par la serie de Lagrange. Ainsi Ic serait cxprira5e en fonction de Tinvariant 
absolu. 

§2. Application aux Foncfiom EUipfiqKes. 

Supposons qu'en posant 

(54) ^ X={l—a?){l—7c'a?), 

(55) Y= {y - a) {y - ^) {y -y){y-h), 

(56) '^ = J5|I' p=V(a-r))(r-,f), P=^[a-r){d-;i). p = ^^^; 

/Sv ' 1 /* dx 

f^ en — / . 

par une transformation lincaire. Or en ayant 6gard aux equations (18) on voit 
que la valour des h sera 

En prenant le carr6, on aura 

^ ^ (- h + h) V/i + 2t V/, /,/, ■ 

En observant main tenant que /i7g7j = 16 V^", — 4 + 's = 6^ » il vicndra 

Mais on verra ais^ment que 

^^ 36?;^ ' ¥ - ^^* "2 ^ 2 "^ ^^ ' 

et par consequent I'expression de A* se reduira a 

^/l2 V^ — S/jZ, + 4 V2 

^12V^— 3/,7i-4VJ 

4 

En remplapant, par exemple, ?, par sa valeur, Zi^ — i/ d i/K T (eq. 



50), 



nous aurons 
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_ VT2^+4f + 4 _ V3+lr+ 2 

^^ ^ '"" ~ Vi2 + 4r- 4 - v.-J-f "ir-2 ■ 

En posant 

(00, -=-:i.i//+4a//)'+:::a-")"+--!- 

il viendra encore Texpression tros simple 

Par consequent 

2 



(62) ](>* = 



1 + Vl + r' 



qu'on pourra facilement calculer il I'aide du soul invariant //. Quant a p nous 
aurons 






d'ou 



V = - 4 + ^3 - 2 VIA = -^1^ ((- h + '3) v/, - 2; v/i/;,/,) , 



p* = - ^ V3 +"7' + 2) VJ, 



. /3' '/J V3 + 2' + 2 



et enfin 



(63) 



= *V y-^^l Vr-C/fl- i -*v3V]Brl VT+4T 5 ' 



par ou I'on voit que, au facteur pr&s liyi, le multiplicateur p est fonction de 
I'invariant absolu //, conclusion qui sera confirmee par ce qui va suivre. En 
resumant ce qui precede nous arriverons a ce th6ortime general : 

Soient 

(64) V= a„y + ia,f + Qa,;/' + ia^y + a, , 
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Oo 


«1 


aj 


«1 


«» 


«s 


Oj 


03 


Ol 



(65) /,= aoa4 — 4aia3 + 3a2, /8= «! ofj ag ,A=7| — 277J>0, 

(66) /=4|, ^=i=l-^, 

(•") ''=ii(»+i(»'+:::a-^o"+--i 

(68) '-^ - ;7iq:-Y+i • 

(69) p = iV3Vjyt Vr+4T ) ' 
on a«?-a 

oii, au facteur prhs iJ/TT, Ze second memhre est senJcment fonction deVinvanant ahsolu 
H ou /. 

Ce resultat, par lequel )i/li I /^ est fonction de Pin variant absolu pourrait 

se prevoir, comme a observe M. Stein {MatJiematiscIie AnnaJen, T. 13),* mais en y 
arrivant par une autre voie que celle que nous allons exposer. 
Soit a cet effet une quartique quelconque 

(71) /{xy J ) = Oqx"^ + 4aiirr^ + QciiO? + ia^x + a^ . 

On sait (v. notre Tlieorie des formes binaires^ edit, franpaise (140), ou alle- 
mande, p. 232) d^aprfes Hermite qu'en appellant I^ , /g les invariant quadratique 

et cubique de la quartique, ainsi que /= — » ^invariant absolu, on a 



u- > 



oil /l" — X/j + 2/3 est la canonisante. Posons Jl ^ y'i/21% ; il viendra 

/dar — t /» dy 



N/y'-^/^zz + i 



equation qui nous prouve que ^^Tg / 



dx 



V/(x,l) 



* There 8eemR to be some error in this reference.— Ed. 
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eat fonctioii de I'invariant absolu seulcmcnt. Or de lY-quation 
(V3) A=y;(/-27) 

on tire 

v'i — 27 

done !i^j I -,-.,-,'- sera aiiisi uncfonctiondcrinvariant absolu seiileraent. lien 
J V/(a-,l) 

sera de meme de v'/j = -v^ J \J ■- - „, ■ ^' s'ensuit que si on appcllc K, K' les 

peiiodes de f ^ - ^ , lea expi-csaions ti/f^K, ti/r^ K'; i/I^ K, i/"IlK'\ 

'i/'J K, ij' J^ K' seront fonctions uniquement de I'invariant absolu /. 

Si on avait pria pour invariant absolu 7^= - * , = ^ , la conclusion aurait 

n 27 r 

^te la meme; car par Ics equations /= „ - A ;= /J(/ — 27), on a I'=-ip — -: = 

- — — 5=- Ainsi les fonctions *yj, A/ 1^, A/It rcndront I'integrale elHptique 
gen6rale fonction de I'invariant absolu quelconque. 

Pour determiner tous les elements des fonctions elliptiqties en fonctions de 
I'invariant absolu, il nous reste a cxprimer les periodes K, K' et I'argumcut 
Jacobien q en fonction do /ou de H. Xous donnerons de ccttc question deux 
solutions, une analytique et I'autre Infiniment approclioe. Kaiipellons nous a 
cot effet que I'on a 

ni\ ,,,- \-2q + 14~if+. . . 

^ ' ^'- l + 2, + V + V + ..- ' 

d'ou Ten tire, en posant 

C^) "-Tl + VF' 

quantite qui sera toujours ■< -^ > 

Observons maintenant que par le changement de 17 en — q et en w/ , a se change 
en — a et en i«. Cela nous proiivo que la fonction a par laquelle on expri- 
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mera g en a sera impaire et ne contiendra des puissances de a que de la forme 
4/> -f- 1 . Nous pouvons done poser 

(77) g = a + i?a« + (7a^ + Da?^ + £'a" + . . . 

Alors, par la methode des coeflBcients indetermines on trouvera aisement 

B—2, (7=15, Z?=150, j6;=1707; 

les equations de conditions seraient 

5—2 = 0, 867+ 125*— 95 — Z? = 0, 
85- (7—1 = 0, 82) + 85^ + 2456'+ 2 — 9(7— 36jB» — jE;=0; 

et par consequent 

(78) g = a + 2a'^ + 15 a« + 150a^^ + 1707a^' + . . . 
Mais nous savons aussi que 

(75) ^?^ = l+2g + 2y^ + 25^+. . . 

d'ou par la s6rie (78) nous obtiendrons apres quelques reductions faciles 

(80) ^^ (1 + 2a) (1 + 2a^ + 16a« + 176a^ + 1986a^« + ...)• 

Comme on peut mettre I'equation (76) sous la forme 

il s'ensuit, d'aprfes la s6rie de Lagrange, que Ton aura 

(83) q-a+ 2^ HgTs . . . (4p + 1) ^« (. 1+^T? J' 

qu'on mettra encore sous la forme 

(84) , = a+ E i.2.3 °''^(4p + l) ^^ (^ + 2./-,B- 2,-' + 3g" + . . •), 

et on retrouvera ainsi la s6rie (78). Pareillement la serie (80) que nous venons 
de trouver par la methode des coefficients indeterminees peut se ramener a une 
formule g6nerale par la s6rie de Lagrange. II est ais6 de voir en efFet par les 

deux series qui expriment \y — et A^fz:^ que 



(85) \/^^-{i-^) = mq)^ 

Vol. V. 
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en posant F{q) = fy + ^ -f- ^' + . . . 

De 1^ on tire, en comparant avec (76) , 

(86) Fig) = a (1 + 25* + 25" + %,"* + . . .) 

Done d'aprfes la s6rie de Lagrange 

F(,2) = I'M + ir{x)/{x) + 5^ I (-FW/- W) + . . . , 

oil 2 = x + </(2) , il viendra ^^1? (1 — VF) = 

„ + V ^^^ D" iFM r '+^ + ^'+'V * '1 

" + Z^1.2. . .(4p + l)^' L-^WI, i+5. + 5» + . . . ; J^.,. 

ou, en remarquant que 

(87) V? = a + 2«)[i + E x.2.3.M4p+i) ] 

Z>?'[^(9)(l + 2g*+5» + 25»+3^«+. . .)*"+'] 

La convergence de la efirie (84) depend comme Ton sait de celle qui donne- 
rait q au lieu de F (q) par I'cquation 

(89) q^ail + 2q*-\-2q"+ . . .). 

Or cette e^rie sera convergente pour tout module de a inf6rieur a celui pour 
lequel I'cquation en q acquiert deux racinea Cgales. A cet effet, limitons I'fiqua- 
tion (85) k ceile-ci 

(89) 5 = ot(l+2}<), 

ce qui est admissible, car le tenne 2aj^* est inferieur a kt,.,; ■ Alors en considorant 
la derivee 1 = 8a^ nous obtiendrons 

et par suite 

(90) " = 1^- 
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En remontant ^ la valeur de a il faudra que 

1 — VJfc' ^_3 1 



2(1 + Vifc') 4 -C^' 

1 80 

ou a peu pr^s ^ ^ et ^ < -^:j- J 

y o JL 

condition que erabrassera la majority des cas, car k est toujours <C 1. Dans le 
cas oii cette condition ne serait pas remplie, en changeant entrceux les modules 
h et A/, on aurait recours a Td. Ainsi la serie (84) pent dans tons les cas etre 
cens6e convergente. On pourra done Tappliquer a determiner la periode K 
apr&s le calcul prealable de a ^ qu'on fera par la valeur du module k donn6e 

K 

prec6dement. Une fois A^trouve, K' se determinera par la relation e~"' K"=z.q ^ 

puisque q 6t6 d6jS. exprime en fonction de a. Done les elements k^Td, K, K' 
preuvent etre censes generalement exprimables en serie h, Paide d'une seule con- 
stante, a savoir, invariant absolu de la quartique, sans etre oblige de la resoudre 
poiu" la reduire a la forme (1 — 7?) (1 — 7^x*), comme Ton croyait auparavant. 
De la formule (80) en elevant au carre, on deduit 

K= -'^- (1 + 2a)» (1 + 4a^ + SGa" + 400a» + 4900a" + • • •) 
ou 

26 / I - v¥ n" . w ( i - yy Y*. \ 

256 kl + VF/ "^ (128)» VI + Vifc'V "^ • • V 
On peut mettre cette s6rie sous la forme 

V2.4.6Al-h VF/ "^ V2. 4.6.8 Al + Vft'/ "^ ' • • J 

s6rie dont le loi est evidente. Si on la compare a celle qu'a donnee M. Gauss 
{Math. Werlee^ Bd. III., p. 367) et que exprime la reciproque de la moyenne 
arithmetico-geometrique if (1 + a;, 1 — x), a savoir, 

1 



3/(1 +a?, l — x) 



=i+a)^+a::>'+a:"ip+--- 
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on trouve que 

K= 



forraule qui pourrait etre encore employee pour le calcul de K. 

Reveuant ^ la serie (91) nous obtenons une sorie rapidemcnt convergeute 
qui fournit la periode une fois le module 1i! connue, ce ii quoi on pourra reussir 
au moyen de I'mvariant absolu if = ,-■ Eneflet nousavons par I'equation (62) 

^ = -V -- "T^ '- , ce qui fournit k, Id indiffc'remmeut par la relation 

aerie convergente pour H-<C 1 et pour T'C 1. Nous avons acquis ainsi pour ce 
cas deux series qui resolvent compl6teinent le probleme a elles seules ; c'est A. 
dire, d'exprimer I'integrale K, sous autre calcul prealable que celui de I'invariant 
absolu. Mais du cote pratique a cause de la convergence rapide dtis .series au q , 
nous pouvoos donner une solution approchee de la question que suffira surabon- 
damment dans tons les cas. 



Remarquons que dans I'equation q = 



■i on pent toujours supposer 



-^ < 1 . ou tout au plus = 1, car on pourrait en cas contraire ijchanger la 
modules k, A' entr'eux, et par suite K, et IC. Par consequent on pourra 
toujours admettre que qS«~'', c'est a dire, que la valeur maximum q est & pen 
prfes -^ • Cela nous apprend que le s^rie procfidant par les puissances de q sont 
exactes ^ partir de <f jusqu'S. la 13' d6cimale. Les termes seulement en 9" 



(92) 



e (0) + 9, (0) = ^2^ (1 + ^y) = 2 (1 + v + 2," + . 

e(^-) = l-23<+2y"-2,/'+ . . ., 



L 
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on obtient la s6rie nouvelle 

(93) 0(O) + 0,(O) + 20(^) = 4 + 8(?^« + y«^ + g^«+ . . .), 

qui est d'une convergence enormement rapide. Pour avoir la valeur du premier 
membre, nous aurons recours a la formule connue de Jacobi, qui nous fournira 

r — J 7 a savoir, 

(94) e{u + v)Q{u-v)= (i^^^^y(l - T^^{u)s'{v)) . 

K K 

Posons w = — 7 t? = -jr- ♦ il viendra, en notant que 

8{0) -VF' *A 2 /< - V iip]^ • 

(95) (^) = x/f >y|(lT^)V¥ . 
Par consequent 

(96) (0) + 0, (0) + 2 (~\ = ^/?-^ (1 + Vif + v F+F 4/64^ . 

On aura done la formule remarquable 

(97) V^g^(l + VF +>C/r+¥-^64it^) = l+2(2" + ^ + S^**+. . .) 



OD 

2 



= i + 2y2?^'''^ 



Si on compare cette formule avec celle-qj 



on voit qu'en appellant K^ ce que devient ^ si 9' se change en q^' , on aura 

^/-^. (1 + VF + -v/T+F ^eW) = v/— • 

A moins done de -j—^ » nous aurons 



+ i/l+W 'i^MU 
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(98) Vi = 1 + :^ 

Par cette formule, qui est exacte jusqu'i la 22* chiflFre d6cimale, en substi- 
tuant au lieu de U sa valeur exprimee en fonction de Uinvariant absolu, on 
obtient de suite la periode relative a la quartique donnee. Nous pouvons donner 
un exemple frappant de cette grande approximation. Supposons qu'on ait 

A;' = — t ou &= ^^ = sin 60°. On trouvera 

\ — = 0.33375 26136 78325 44512. 

V(l-x»)(l-A^) 

N'ayant pas a la main du logarithmes a 20 decimales, on a du construire 
ceux qui etaient necessaires en s'aidant pour ce que I'on pourrait des tables de 
Callet appropriee h, ce but. Voici par exemple quelques logarithmes qui ser- 
viront de controle au lecteur. 

log 2 = 0. 30102 99956 63981 19521 
log7«=0. 49714 98716 94133 85435 

L±jv^ _ 2+y2 _ ggggg ggg^g 33298 99379 

log^y_l. = l. 93111 65663 89927 36271 

Ce resultat donne d'un coup seul les 12 chiflFres de Legendre dans ses Tables 
(page 234, Tome 2 de ses Fonctions ElHptiques). N'ayant pas par faute de tables 
6tendues, pousser plus loin nos calculs nous ne pouvons assurer que les 17 
premiers chifFres; les 3 derniers pointilles sont douteux. On voit neanmoins 
par cet exemple comment cette formule remarquable (97) puisse fournir pour 
n'importe quelle valeur de k (en cela d'accord avec le theoreme) une valeur 
extremement approchee, et en ne partant si Ton veut que de Pinvariant absolu, 
valeur que ne differe de la valeur exacte que par une quantite presque inappre- 
ciable, representee par une serie en q d'une convergence vertigineuse. 
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APPBNDICE. 
Note \^. En supposant qu'on ait 

il vient (v. Serret Alg^e 3* edit.) pour la serie de Lagrange 
s6rie qui sera convergente pour tous module de t par lequel on a 

(^_l)m-l 



mod t <1 mod 



^m^m-l 



Note 2*. Comme les canonisantes de la quartique se reduisent en general 
h, Pexpression 

y^ — ay + 1 = 

il sera bon de voir comment se comportant les racines sous cette forme. On 
sait par le discriminant que les racines seront reelles ou imaginaires selon que 

ou selon que environ a ^ 2 . Considerons les deux cas successivement. 

1*^ Cds, — Racines reelles. — On aperpoit bientot qu'il y a deux racines posi- 
tives ; une entre et 1 ; Pautre entre 1 et a ; puis une racine negative entre 
— 1 et — a . 

2* Gas. — Racines imaginaires. — Nous observerons d'abord qu'il ne pent pas y 
avoir des racines positives, car sans cela, en se reportant un terme connu + 1 , 
on conclm'ait que le module des racines imaginaires serait imaginaire, ce qui 
est absurde. En changeant par consequent y en — y , on voit que la racine 
positive de 

y' + cty-i = o 

est comprise entre \/«^ \/« + 1 » car les resultats des substitutions seront de signe 
contraire. Une fois trouvee la racine y , la relation — p*y = — 1 , p designent 



le module, par la valeur du module p = \/ — , il sera facile ensuite d'en deduire 
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rAcgrnntffli; ^ies netaes imaginaires. Les restes de Sturm seraient selon Cay ley 



jr* — ajr + 1, a^ — 4' y^y""^ 



a" 



— 1 
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:h: 3iax!iinie&i one autre preuve de ces limites ; car il viendrait, 



/-.Jf+l 


+ 


- + 


+ — 


+ + 


+ - 


*■-! 




- + 


- + 


- + 


+ + 


2 1 

3«y 1 


- + 


+ + 


— — 


- + 


— — 
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+ + 


+ + 


+ + 


— — 


— — 



D apnte ce type g6n6ral on saurait de suite dans les cas particuliers, quelles 
soiit les limites qu'on doit assigner aux racines. 



The Intersection of Circles and the Intersection 

of Spheres. 

By Benjamin Alvord, Brig, Gen. U. S. A. 



1. In this paper I propose to discuss the various problems of the Intersec- 
tions of Circles and the Intersections of Spheres. 

The first problem is to draw a circle which shall make a certain given angle 
with three given circles. The next is to draw a sphere which shall cut each of 
four given spheres at a given angle. Afterwards I shall take up the two problems 
(proposed by Steiner, 1st Vol. of Crelle, 1826, page 163) to draw a circle which 
shall cut four given circles at the same angle (said angle being unknown) : also 
to describe a sphere which shall cut each of five given spheres under the same 
angle (said angle being unknown). All these problems are solved geometrically. 

2. In each case I shall give the number of solutions. It has been long 
known that to draw a circle tangent to or intersecting three given circles at the 
same angle, there are 8 solutions ; also that there are 16 solutions to the ques- 
tion to draw a sphere intersecting or touching foiu* given spheres at a given 
angle. But I think it has not been known that there are 96 solutions to the 
question to draw a circle cutting four given circles at the same angle, or that 
there are 640 solutions to the problem to draw a sphere to cut five given spheres 
at equal angles. But in many of them the intersections, either in circles or 
spheres, will be imaginary. 

3. I expect to show that the central geometrical principle from which all 
these solutions are evolved is that of the radical centre, or centre of the orthogonal 
circle, which was the basis of the solution of the Problem of the Tangencies of 
Circles and of Spheres given by me, and published in 1855 in the 8th Volume 
of the Smithsonian Contributions. In this dissertation the tangency will be 
regarded as the case in which the intersection is at an angle of or 180°. 

In general we can say that two circles make with each other an angle /?, 
viz., the angle which the tangents at the point of intersection make with each 

Voii. V. 



\ 
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^A\»f^r, or ihtt fjupplernent of the aiig!*: wL:di i2>e •.wv rvii: irkwr. :#> \zit j<'icii« 
of UiUffij^^njorj. make with ea^rh o\h^r, 

4- Irj di^rnihrffirjjr the interefr-nioii of circle, ibere eat iz. a «-n4z:i sesde 
J^ «iid U} \fH leu different ca«-rr- «rhe ijuiL'-er of 'lir rau^t^:? jo:»jo::iide»i 1#t 
A j/jx/jojjjiw iij reference to tangencie* i : out all vf 'iieTii are re^Zj rriitrwed ir: the 
mu'^H one- Ui draw a circle cutting each of •iire»e zirei: -rir:-I-i* *.: a rrreii aajde : 
^-fyjne of th/>!^ circles can !-« reduced to poiii*uf . #. ^. -xr^-x*? w:ii rfciiiia* •>. or to 
riaiit Ijj-e*, *, ^. f^rcl^ with radii x . and in liii* war 10 Tnz-^^skses ari*. The 
ta^/le i£ir'w^ the varioa* questions in tangencie*, a: f^r^r 4 of lar Ssn:ilk3»>nia]i 
jxtewioir- would answer for the intersections. ?ut'?:::uU2i2 for U«- wc-ri -:azi«nt-~ 
a certain aijgle J. Ac. And as in :ha: memoir, Pr./'.>ni 4 i* i&e *i.TraI prc^blem 
containing the gi*t of the whole, so Problem 4 ii* :i>e :Le»:»rT cf :r.:ej?ec:ions 
lj»ear* a ]:ke relation to the rest : thi* i* to dr^w a c:r^?"e tirouii :wo giren 
l^Afjift 'riv'iu*d a given circle at a given angle. 

o. I prernLr?e that I shall consider as known to the reader :be priTiciples 
of the y/.s^T iine arid polar plane : of the radk^I aJK:^, •>ei.:rtfti -t p.laiie? of 
*ijn;I:tude. the radical centre and orthogonal circles or sp.beres, as sriven in the 
*<f-<ai>:d modem geometry'. But I shall l^e cr»m|<el;e'l to neprc-iu-.^ a few of 
theni of mo«t frequent use in this paper, but on:v Siii far as mav l^ necesii^arT 
to throw light on their sul^s^.juent development. 

6, I have found the most lucid way to consider, and to oonsiruct. the radical 
axL* of two given circles, is to draw any cin?le cutting Iv.th : the right lines 
joining the two jKiinte of intersection in each, those two lines will intersect each 
'A\^t iTi the radical axis : then by another secant circle finding in like manner 
aLOt^-er iuch point, the radical axis is determined. If fix^m any point of this 
ikzU a^ a centre, and the tangent line as a radius, a circle be drawn, it will cut 
ea/iij of the two given circles orthogonally. 

It ht of frequent use to remember, that if we mark the two points in 
wh:ch ofie of -said orthogonal circles cuts the line joining their centresL a// circles 
draw:, thro'jgh those two points will be orthogonal to the two given circles and 
hare their f:<?ntre* on the radical axis. Also, if it is proposed to find a circle 
oruV/gor^al to a given circle and having its centre on a given line, we may 
jpro<:^jed a^ follows : let fall a perpendicular from the centre of the given circle 
upon the line : draw at random from any point of it, a tangent to the given 
circle- and u^e it ais a radius to draw an orthogonal circle thereto : it will 
ifsUfr*!^^^ the perpendicular in two points. Any circle whatever drawn through 
th</Mj p^/intA will }fe orthogonal to the given circle. 
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Thus in Figure 1, RR^ is the radical axis of circles A and B. From any 
point of R draw a tangent RM, and with it as a radius describe a circle orthogonal 
to them. It will cut the line AB at Q and Q. Any circle through Q and Q 
will be orthogonal to circles A and J?; as AQ X AQ =:• AM^, whatever may 
be the position of if in the circumference. 

If as in Figure 2 it is required to draw through ^a circle orthogonal to 
circle A : join Q with the centre A ; find the point Q on line joining the 
centre A such that J.Q X -4^ = AE^. All circles through Q and Q will be 
orthogonal to the given circle. Or given a right line RR^ to draw a circle ortho- 
gonal to circle A , having its centre on said line ; draw any circle orthogonal to 
circle A and having its centre on RR, and mark the points Q and Q in which it 
cuts AK drawn from the centre perpendicular to RR'. Any circle as before 
through Q and Q will fulfil the conditions. 

7. If as in Figure 3 it is required to draw a circle orthogonal to circle A^ 
touching the circle Z), and having its centre on a given line FT: find as in the 
last article the two points Q and Q through which all circles must pass orthogonal 
to circle A and having their centres on FT. Then by Problem 4, (Tangencies of 
Circles,) through the two points Q and Q draw a circle tangent to circle D. It 
will also be orthogonal to circle A. Draw any secant circle as QHQ to circle D. 
The chord JJ'JJ will give the ** centre of converging chords." Then draw from 
to circle D two tangent lines Oif , OM'. There are thus two such circles 
having their points of contact at M and if, and their centres at F and P. 

8. As in the preceding article I shall have frequent occasion to speak of 
the centre of converging chords, or to refer to **the principle of converging 
chords " ; by this I mean only the well-known principle of the radical centre. 
The latter term is applied generally to three circles, but the former to a system 
or group of any number of circles. The three radical axes of three given 
circles, it is well known, meet in the same point, called the radical centre, or 
the centre of the circle orthogonal to the three given ones. 

In Figure 4, let the three circles first considered be the circles G, ABF 
and ABH. Their three radical axes are the lines AB^ FF\ HH\ all uniting at 
0, their radical centre. But if a fourth or any secant circle, as ABII\ is added : 
the chord /'/ will also pass through the same point 0, which I call the centre of 
converging chords. The principle of converging chords can be enunciated as 
follows : If a fixed circle is cut by any circle or system of circles, which pass 
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throiiKli two Kivoii poiiitH in the plane of the given circle, the chords pass through 
a (ixnd point on the tine paHHing through the two points. Or to use language 
Hiill nioro general : Any Hystein of circles having a common radical axis (whether 
tln^y intersect or not) will cut a fixed circle in chords converging towards a fixed 
point on such axis. In Figures 3 and 4 they intersect. But in Figure 5 suppose 
the case in whi(;h they do not intersect — as the system of circles FF\ G&, HH\ 
orthogonal to a fixed circle AQ, having their centres on QQ, and having AO 
for a common radical axis. Mark the interse(5tions of this system with a given 
cin^le ()] the chords ///>, A"' A', L'L will all converge to a point O on the 
radical axis, the centre of (converging chords, in reference to circle C, of the 
whole series. It will be noted that in this figure the whole series of circles 
passing throtigh QQ having the line ^^ for a radical axis, are orthogonal to 
each circle in the other series above named having AO ^t right angles to it, for 
a radical axis. 

H. If then the problem is proposed to draw one of this last series, viz. a 
circle tangent to a given circle Gin Figure 5, having its centre on a given line 
Q(^y and orthogonal to circle AQQ: draw at will any such orthogonal circle as 
////', join the points I) and // in which it intersects said circle by a line meeting 
the radical axis in 0. This will be the ** centre of converging chords." From 
draw tangents to the circle 6^ these will determine W and W, the two points 
of contact of the pair of required circles. The circles X and Y in the figure 
will be each tangential to G and orthogonal to A. 

10. The well-known principle of the polar line and its pole is exhibited in 
Figure (5. If through any point E^ interior or exterior to circle A^ any number 
of chords (or secants) be drawn, and from the extremities tangents be drawn, 
they will all unite in the same line PX. For draw one chord BBf through E 
iw well \\Jt^ II' fl, the shortest chord through E, and their pairs of tangents, the 
latter miiting at 7^ the former at X, AD x AX — 1^ = AE x AP, Therefore 
the triangles ^4 DA' and APX are similar, and the angle APX\b a right angle, 
whatever may be the position of X. Thus if chord //' be drawn, the point X' will 
be on tbe same lino PX. A glance at the diagram will show that XX' is also the 
locus of circles ortbogonal to circle A passing through a given point Q, as in 
Figure *2. AH such circles will pass through Q and Q, and the chords can be 
regarded as *Mhe converging chords" of the circles having E for its centre. 
Thus the principle of the pole and its polar line may be regarded as derived 
tVom that of the converging chords, or of the radical centre. 
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11. I will now proceed to discuss the question referred to in Article 4, 
as follows : To draw a circle through two given points to cut a given circle at a given 
aiigle /?. 

The solution is reduced to a question in tangency, and to finding a circle 
orthogonal to one auxiliary circle and tangent to another.* In Figure 7, through 
the given points D and E to draw a circle cutting the given circle C? at a given 
angle fi. 

Draw the triangle GMN with angle GMN— ^, MN= cos ^. With GN= 
sine /?, draw a circle concentric to the given circle. Through E, one of the given 
points, draw the circle j^/with a radius equal to MN= cosine of /?. Find as in 
the last article the circle orthogonal to auxiliary circle CN and tangent to 
auxiliary circle EI^ and having its centre on the line BA perpendicular to DE 
through its middle point. There are two such circles XH and TF. Circle X is 
orthogonal at H to circle GH. Mark the point X' in which the tangent line XH 
cuts the given circle. EI=XH=MN= cos /?. Therefore XE=XX', and 
the point X is the centre of the required circle making an angle GX^H=: (3 
with the given circle. In like manner circle Y is another answering the condi- 
tions, as jPF" = MN. If ^ = or the required circle is to be a tangent to the 
given circle, find S^ the ** centre of converging chords," and draw two tangent 
lines to circle G ; they will give the two points of contact K and K' of the 
pair of tangent circles, G and G' being their centres. 

12. I will now explain some properties of the orthogonal circle not 
belonging immediately to the discussion, but which will be hereafter referred to. 
Join the two points of contact ^, K, and from A where the line cuts BXy 
draw two tangents AP and AF. AK X AK' = AI^, and SP X SF = SIP 
(or AKK' is the polar line of /S' as pole in reference to circle G). The circle 
DPP is orthogonal to circle (7, or answers to the case in which ^ is 90°. 

13. This orthogonal circle bisects the angle which the two required circles 
DEX\ DET', make with each other. But I will first show that it bisects the 
angle which the two tangent circles DEK, DEK' make with each other at the 
point E. Extend K^KA to i2. Extend GK' to ff", making K' &' = GK Join 
GR and G&\ EG, EA and EX. G&' is parallel to AK', and the triangle 
&AK' similar to &G&\ and 

&K' : K'G" :: &A: AG. But K'&' = KG= GE and &K' = G'E. 

* Note by Prof. Oayley.—Thua it can be shown that if two circles, radii R and C cut at angle /?, 
then the concentric circles, radii B + C cos P and C sin /? wiU cut at right angles. 
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Therefore G'E : EG : : &A: AG. Thus in the triangle GEG' as the line EA 
divides the base so that its segments are proportional to the other two sides, it 
follows that the radius EA of the orthogonal circle bisects the angle GE&, or 
the angle which the two tangent circles make with each other. 

Also A^ the centre of the orthogonal circle, is a centre of similitude of the 
two tangent circles. The angles ARG, AKG, GKK\ GK'K being all equal, 
the radii G^K^ and GR are parallel, and therefore the line RKK* passes through 
the ** external centre of similitude." 

By a similar chain of reasoning it will easily be seen that AE bisects the 
angle XJ5^F which the two required circles (cutting the given circle at angle ti) 
make with each other, and the lines AX* Y\ AX" K" are straight lines, and A 
the centre of the orthogonal circle is also the *' internal centre of similitude" 
of the two required circles X, Y. 

Also AE^ = AP" =AKx AK' = AX x ^ F ; or the radius of the ortho- 
gonal circle is a mean proportional to the distance of its centre from the pair of 
tangent circles, or from the pair of required secant circles. 

Suppose the two tangent circles DEK, DEK' to remain fixed, and the circle 
G to change, remaining tangent to them : the right- line joining the points 
of contact will continue to pass through A. Draw at will any right line through 
4, mark the points in which it cuts the two tangent circles and the orthogonal 
circle, draw tangents at each of those points, the two first will make equal 
angles with the last, or the curve of the orthogonal circle bisects the angle 
which at those points the curves of the two tangent circles make with each other. 

It will be found that in the whole series of problems regarding intersec- 
tions, the circumference and the centre of the orthogonal circle enjoy similar 
properties to those above explained. 

14. I will now investigate the problem : TJtroiigh a (jlven point to draw u 
circle cuttimj two given circles at a given angle ^. 

In Figure 8 let P be the given point and A and B the given circles. Let 
TO be the radical axis of those circles ; Q and Q the points (as in Article 6) 
through which all circles orthogonal to those two circles must pass. Through 
Pj Q^ Q P^s a circle, it will be the orthogonal circle through the given point to 
those circles, having of course its centre on the radical axis. Prolong the 
radii BE and AK\.o meet at F. The triangles OYK, YE are equal. Therefore 
the angles AKE and BREave equal, and the radii BR, AiT are parallel. There- 
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fore the lines EK or E^K^ must pass through S the "external centre of simili- 
tude " of the two given circles. The point P in which SP cuts the orthogonal 
circle is determined by means of the relations SN X SN^ = SL X SL' = 
SPX SP=SEx SK= SE' X SK^. Then by Article 11, through the points 
P and P draw a circle making the required angle with circle 4, it will make 
the same angle with circle B. PPHD with centre at (1) is one of those required 
circles, PP'Fif another, with centre at (2). Join HD and produce it to TTon 
circle A. Join (1), the centre of first required circle, with Y\ the point of 
intersection of the two radii BH, AD, The triangle (1) HD is isosceles. 
The angle (1) DT={1) HT = (3. Therefore the triangle TED is isosceles. 
And the angle Y'DH= Y'ED=AWD. Therefore the radii BE and AW Q.re 
parallel, and the line EW must pass through S, the " external centre of simili- 
tude '' of the two circles. 

When the angle ^ is zero (the case of tangency), join the points of contact 
with each circle of the pair touching each of the given circles in the same 
manner, the line will pass through the "external centre of similitude." The 
other pair of tangent circles will touch the given circle in a different manner, 
and the line joining their points of contact will pass through the " internal centre 
of similitude." 

Join P with S' the ** internal centre of similitude," and mark P" the point 
in which PS' cuts the orthogonal circle. Then through P and P" (as in Article 
11) pass a circle cutting circle A at the given angle /^, it will also cut circle B at 
the same angle. There are two such circles, and thus there are four in all 
fulfilling the conditions of the problem. The centres of these two circles are at 
(3) and (4) in Figure 8. 

Join the centres of the first two (1) and (2), the line must pass through 
the centre of the orthogonal circle, and be perpendicular to the axis of similitude 
SPP. Join the centres (3) and (4) and the line passes through the same centre 
and is perpendicular to the axis of similitude PS'P\ This will be found to be 
a general rule, extending to the tangent circles. To three given circles it is 
well known there are (Article 18) four axes of similitude passing through their 
centres of similitude in groups of three each. In this case, where one of the 
three circles is the point P (or a circle of radius zero), there are but two axes 
of similitude, as above indicated. 

15. Thus the four required circles through the given point intersect each 
other in pairs in the circumference of the orthogonal circle, at the points in 
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which the two axes of similitude cut it. And it will readily be seen by a method 
similar to that employed in Article 13, that the orthogonal circle bisects the 
angles which each pair of the required secant (or tangent) circles make with 
each other. Through the centre of the orthogonal circle (or radical centre) draw 
at will any line cutting the circumferences of each pair, and mark the distances 
to each circumference along that line from the centre — the radius of the ortho- 
gonal circle is a mean proportional to these distances. 

The radical centre is also one of the centres of similitude of each pair 

2 
of the required circles. Call — the point in which circles 2 and 4 intersect, 

1 .21... 

and -jr- the point in which circles 1 and 3 intersect; the right line -r -joining 

those two points passes through the radical centre, and the angle at which 2 and 
4 intersect, it is easily proved, is the same as the angle at which 1 and 3 intersect. 

2 1 
So also the right line - will pass through the same centre, and the angle at 

which 2 and 3 intersect is the same as the angle at which 1 and 4 intersect. 

16. It should be noted that any circle through P and P will cut the two 
given circles at the same angle, and that a mate to it will be found cutting them 
at a like angle. The same is true of any circle through P and P". If it should 
not meet the circles, the intersections will be imaginary, and each pair will be 
situated in a similar manner in reference to each of the given circles, and the 
orthogonal circle will bisect the angle each of a pair make with one another. 

17. It should also be noted that if from S, the external centre of similitude 
of the two given circles, a tangent line be drawn to one of the required circles, 
as SZ, we shall have SZ^ = SP x. SP = SD y. SH' = SE x SK. Hence the 
said circle will be orthogonal to the pair of required circles cutting or tangent 
to the given circles in a similar manner. [This is called by Steiner in the 1st 
Volume of Crelle the ** power" circle, ** Puissance" circle, and is useful in certain 
exceptional cases.] 

In Figure 11 draw a circle orthogonal to circles A and B^ cutting them at 
P and jP, and with any point X on the radical axis as a centre, PP will, 
we have seen, pass through S the external centre of similitude. The ** power" 
circle ZZ' will have a radius SZ tangential to PP, and SZ^ = SP X SP=z 
SO X SO = STx ST. Thus XY is a common radical axis to circles A and B 
and also to the ** power" circle. This power circle is orthogonal to the whole 
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series of circles either tangent to or making equal angles with A and B. We 
have before seen how the orthogonal circle bisects the angles which two circles 
make with each other when they intersect. But it may also in a certain sense 
be said to bisect the angle which circles A and B make with each other thoicgh 
they do not intersect This might be named their angle of approach Draw any 
straight line through Sj the centre of the power circle, cutting the circles A and 
Bj the radius of the power circle is a mean proportional to the distances along 
that line to each circumference. 

But this power circle bisects the angle of approach in another sense (as in 
Article 11.) Draw any line as SOQ through S^ cutting A and J? at and (7 
and the power circle at D. Draw tangents at 0, (7 and D. Those from and 
(7 will unite at Y on the radical axis. Join FY. HDH' is parallel to FY. 

The angle FYO = FYO = DHO = DKO = \ YO. Or the curves at and 

O make equal angles with the curve at D. 

18. We shall pass over the problems **to draw a circle which shall cut a 
given circle and two given right lines at the same angle," and, **to draw a circle 
which shall cut a given line and two given circles at the same angle," which are 
readily solved by hke principles, and pass to the 10th and last problem in the 
series, which indeed is the general problem of this investigation, and compre- 
hends all. 

To draw a circle which sJuill cut each of three given circles at a given angle. 

Let A, B, (7, Figure 10, be the three given circles. Find the three external 
centres of similitude iV', M\ S', and the three internal centres of similitude N, 
My S of said circles. The three external are in one straight line, called the 
external axes of similitude of the three circles, and three other axes are found 
by joining each of the external centres of similitude with the internal centres 
of similitude. There are thus four axes of similitude to the three circles. (See 
Rouche et Comberotisse, Traitf*. de Geometric ilhnentaire^ Art. 389.) As in Article 
13 it will be found that each of these four axes of similitude is the radical axis 
of a pair of the required circles (whether secant or tangent) or eight in all. In 
Figure 10 draw the circle whose centre is orthogonal to the three given 
circles A, By and C. Call the centres of the required circles (1) (2) (3) (4) 

7 7 
(5) (6) (7) (8). Let ^ -^ be the points in which circles 7 and 8 intersect, and so 

Vol. V. 



34 Alvord : The Intersection of Circles and the Intersection of Spheres, 

m 

on : the line - -- will be one of the axes of similitude ; the lines ^ -^ > t t » 

o o 4 4 

and N'JifS' being the other axes of similitude. This is supposing the circles 
1 and 2 do not intersect as in this diagram ; the case in which they do intersect 
will be treated separately in the next article. 

Thus the solution of this problem consists in finding the two points in which 
any axis of similitude cuts the orthogonal circle ; through those two points draw, 
as in Article 14, a circle cutting one of the given circles at the given angle /? (or 
zero in case of tangency), and it will cut the two other given circles at the same 
angle.* Indeed, any circle through those two points will cut the three given circles 
at the same angle, or if it chances not to intersect it (the intersection being 
imaginary) it will (Article 16) be situated in a similar manner towards each. 

11 *^*^ Rfi 77 

Thus these points -o^' a 'i ^ ~a ^ ' ^ft" ^*8^* ^^ called the key points of 

the problem. They are referred to by Poncelet and Salmon for other purposes, 
and are called by them ** limiting points." 

19. We will now consider the exceptional case in which the two required 
circles as 1 and 2 do not intersect in the circumference of the orthogonal circle, 
but will have as a radical axis the external axis of similitude, sometimes named 
the axis of ** direct similitude." In Figure 12, let ji, jB, (7 be the given circles, 
NMS the external axis of similitude, FJEE' the orthogonal circle. Through 
F the radical centre let fall FF' a perpendicular to said axis, it must contain the 
centres of the two required circles. In circles B and C draw auxiliary circles 
GH\ BL\ with radii equal to sin (i in each circle. That is, make the angle 
GHH^ = /?. Lay off HI = cos ^ in circle jB, and draw the auxiliary circle C/, 
with centre at G. 

Find the points Q and Q through which* (see Article 7) all circles must pass 
orthogonal to circle EL and having their centres on FF'. Through Q as a 
centre draw the auxiliary circle QD with a radius equal to H'I:=> cosine of 
GIH\ a known angle. 

Draw a circle, as in Article 9, having its centre on FF\ tangent to circle 
QD and orthogonal to circle GH\ intersecting the latter at W. Its centre X is 
the centre of the required circle. For, from X draw the right line XW tangent 

Note by Prof, Cayley, — The theorem seemB weU worthy of an independent statement, viz. : Take any 
circle O and three circles A^ B^ C, each cutting O at right angles. Take any one of the four axes of 
similitude meeting O in two points X and F (these points are imaginary for the exterior axes, but real 
for each of the other three), then the theorem is that any circle whatever through Xand Incuts each of 
the circles .4. B, Cat the same angle S. 
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to circle CH', and XL'L tangent to circle BL ; circle QQL* will be orthogonal 
at Z' to circle BL. Mark the points Z and Z". These are points in the required 
circle ; for 

Qiy= wa' = n^i—LL 

ZW— HW = COS. /? in circle G. 

L'U = Za' = HI= COS. ^ in circle B. Q.E.D. 

Find the other circle having its centre on FF' tangent to circle Q, and 
orthogonal to circle BL'. The centre of this circle Fis the centre of the mate 
to KZ, cutting the given circle at the required angle. 

Let KK^j RR be the arcs of intersection of the two required circles with 
circle A. The two lines FKR, FK'R will be straight lines. Mark the point P 
in which the line EE' meets F'S. P is **the centre of converging chords" of 
all circles having their centres on FF' and the radical axis F'S. Therefore K'K 
and RR will pass through P. Draw the two tangents from P to circle A. The 
points of contact will be the points of contact of the pair of circles tangent to 
the three given circles, or the case of /3 = 0. 

More generally draw at will through P any straight line cutting circle A. 
Mark the two points of intersection. Pass through these two points a circle 
having its centre on FF\ it will cut the three given circles at the same angle, 
but not necessarily at the given angle /?. Again, draw, with S (the external 
centre of similitude of A and C) as a centre, the ** power circle" PT, which is 
orthogonal to all the circles cutting A and G at the same angle, and in like 
manner as in Article 17. Then if with any point X of FF' as a centre and a 
radius equal to XX', drawn tangent to this ** power circle," a circle be drawn, 
it will cut the three given circles at equal angles. 

20. I append a resum^ of some of the curious relations of the required 
circles to each other and to the orthogonal circle and the radical centre. 
Although not belonging strictly to the problem, they have arisen from time to 
timie in the course of the investigation and cannot well be omitted. The first 
three heads in this recapitulation have been well known for many years, but 
the remaining four heads set forth new properties, so far as I can ascertain. 
After long and patient research I find no allusion to the circumference of the 
orthogonal circle bisecting the angle between the pairs of secant or tangent 
circles, or to its centre being a point from which radiate such a multitude of 
lines. 
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Recapitulation of the Theorems which occur in the Solution of the Problem 

to draw all the circlbs cuttinc* three given circleb 

AT ANY GIVEN AnGLE. 

Ist. The required secant circles are eight in number, distributed in pairs, 
the radical axis of each pair being one of the **axes of similitude " of the three 
given circles. 

2d. Each pair intersect in the circumference of the orthogonal circle ; or 
if a pair do not intersect, the orthogonal circle has with each of them the same 
radical axis — one of the axes of similitude. 

3d. The line joining the centres of each pair of the required circles passes 
through the radical centre. And the radical centre is the ** internal centre of 
similitude " of each pair of the required circles, and thus in the case of tangency 
the line joining the points of contact passes through the radical centre.* 

4th. If a pair of the required circles intersect in the circumference of the 
orthogonal circle, that circumference bisects the angle which they make with 
each other. If they do not intersect, the orthogonal circle bisects what may be 
called their angle of approadi ; the radius of the orthogonal circle is a mean 
proportional between the distances from it« centre on any straight line to the 
circumferences of the circles; and the orthogonal circle (Article 17) makes equal 
angles with the curves at the points of intersection of the line. 

5th. In any pair of the required circles join the corresponding points of 
their intersections with any one of the given circles; each line of junction will 
pass through the radical centre. Furthermore, the radius of the orthogonal 
circle is a mean proportional between the distances along those lines from the 
radical centre to each of these points of intersection, or to the points of contact 
of any pair of the required circles, in the case of tangency. 

6th. Join the corresponding points of intersection of any one secant circle 
with any pair of the given circles, the line of junction will pass through one of 
the centres of similitude of that pair (Article 14). 



*Thi8 last fact is the one employed in the elegant solution of the problem of Tangencies by 
Gergonne in Volume 4, Annales de Math^matiques, 1814. This, concisely stated, is as foUows. Find 
in each of the given circles the pole of each axis of similitude. Join it with the radical centre, the 
joining line will pass through a pair of the required points of contact in each circle. This solution is 
justly admired. But it is only one of the last and crowning facts of the development. The writer 
aims at the opposite method, to commence at the beginning and evolve the entire series from an 
elementary geometrical principle. 
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7th. The pairs of required circles above referred to are those having the 
same radical axis, viz. one of the axes of similitude. Find the other intersections 
of the required circles, those not in the circumference of the orthogonal circle. 
If the intersection farthest from the radical centre is joined with the intersection 
nearest, the line will pass through the radical centre. In that way we shall find 
24 such lines passing through the radical centre, and these circles in pairs 
intersect each other in equal angles (Article 15). 



No. OF OBOUP. 


34 lines which pass through the 

centre of the 

orthogonal circle. 


Circles 2 and 3 in- 
tersect at the same 
angle as circles 1 and 
4, and so on through 
the list. 


/ 
/// 


2 1 
8 4 

2 1 
4 8 


2 1 
8 4 

2 1 
4 8 


2 1 

5 6 

2 1 

6 5 


2 1 

5 6 

2 1 

6 5 


2 1 

7 8 

2 1 

8 7 


2 1 

"7" 8 

2 1 

8 7 


IV 
V 

VI 


8 4 

5 6 

8 4 

6 6 


4 8 
6 5 

4 8 

5 6 


4 8 

7 8 

4 8 

8 7 


8 4 

8 7 

8 4 

7 8 


6 6 

7 8 

6 5 

8 7 


5 6 

8 7 

5 6 

7 8 
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THE INTERSECTION OF SPHERES. 

21. It will be found that the problems in relation to spheres can be solved 
by a similar mode of investigation to that which has been followed in those 
concerning circles. By altering the table on page 10 in the Memoir by the writer 
in the 8th Volume of Smithsonian Contributions, substituting for ** tangent to" 
the words ** muking a given angle /? wiih,^^ it will be seen that there are fifteen 
such problems for the intersections as there are for the tangencies of spheres. 
Of course two spheres intersecting make an angle /? with each other when the 
right-lined elements of the cones drawn tangent to each sphere through the 
common circle of intersection, make that angle with each other (or the supple- 
ment to it). 

If two spheres intersect, their radical plane is the plane of the small circle in 
which they intersect. Draw pairs of spheres tangent in every conceivable manner 
to them. It will be found that the radical plane of each pair will pass through 
the external centre of similitude if they are tangent in a similar manner, that is, 
both concave or both convex towards the given spheres. If they are tangent in 
a different manner, their radical plane will pass through the internal centre of 
similitude of the pair of spheres. The same is true of the pairs of secant spheres 
in this problem, being distributed in like manner in reference to the centres of 
similitude. 

22. To draw a sphere through three given points and making a given angle 
with a given sphere. 

Pass a circle through the three points, it will form a small circle of the 
required sphere. From the centre of the sphere let fall a perpendicular to the 
plane of said circle. Pass through this perpendicular and the centre of the circle 
a plane. It will cut the circumference of the small circle in two points, and it 
will cut the given sphere in a great circle. Then by Article 11, through these 
two points draw a circle making the required angle (i with said great circle, it 
will form a great circle of the required sphere. Thus two such can be found, 
except when the given angle is a right angle, in which case there is but one. 

23. The radical plane of two spheres is the plane from any point of which 
if tangent lines are drawn to each sphere they will be equal. Any such point is 
the vertex of a pair of cones tangent to each sphere, having elements of equal 
length, and it is the centre of a sphere orthogonal to the pair of spheres. And 
as in Circles — see Figure 1 — two points Q and Q can be found on the line 
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joining the centres, through which all spheres must pass which are orthogonal 
to the pair of spheres. 

When three spheres are given, as A, B and G (Figure 9), whose centres 
are in the plane of the paper, the three radical planes will unite at the radical 
centre of these great circles of the spheres. Find QQ, HH\ EE\ the points 
above referred to. The perpendicular through to the plane of the paper may 
be called the common radical axis of the three spheres. Any sphere orthogonal 
to the three spheres must have its centre on this perpendicular, and pass through 
the circle drawn through the six points QQ, HE', EE'. Therefore if at will 
any sphere whatever is passed through said circle, it must be orthogonal to the 
three spheres. 

24. To find the sphere orthogonal to four spheres. 

If a fourth sphere D is given whose centre, in Figure 9, is above the plane 
of the paper, draw the radical plane between A and Z), the point in which said 
plane cuts the radical axis through 0, above described, is the centre of the 
required orthogonal sphere, or the radical centre of the four spheres. The six 
radical planes which can be drawn to the four given spheres in pairs will all pass 
through the radical centre. There are sixteen axes of similitude to the four 
spheres, four external, twelve internal. There are eight planes of similitude, 
one external containing the four external axes of similitude. 

25. To draw a sphere which shall cut four given spheres at a given angle. 

It will be found that there are sixteen solutions to this question, as in the 
Tangency of Spheres, distributed in pairs, each of the eight planes of similitude 
being the radical plane of a pair. Thus the required spheres intersect each 
other in pairs in the surface of the orthogonal sphere, the small circle of inter- 
section being their radical plane, which must be one of the planes of similitude 
of the four given spheres. If any pair do not intersect they still have one of 
the planes of similitude for a radical plane, and the solution will be an excep- 
tional case, as in Article 19 in Intersection of Circles, and solved in an analogous 
manner. 

Thus to obtain one of the required spheres, find graphically, as in descrip- 
tive geometry, the small circle in which one of the planes of similitude intersects 
the orthogonal sphere. Then proceed as in Article 22 : pass a sphere through 
the circle which will cut one of the given spheres at the given angle (i ; it will 
cut the other three spheres at the same angle. 
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26. The circle referred to has this remarkable property. Any sphere 
whatever passed through it will cut the four given spheres in the same angle. 
Or if it does not meet them the intersection becomes imaginary, but it is (as in 
Circles, Article 16) situated in a similar manner towards each of the given 
spheres. 

27. I might append a complete recapitulation of the peculiar relations of 
the orthogonal sphere and its centre to the required spheres similar to that 
given for Circles at Article 20. I subjoin a portion of the same. 

If a pair of the required spheres intersect in the surface of the orthogonal 
sphere, the latter bisects the angle which they make with each other. If they do 
not intersect, the orthogonal sphere bisects their ** angle of approach": also its 
radius is a mean proportional to the distances from its centre on any straight 
line to the surfaces of the pair of spheres, and the surface of the orthogonal 
sphere makes equal angles with their surfaces, estimated at the points in 
which the straight line meets them. 

28. With reference to the number of lines passing through the radical 
centre of fhe four spheres : — As regards a pair of required spheres intersecting 
in the surface of the orthogonal sphere, the line joining the centres of the pair 
will pass through the radical centre and be perpendicular to the corresponding 
plane of similitude. If tangential, the line joining the points of contact of the 
pair with any one of the given spheres will pass through the radical centre. 
If secant, find the two circles of intersection of such pair with any one of the 
given spheres, from the radical centre as a vertex pass a cone through the 
nearest circle, its surface produced will pass through the farthest circle. 

29. Again, the intersections of the required spheres (whether tangent or 
secant) with each other which do not occur in the surface of the orthogonal sphere 
are distributed in pairs and will obey a law similar to that described in the case 
of Circles, Article 20, or paragraph 7 in the Recapitulation. Draw a cone from 
the radical centre as a vertex to the nearest circle of intersection. Its surface 
produced will pass through the circle of intersection farthest from that centre. 
And the angle of intersection of the first pair will be equal to the angle of 
intersection of the second pair of the required spheres. 

30. In conclusion it may be stated that articles 11, 18 and 25 set forth the 
main principles of the generalized theory. . Article 11 shows that the solution 
of the questions in intersections is reduced to one in tangencies, and in the case 



^ 
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of orthogonal circles, all evolved from the principle of the converging chords, 
or rather of the radical centre.* 

31. To draw a circle which shall cut eajch of fov/r given circles at the same 
angle. 

We found in the problem, Article 18, to draw a circle to cut each of three 
given circles at the same angle, that after finding the two poijits as K^ and K^ 
in which one of the axes of similitude cuts the orthogonal circle, any circle drawn 
through those two points (Figure 13) will cut the three given circles A, B and G 
at the same angle. Introduce in the figure a fourth circle D. Find the external 
and internal centres of similitude of B and D and call them N and N^ . First 
proceed as if to find in reference to B and D (as in Article 14) a point conjugate 
to iP, through which all circles which can be drawn will cut B and D at equal 
angles. Join K^ with N, and find the point E on NK^ such that NK^ X NR = 
NL X ND, a constant quantity. Thus those three points K^, K^ and R will enjoy 
these properties — all circles through K^ and K^ will intersect circles B and G at 
equal angles, and all circles through K^ and R will intersect B and D at equal 
angles. Hence if we draw through K^, K^ and R a circle, it must cut the four 
given circles at one and the same angle. 

In like manner join K^ with N^ the internal centre of similitude of B and 
Z), and find R^ a point conjugate to K^ such that N^K^ x N^R^ = N^L X N^T 
A circle drawn through the three points IP, K^ and R^ will also cut the four 
circles at the same angle. Thus two solutions are found by the use of the Tcey 
points ir\ IP, [It must be remarked that if K} had been joined with N and 
afterwards with N^ in like process, the same identical pair of required circles 
would be reached, not two new ones.] 

In like manner two solutions can be obtained by combining the key points 
K^, K^ with the two centres of similitude of G and Z), and two more with those 
of A and Z), or six in all by the use of those points, as shown in the table 
following : 

*It is proper to add that the writer, in the 4th Volume of Johnson's Cyclopedia (published in 
1878), under the head of '' Tangencies/' gave a history of the problem of the Tangencies. The principal 
addition which now should be made to it is to refer to the important paper by Plticker in Vol. 18 of 
Gergonne's Annales de Mathematiques, 1827, page 29. Also an article by Poncelet in Vol. 11 of same 
publication. The title of Plticker is '' Memoir upon the contacts and the intersections of circles.'' It 
contains a very curious dissertation, but has not anticipated the writer, in the present generalization. 
In the intersections he takes an entirely different process. My paper in the Smithsonian Contribu- 
tions, 1855, on ^'Spheres,'' as indeed the whole treatment of the subject is believed to be entirely 
novel. But Pl&cker in ^^ Circles" gives an analytical solution founded on increasing the radius of 
each given circle by a certain quantity. 

Vol. V. 
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Let M and iP be the centres of similitude of circles C and D, P and P^ of 
A and D. 

By combining K and K^ with -^^ and iV^ . . . . 2 solutions. 

'' '* '' M ^nd JtP 2 

** P and Pi 2 



But there are four axes of similitude of 4, B and (7, and thus four pairs of 
key points, or points in which each axis will cut the orthogonal circle. We have 
called IP and iP the first pair, and will name the other pairs K^ and K^, K^ and 
K^, K^ and K^. Treating each pair of key points as above in combination with 
the centres of similitude of A, B and G respectively as paired with Z), there will 
be 6 solutions for each of the four pairs or 24. Tabulated as follows : 
The centres of similitude of A, B and G as paired with Z) joined with jK^, ^ . . . 6 



(< it li 

u ii a 



u 


Fn, K*... Q 


ii 


K\K* ... 6 


ii 


K\ K* ... 6 



24 

But thus far we have only investigated the number of solutions when A^ B 
and G are combined with Z). Combine by the same process any three with a 
fourth and 24 solutions will be obtained. There are four axes of similitude of 
eojch group of three of the given circles, each giving a pair of key points to be 
combined as above with the centres of similitude of a fourth circle. Accordingly 
there results from 

No, of 
SdutUms. 



A, B, G combined with two centres of similitude of each combined with D . . . 24 
A, B, D " " " '' G . .. 24 

A, G,D " " " " 5 . . . 24 

B, G, D " " " " ^ . . . 24 

Total 96 

There are thus in general ninety-six distinct answers to the problem of 
finding a circle cutting four given circles at the same angle, which, of course, 
will usually be different for each solution. 
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But it is to be noted that some of the intersections will be imaginary ; as 
Salmon (in Conic Sections, page 105) discusses the case of an imaginary inter- 
section of two circles, but that the pair continue after separated to have a 
common radical axis. But the required circle in such cases would still be 
situated (Article 16) in a similar manner towards each of the four given 
circles. 

32. To draw a sphere which shall cut ecuch of five given spJieres, A, B, 67, D 
and Ej ai the same angle {said angle being unknown), 

I need hardly premise that a sphere becomes known when two of its small 
circles are found, as its centre can be obtained by the intersection of two 
perpendiculars to the planes of the circles, erected from their centres. 

Therefore find the sphere orthogonal to A, fi, G and Z), and also one of 
their planes of similitude : it will as explained above cut the orthogonal sphere 
in a small circle, which (Article 26) enjoys the property that any sphere drawn 
through it will cut those four spheres at the same angle. 

In like manner find the sphere orthogonal to A, B, G and E and also one 
of their planes of similitude, and the small circle in which it cuts said orthogonal 
sphere. As any sphere passed through this last circle will cut each of A, B, G 
and E at the same angle, if a sphere is drawn through these two small circles it 
must be one of the required spheres, and must cut each of the five spheres at 
the same angle. 

To ascertain how many solutions can be obtained to this problem, we must 
ascertain how many different pairs of such small circles can be found ;* or, which 
is the same thing, we must find how many different pairs of planes of similitude 

* I win add that I was indebted to a paper by Mr. R. J. Adcock in the '^ Analyst ^^ for 1877, which 
impeUed me to undertake a geometrical solution of this problem as a sequence of my former investiga- 
tions. Mr. Adcock had given the equations for an analytical solution. It was followed by a solution of 
the same equations by Dr. Craig, of the Johns Hopkins University, which appeared in the number 
of the " Analyst " for January, 1880. 

I was also indebted to Mr. Marcus Baker of the U. S. Coast Survey, who, in the number of the 
^^ Analyst '' for July, 1877, gave out the question at my instance, as it had attracted our attention in 
Vol. 1st of CreUe, 1826. It was Steiner who proposed it in that number, without a solution. I have 
never been able to find Steiner ^s solution, if he ever gave one. I will add that after I made known to 
Mr. Baker this solution of the problem, we in the hunt for the number of solutions independently 
reached the same conclusion, that there must be six hundred and forty solutions. 

It should be stated that all of this memoir, except the two last problems, were completed and sent 
to the Smith^nian Institute in January, 1860, from Fort Vancouver, Washington Territory, but the 
manuscript was burned in January, 1865, when the nipper story of the Smithsonian building was on fire. 
The two last problems (from Article 31) were solved in 1878, and read in November of that year to 
the National Academy of Science at its meeting in New York. 
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can be obtained for the five given spheres. The five spheres A, B, G, D and E 
can be grouped in five sets of four each, as 

1. A, £, C, D. 

2. A, B, C, E. 

3. A, B, D, E. 

4. A, G, D, E. 

5. B, G, D, E. 

Take A, B, G, D, each of their 8 planes of similitude can be paired with 
each of the 8 planes of similitude of 

A, B, G, E . . . . 64 pairs. 
Also of A, B, D, E . . . . M 

A, G, D, E . . . . 64: 

B, G, D, E . . . . U 256 

Each of A, B, G, E with each of the 8 planes of those after it in the above 
table, viz. 

With A, B,D,E . . . . U 

A, G, D,E . . . . U 

B, G,D,E . . . . U 

Each of A, B, D, E, with those of 

A, G,D, E . . . . 64 

B, G,D,E. . . . 64 

The eight of A, G, D, E 
with eight of B, G, D, E ... 64 64 



192 



128 



Grand total 640 

Thus there are six hundred and forty different spheres which can be drawn 
cutting the five given spheres at the same angle. 

As for Circles (Article 31) some of these intersections will be imaginary, but 
the sphere obtained graphically will be situated in a similar manner towards 
the given spheres.* 

* Since writing the above my attention has been called to a paper by M. Darboux, in p. 328 of 
Vol. Ist, 2d series of Annales de Vticole Normale SupMeure, Paris, 1873, upon " the relations between 
the groups of points of circles and of spheres in a plane and in space," in which will be found solutions 
of the leading questions in this paper. 
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Tables of the Symmetric Functions of the Twelfthic. 

By W. p. Durfee, Fellow of the Johns Hopkins University. 



In the following pages is given in tabular form, 1st the values of the functions 
(of weight twelve) of the coeflScients of the twelfthic (1 , — pi, p^^ — . . .p^x, 1)" 
in terms of the symmetric functions of its roots, and 2nd, the values of the' 
symmetric functions of the roots in terms of the coeflScients. The notation used 
is that of Hirsch. For example: (4*21*) =:^|^j/>?; [4*2P] = a*/?^*^^ where 
a» /^» y ) ^» &c., are the roots of the given quantic. The value of any function is 
found from the table by taking the sum of the results obtained by multiplying 
each coeflScient in its row by the expression at the head of the corresponding 
column . 

The symmetry of the results was made use of as a check, the method followed 
being to calculate at the same time the value of a function, say [ctf ^^y'"'] , and 
the coeflScients of the corresponding function (a"/3*y'') in the value of each of 
the root functions. In other words, I calculated simultaneously a row and its 
symmetric column. An error in a constituent of a row would not aflFect any 
other of the row, but would aflFect those following in its column, while a corres- 
ponding error in a column would aflfect the remainder of that column but no 
other column. Since the rows and columns agree throughout, the existence of 
errors is almost impossible. As a final test I made use of the well-known 
expression for the sum of the homogeneous symmetric functions of the roots : 



5.= 



Pi Pi 
1 Pi 
1 Pi 



• . • a 



• • • 



Pn 

Pn-1 

Pn-t 



1 Pi 

If each coeflScient ^, j?», &c., be made equal to unity, H^ reduces to the 
sum of its numerical coeflScients, which from the resulting form of the determi- 
nant is seen to be equal to zero. On summing the coeflScients of the second 
table I found their sum zero as it should be. 
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Table I. (upper half) : Coefficients in Terms of Roots. 

[112] [211^] [2218] [3P] [2n«] [32P] [^V] [2*1*] [3221*] [821«] [421«] [51^] [2»12] [82»1»][8221*] 



(12) 


1 


























• 




(11-1) 


12 

• 


1 




























(10—2) 


66 


10 


1 


























(93) 


220 


45 


8 




1 






















(84) 


495 


120 


28 




6 






1 
















. (75) 


792 


210 


56 




15 






4 










1 






(62) 


924 


252 


70 




20 






6 










2 






(10 — 12) 


132 


21 


2 


1 
























(921) 


660 


145 


26 


9 


3 


1 




















(831) 


1980 


525 


128 


36 


27 


• 

7 




4 


1 














(822) 


2970 


810 


201 


72 


42 


15 




6 


2 


1 












(741) 


3960 


1170 


336 


84 


98 


21 




24 


5 









6 


1 




(732) 


7920 


2460 


736 


252 


207 


70 




52 


17 


6 






10 


8 


1 


(651) 


5544 


1722 


532 


126 


165 


35 




52 


10 









17 


3 





(642) 


13860 


4620 


1526 


504 


498 


161 




160 


50 


15 






60 


16 


4 


(632) 


18480 


6300 


2128 


756 


707 


252 




228 


81 


30 






70 


24 


9 


(522) 


16632 


5670 


1932 


630 


660 


210 




228 


70 


20 






81 


24 


6 


(543) 


27720 


9870 


3528 


1260 


1266 


455 




456 


165 


60 






166 


60 


22 


(4«) 


34650 


12600 


4620 


1680 


1710 


630 




639 


240 


.90 






240 


98 


86 


(91») 


1320 


800 


54 


28 


6 


3 


1 


















(8212) 


5940 


1665 


418 


189 


87 


88 


8 


12 


5 


2 


1 










(7312) 


15810 


5040 


1528 


624 


432 


168 


28 


108 


40 


12 


6 




20 


7 


2 


(7221) 


23760 


7740 


2392 


1080 


681 


802 


56 


168 


72 


82 


13 




80 


12 


5 


(6412) 


27720 


9450 


3164 


1218 


1041 


878 


56 


886 


115 


80 


15 




106 


84 


8 


(6321) 


55440 


19740 


6888 


3024 


2387 


1008 


168 


760 


820 


182 


61 




280 


98 


87 


(62«) 


83160 


30240 


10752 


5040 


8696 


1722 


386 


1206 


552 


262 


108 




860 


169 


72 


(5212) 


33264 


11592 


4004 


1512 


1380 


490 


70 


480 


160 


40 


20 




172 


64 


12 


(5421) 


83160 


30872 


11396 


4914 


4188 


1771 


280 


1586 


685 


250 


95 




666 


228 


86 


(5321) 


110880 


42000 


15848 


7056 


5952 


2632 


420 


2220 


976 


420 


150 




820 


867 


164 


(5322) 


166320 


64260 


24696 


11592 


9417 


4410 


840 


8552 


1652 


776 


816 




1820 


606 


279 


(423I) 


138600 


53550 


20720 


9240 


8040 


8570 


560 


8132 


1890 


600 


210 




1226 


646 


288 


(4222) 


207900 


81900 


32270 


15120 


12720 


5950 


1120 


5022 


2840 


1090 


440 




1990 


924 


424 


(4322) 


277200 


111300 


44800 


21420 


18075 


8680 


1680 


7308 


8525 


1710 


690 




2960 


1484 


699 


(3*) 


369600 


151200 


62160 


30240 


25680 


12600 


2520 


10656 


5280 


2640 


1080 




4440 


2220 


1128 


(81*) 


11880 


3420 


870 


468 


180 


94 


83 


24 


12 


6 


4 


1 








(721 ») 


47520 


15840 


4968 


2520 


1422 


703 


204 


848 


166 


78 


46 


7 


60 


27 


12 


(631 ) 


110880 


40320 


14280 


6888 


4890 


2289 


588 


1596 


722 


306 


174 


21' 480 

1 


208 


81 


(62212) 


166320 


61740 


22288 


11340 


7737 


3878 


1064 


2532 


1241 


608 


331 42 750 


354 


167 
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Table I. (upper half continued) : Coefficients in Terms of Roots. 





[42*1*] [431*] [521*] 


[61*] 


[2«] 


[32*1] [3*2*1*] [3*1*] [42*1*] [4321*] [4*1*] [52*1*] [531*] [621*] 


pi'] 


(12) 


























• 






(11-1) 
































(10 — 2) 
































(W) 
































(84) 
































(75) 
































(«•) 










1 






















(10— 1») 
































(021) 
































(881) 
































(82*) 
































(741) 
































(732) 


















• 














(661) 










6 


1 




















(642) 










15 


4 1 

1 


















(68») 










20 


61 2 


1 
















(5»2) 










30 


9 


2 



















(543) 










60 


22 


8 


3 
















(4») 










90 


36 


16 


6 
















(91") 
































(8210 
































(781*) 


1 
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22 
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3 
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6 


6 


3 
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24 
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96 


42 
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42 
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80 






795 
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72 
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DuRFEE : Tables of the Symmetric Fwnctions of the Twelfthic. 



Table I. (upper half continued) : CoeflBcients in Terms of Roots. 

[8«2»] [3»21] [42*] [432n] [48n»] [4^212] [63n] [3*] [43«2] [4»2»] [4*31] [53*1 1 [5421] [4»] [548] [5»2] 
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(93] 

(84) 

(75] 

(«^ 
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(921 ; 

(881] 

(82' 
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(782] 
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(642] 

(68' 

(«"«] 
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(4- 
(•P 
(H2P 
(7HI» 
(7»M 
(H\* 
(6Hill 

INtfl 
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\vr 
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(HP 
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1 


1 

1 
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1 

1 
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IN 


19 


A 
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4 
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ItH 


110 


9H 


14 


4 


9 




6 


2 


1 














117 


OH 


4H 


W| 


t9 
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12 


5 


2 


1 












mi 


lOH 


90 


4N 

1 

1 

1 


9H 


t9 




24 


12 


6 
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DoBFEB : Tables of the Symmetric Ftmcttom of the Twelfthic. 
Table I. (lower half) : Coefficients in Terms of Roots. 



(64r 

(6821' 



(4*ar 

(48'1' 



(8'si; 

(8'2' 

{71' 

(6ai< 

(681 ^ 

{san' 

(4'1* 
(4821 < 
(AZ'V 

(Z'V 

(8'a>i' 
(88*1: 



(2' 



(481' 
(48' !■ 
(8<»' 
(82' r 

(8»r 

(61 
(421' 

(8'r 



[1"] 


[31-] 


[3>18] 


[81'] 


[S'l-] 


[881'] 


[«■] 


[an*] 


[BaM'] 


[S'l-] 


[4ai*] 


[51'] 


[an>] 


raa-i'] [«'ai*] 


166820 


68000 


28604 


11088 


8766 


8988 


666 


8340 


1430 


570 


320 


86 


1200 


607 


192 


MS3640 


131040 


61138 


35704 


10733 


6793 


3648 


7500 


8670 


1763 


026 


105 


2800 


1844 
3277 


682 


408B60 


300340 


7963^ 


41580 


31231 


18312 


4586 


12018 


6177 


8103: 


1718 


810 


4600 


1158 


416800 


166950 


66780 


33390 


26840 


13160 


3860 


10620 


5180 


3460 


1880 


140 


4246 


3046 


954 


554400 


328800 


92680 


47040 


37860 


19110 


4900 


15468 


7780 


3840 


1050 


210 


8830 


8174 


1670 


831600 


346600 


144200 


75600 


50925 


81360 


8680 


24864 


13UB0 


6760' 


3576 


430 


10800 


6361 


3779 


1347400 


520200 


234280 


130660 


94860 


51340 


15130 


40003 


21600 


1I760' 


6480 


«. 


16800 


6054 


49O0 


1108800 


470400 


199920 


105840 


85140 


45150 


12600 


ssase 


10820 


10260 


5400J 630 


ISS40 


8289 


4438 


1683200 


718300 


310800 


168840 


134760 


78500 


31840 


58S86 


32040 


17660 


0680 


1860 


85470 


13986 


7738 


B6040 


82400 


10330 


5760 


2970 


1630 


600 


720 


880 


200^ 


185 


88 


120 


60 


30 


832640 


1S6000 


46300 


25200 


16200 


8880 


3940 


6316 


3780 


1440' 


910 


166 


1680 


786 


862 


665280 


267120 


105840 


58448 


41810 


21644 


6888 


16840 


8132 


4056, 


348» 476 


SB40 


8076 


1443 




408240 


1M808 


90720 


65413 


86668 


11844 


85880 


18656 


7808J 


4446! 883 


9640 


6037 


3640 


831800 


840200 


188 ISO 


73080 


56800 


38980 


9030 


23464 


11440 


6630] 


8430 


630 


9060 


4534 


3180 


1663200 


706600 


298200 


163800 


125550 


68495 


22360 


53688 


38r)30 


15270^ 


9110, 1715 


22030 


11841 


6284 


24B4800 


1077300 


463680 


360830 


198765 


111510 


37800 


84780 


47886 


36460! 


15975 


3150 


35940 


19986 


11086 


3317600 


957600 


4132S0 


338480 


178380 


98280 


31920 


77040 


42360 


33040' 


13590 


2620 


33300 


18800 


9972 


3820400 


1481800 


642320 


862S80 


383860 


159460 


54040 


124178 


70120 


30530 


33730 


4630 


54640 


30868 


17404 


4089600 


2280300 


997030 


574580 


446940 


257880 


00730 


300338 


115800 


67200 


40980 


8400 


89860 


62030 


80320 


7484400 


8403000 
257040 


1549800 


007300 


707400 


415800 


151300 


828460 


190800 


118400 


70200 


15120 


148140 


87660 


63200 


605280 


65760 


56410 


83030 


19320 


7560 


11160 


6210 


3440 


3356 


672 


8240 


1740 


030 


1905840 


&31600 


341040 


196560 


137070 


78120 


20400 


68640 


30180 


I68O0! 


11085 


2856 


30330 


11130 


6070 


3326400 


1430400 


818560 


3.52800 


263070 


149100 


54800 


111600 


63600 


84600! 


22435 


5480 


47100 


28180 


14250 


4889600 


3193400 


958440 


559440 


416630 


341930 


91140 


179748 


103780 


69640' 


38670 


9660 


76930 


44088 


36130 


6652800 


3973600 


1327300 


778160 


501680 


344960 


139360 


288530 


163320 


88560; 


66990 


14000 


117300 


68040 


30244 


6970200 


4536000 


3061360 


1324720 


936540 


558390 


214200 


425876 


352800 


149940I 


97300 


34570 


193140 


114667 


68040 


14908800 


8917400 


3300400 


1927800 


1483300 


894600 


352800 


687240 


415500 


a5a«0O| 


164700 


42840 


31S930 


198140 


117800 


3991680 


1693440 


705800 


423360 


387380 


170520 


70580 


118400 


86380 


38640^ 


36880 


8282 


42840 


24570 


14000 


0079300 


4400400 


1080720 


1194480 


873610 


523330 


214200 


381240 


236950 


1344001 


91735 


36880 


164700 


97300 


56900 


13305600 


6048000 


3741760 


1653120 


1289840 


744340 


803400 


560440 


834820 


198400. 


134400 


38640 


353000 


140940 


88580 


19958400 


9323300 


4357120 


2600640 


1962540 


1197000 


465600 


008600 


560240 


334330, 


326960 


88360 


416600 


353600 


168220 


29937600 


14061600 


6607440 


4083400 


8106080 


1920340 


808920 


1460736 


903600 


560440 


381240 


118400 


687240 


426376 


368530 


19958400 


9073000 


4003480 


3540160 


1836520 


1138960 


498020 


808920 


465000 


302400 


214200 


70560 


353800 


314200 


139360 


39916800 


18748800 


8789760 


5503680 


4112640 


2569560 


1138960 


1020340 


1197000 


744240. 


523320 


170520 


894600 


556360 


844960 


59875200 


28676800 


18038240 


8618400 


6508020 


4113640 


1836530 


3106080 


196364U 


1239840 


873910 




1482800 


936640 


691660 


79833000 


38103400 


18144000 


11813160 


8818400 


5508680 


3540160 


4083400 


3000040 


16531201194480 


423360 


1927800 


1324720 


776160 


119760400 


58060800 


38143860 


18144000 


13838240 


8789760 


4093+80 


6607440 


4357120 


37417601980720 


705800 


3300400 


2061360 


1327300 


339600800 


117986000 


58060800 


88102400 


28576800 


18748800 


9073000 


14061600 


9223300 


00480004480400 


1698440 


6317400 


4536000 
9979200 


3073600 


479001800 


339500800 


119750400 


7988360059875200 


39916800 


10958400 


29937600 


19958400 


1330.'»fiO0 9979200 


8091680 


14968800 


6652800 



/ffcf^«i#'* of the Tioelfthic, 



--^■Ziinrj^ iZi Terms of Roots. 
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DuRFEE : Tables of the Si/mmetric Fmtcfiom of the Tiselfthui. 



Table I. (lower half continued) : Coefficients in Terma of Roots. 

[8'2'] [8'811 [43*] [43a»IJ[43n'l[4'21'][58'l][G«ai'l[541'][e3'l'][681'l[721'] [81«] [3'] [4S'a 



15831') 
IM'l) 
M"2f) 
(JS'l'l 
(48a'l) 
(42') 
(S'21) 
(8-2') 
("•I 

(eji-) 
(Ml*) 

(52"1') 
«'l') 
(«21') 
(M'l') 
(S'f) 
(8»2'1') 
182'1) 
(3') 

(ei'i 

(IM-) 
(«!•) 

(«2-l') 

(»'21<) 

(82M 
(2'1') 
(SI") 
W21') 
(8-1') 

(a2'l') 

(a'i<) 
(«■) 

1831') 

(a-f) 

(8f) 
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(31") 
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m 


27 


34 
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66 


76 


8ll 


4 
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18 


e 


a 


2M 
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126 
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28 


10 
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6 













38 


'"l 


4 


; 
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60 


31 
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18 


3 










48 


ai 


13 


438 


456 
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126 


76 


«0i 


84 


18 










00 


48 


38 


82^ 


451 


438 


837. 


183 


66 


61! 


87 


6 










108 


58 


SO 


148fl 


828 


828 


467 


364 


158 


117 


68 


34 
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117 


68 


150 


60 


88 


i 
34' 


13 


« 


1 
18. 


4 





1 














2.8, 


117 


150 


68| 


31 


18 


24: 


11 


8 




1 
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144 


201 


80: 


34 


13 


80 


8 














84 


18 


8 


1056 
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805; 
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78 
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47 


e 
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68 


30 


1876 
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1116 
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86 


18 
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68 
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IK 
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78 
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644 
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66 


84 
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78 
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936 
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1 
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180 
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80 


50 


75 


35 


10 


11 


5 
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860 
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30 


48 


15 
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60 
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90 


47 
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"^ 
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633 
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84 
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1880 


IISO 


73600 


45IG0 


G1240 


31860 
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184760 
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94860 
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Table I. (lower half continued) : CoeflBcients in Terms of Roots. 
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Table II. (upper half continued) : Roots in Terms of Coefficients, 
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Table II. (upper half continued) : Roots in Terms of CoeflBcients. 
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Table II. (lower half) : Roots in Terms of CoeflBcients. 
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5 
25 
16 


27 
27 
26 
15 
50 
18 

8 
18 
11 
12 
24 
40 
18 

2 
24 
87 
87 
18 
24 
11 
24 
24 
24 
13 
24 



+ 
+ 
+ 



+ 



+ 
+ 
+ 



+ 
+ 
+ 

+ 
+ 



+ 
+ 
+ 



+ 



+ 

+ 
+ 

+ 



16 

4 
22 

4 
24 

6 

8 

8 
12 

8 
16 

4 
16 

5 
12 
24 
18 
16 
30 
10 
14 

8 
16 
14 
12 
28 
24 
28 
16 
12 
16 
28 
1'4 
24 
24 

8 
24 

4 

24 
24 



+ 9 

— 8 
+ 9 
+ 6 

— 12 

— 8 
+ 8 

— 9 


+ 9 

+ 9 

— 9 
+ 9 




— 27 



+ 9 

+ 9 

+ 9 

+ 8 

— 4 

+ 8 

— 12 

+ 6 

+ 12 

+ 12 

+ 8 

— 24 

— 12 
+ 8 

+ 8 

— 12 

— 12 
+ 12 
+ 12 

— 15 
+ 12 
+ 12 

— 12 



Voi* V. 
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[0821*] 
[Ml"] 

[«2M»] 
[Ml*] 
[721"] 

[4d'2] 
[4^2^J 
[4»81] 
[582»] 
[58M] 
[5421] 
[»•!»] 
[62>] 
[6821] 
[641 »] 
[72»1] 
[781 '] 
[821 2] 

[W»] 
[4»] 
[548] 
[5*2] 
[68*] 
[642] 
[651] 
[732J 
[741] 
[82-] 
[881] 
l»21] 
[101*] 

[6*] 
[75] 
[84] 
[93] 
[102] 

finj 

[12] 



DuBFEE : Tables of tlie Symmetric Functiom of the Twelfihic. 
Table II. (lower half continued) : Roots in Terms of CoeflScients. 



(5*2) (543) (4") rOl") (821*) (731*) (72*1) ^Ml*) '6321) f62'; r5*l*) ^%421l ^53*1) (582*) (4*81) (4'2S) (48*3) 



-4-2 



I 



+ 7-. 

- si-h 

+ r-h 

+ 8- 



5 



7 

'i 

7" 

I 

7; 

I 

3 



+ 2i;-»- 75 — 15 — 28 — 

+ 15j -h 26 - 5 — 1 — 

+ 9 + 82 + 42 + 33 — 

+ 6' + 23 + 27 + 'js — 

-h 5 + 19 -h 24 + 22 + 29 + 53 4- 

-h Ij + 4 + 5 -h Xy 4- 6 4 12 -f 



8 - 11 -f 

e>+ 2 

8 — 25 — 

3-11 



— 9'-»- 11 — 



+ 



8 
1 
4 
1 

81 
7 



- 4 + 



1 
4 — 

2 - 



8-I- 
- 

8 + 

- 

8 - 

2 + 



8 + 

4 

1 + 

2 — 

1 — 



8 — 

8 + 

4 — 

8 — 



+ 14 + 



I 
8-f 

8'-»- 



- 10 + 4—16-1- 

-nl + 

■f 11 - 

+ 8 



s 4- 2 - 
9+ 16 — 



5 — 



2 + 
9 + 



+ 

+ 17 

— 4 

— 19 — 

— 4 
+ 21 
+ 7 

— 4 
+ 11 
+ ^ 

— 12 

— 14 



+ 
+ 



1 
8 
4 
5 
6 



4 - 7^- 21 + 4+19 — 

III' 
4, - 7' - 24. + 11 + 8 -f 



— 22 
+ 18 
+ 15 
+ 8 

— 14 
+ 11 
+ 8 

— 10,+ 



— 8: - 80, - 39 + lOi + 18 + 

+ 61- 7;- 27 + 3|+ 2 + 
— 2i — 6 — 10 - 4 + 



+ 



+ 



4j 
8 
4 
4 



- 12 
- 14 

— 5 



+ 



+ 



4 — 
4 

4 
4 



5 
4 
1 
4 



— 41'— 49 

1 

— 22—25 



I 



— 17 

— 19 



— 28 



- 42 + 



7+5 
8 — 4 + 

1 - 10 + 

2 — 11 - 
2 + 14 - 
7—10 
9+ 1 - 
2+8 + 
5 + 56 + 



— 29 + 17 + 5 + 

— 16i — 29 — 42 - 



— 22 — 23! — 25 — 49 — 10 + 



15— 19 



+ 4 - 1 — 
2—4 + 

4 - 8+10 

4+ 1 + ;f + 

8 — 5—10, 

+ 10 - 10 — 

1 + 7 + 10 — 
4-1 — 
8 + 1 - 10 + 

2 + 9 + 7 + 
4 + 2 + 18 + 

3+16 + 



5 + 1 — 81 — 
8 — 

14 — 11 — Id — 



— 17: - 22 — 41 — 6 — 27 — 39 — 



+ 

+ 15 
+ 7 
41+8 



8 
4 



4 __ 5! _ 5! _ 14 __ 12 _ 
+ 4— 4'+ 8 — 



— 4; - I 



.1 



+ 13 — 22 — 6 + 5 — 4 + 



+ 21 



— 4 — 19 — 4; + 17 + 



+ 9!+ 9;+ 9 



0— 27 



2 — 7 — 30 — 

4 + 6 - 8^ — 

b + 1 + 8- + 

I I 

2 — 7; - 8 + 

+ 9 — 



8, + 14| + 10' + 30! + 16 — 18 — 24 — 12 — 5 + 16 + 4 + 



+ 11 — 18, — 



+ 21 

+ 11 

— 2 

— 24 

— 14 

— 7 



I 
8 + 13i + 50 + 15j + 26i — 27 — 27 

ill'' 



+ 14'- 8+ 5 



+ 19i + 
- 8 + 



8'+ 13 



.1 



+ 11 

— 21 

— 24 



+ 



8| + 

— 8.+ 

- 41 + 



+ 6+ 12+ 2' 



2 
4 
3 
1 




— 23 — 11 + 4—12 

I I 

+ 12 — 8 — 12 — 12 

I : 

+ 12— 8+ 4i- 8 

I 

+ 2' + 24 + 4, - 2 

+ 12'+ 2-l'+ 4' - 1 



— 16 — 25 + 
+ 15 + 21 + 12 + 27. + 30 + 4 — 4^ — 28" — 
+ 18; + 11 + 24' + 11| + 55 + 8 — 10' — 19 — 6 — 

20 + 



+ 6 + 10, + 4 + 10, + 16 



+ 18| + 18j + 33 + 
+ 12'+ 40+ 19 + 



+ 13 + 

8 + 25 + 31^ — 

4 + 2o| + 73 + 

+ 5! + 14| + 30 + 2 + 7! + 30 + 

I I 

_- 18! _ 18; — 18; + 18! + 36 + 6 + 9 

I ' ' I 

— 37 — 12 + 17; + 33 — 
I ' I ■ 

— 40+ 4—18— 8 — 



8-4 



+ 16 


+ 


15 


+ 11 


+ 


18 


+ 4 


+ 


14 

1 



25 + 



I 



36 — 1,— 
— 9—9 



1 - 1 



- 6 



- 20 

- 9 
— 26:+ 4 



— 4 



— 86 + 9 — 12 — 18: — 45i + 



— 26 



32 + 8 - 13 — 82' — 



— 14 — 14 — 25 — 14 — 50 



12 — 



- 50— 251 — 



— 12—24 



- 4+12 



+ 36, + 36| + 36J + 36j + 72| + 12; + \i + 72| + 36| + 
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Table II. (lower half continued) : Roots in Terms of CoeflBcients. 

(8*) (81*) (721») {631»)(63n») (541»)(5821»)(52n)(4221«)(48n»)(432n){42*) (8»21) (8«3=) (71*) 



[6831 »] 






— 


21 


+ 9+ ej- 4 


: 


8 


\ 1 






























[541'] 






— 


7 


+ 1 


+ 2 




+ 


a 


— a 


> 


1 


























I«8n'] 






— 


9 


— 41 


+ 3+16 





1 


— 4 





























+ 9 


[«81'] 






— 


6 


— 29 


+ 8+8 


+ 


2 


+ « 




8 
























+ 6 


[781 »] 






— 


6 


— 24 


— 29 


— 41 


+ 


1 


+ 9 


+ 


5 
























+ 5 


[81«] 






— 


1 


— 5 


— 6 


— 9 





7 


— 21 


— 


7 
























+ 1 


[8«] 


















































[48'2] 






















■ 




























[4»2'] 


















































[4'81] 


















































I68a»] 






+ 


7 


— 7 


+ 8 


+ 2 





1 


— 2 









1 






















[58«1] 






+ 


7 


— 4 


— 7 


+ 4 


+ 


5 


— 1 







— 


2 




1 


















[6421] 






+ 


14 


— 8 


— 4 


+ 8 




2 


+ 8 


— 


8 


— 


1 


— 


2 




1 














[6n»] 






+ 


7 


— 1 


— 2 


+ 1 





7 


+ 8 


— 


1 


+ 


4 


+ 


2 


— 


4 




1 










[83*] 






+ 


2 


+ 8 





— 8 







+ 8 







— 


4 























— 2 


[6321] 






+ 


12 


+ 58 


— 11 


— 25 


+ 


2 


— 11 


+ 


9 


+ 


11 


— 


1 


— 


8 













— 12 


[641 »] 






+ 


6 


+ 29 


— 8 


— 8 





8 


— 8 


+ 


2 


— 


9 


+ 


8 


+ 


6 


— 


2 








— 6 


[78*1] 






+ 


6 


+ 22 


+ 28 


+ 88 





1 


- 28 


— 


15 


+ 


4 


+ 


5 


+ 


5 













— 6 


[781 »] 






+ 


5 


+ 24 


+ 27 


+ 42 




5 


— 16 


— 


2 


— 


6 


— 


9 







+ 


2 








— 5 


[821 »] 






+ 


4 


+ 19 


+ 28 


+ 82 


+ 26 


+ 75 


+ 


28 


— 


10 




5 


— 


17 




2 








— 4 


[91'] 






+ 


1 


+ 5 


+ 6 


+ 9 


+ 


15 


.+ 21 


+ 


7 


+ 


24 


+ 


12 


+ 


24 


+ 


2 








— 1 


[4'] 




1 














































[648] 


— 


8 




7 


+ 7 


+ 7 


— 7 




5 


— 2 


+ 


8 


+ 


5 


— 


1 


• 


8 









1 






[6'2] 


+ 


8 




7 


+ 7 


— 8 


— 2 


+ 


7 


— 4 


+ 


2 




7 


+ 


8 


+ 


6 




2 




8 


1 




[68'] 


+ 


8 


— 


8 


— 12 


+ 6 


+ 9 




8 


+ 9 


— 


9 


— 


9 







+ 


9 







— 


8 





+ 8 


[642] 





8 


— 


6 


— 24 


+ 4 


+ 22 


+ 


4 


— 16 


— 


4 


+ 


8 


+ 


2 




8 


+ 


4 


+ 


4 


— 2 


+ 6 


[661] 





8 


— 


18 


28 


+ 14 


+ 2 


+ 


19 


+ 7 


— 


1 


+ 


1 


— 


20 


— 


1 







+ 


7 


— 1 


+ 6 


[732] 





8 


— 


5 


— 20 


— 26 


— 27 


+ 


8 


+ 89 


+ 


19 


— 


7 




4 


— 


19 


— 


4 


+ 


7 


+ 2 


+ 6 


[741] 


+ 


6 


— 


5 


— 24 


— 24 


— 42 


+ 


11 


+ 21 


+ 


8 


+ 


15 


+ 


15 


+ 


8 







— 


18 


+ 8 


+ 5 


[82»] 


+ 


8 




2 


— 8 


— 12 


— 10 


— 


12 


— 82 


— 


4 


+ 


16 


— 


6 


+ 


24 


+ 


4 


— 


12 


— 2 


+ 2 


[881] 





8 


— 


4 


19 


— 19 


— 88 


— 


22 


— 68 


' — 


26 


+ 


16 


+ 


84 


+ 


16 







+ 


18 


— 6 


+ 4 


[981] 





8 


— 


8 


— 14 


— 16 


— 28 


— 


48 


— 48 


— 


16 


— 


62 




20 


« 


86 




4 


+ 


19 


+ 9 


+ 8 


[101'] 


+ 


8 


— 


1 


— 5 


— 16 


— 9 




16 


— 48 


— 


7 


— 


24 


— 


89 


— 


61 


— 


2 


— 


27 


— 9 


+ 1 


[6'] 


+ 


8 


+ 


6 


+ 24 


— 12 


— 18 


— 


12 





+ 


12 







+ 


18 







— 


6 


— 


12 


+ 6 


— 6 


[75] 




8 


+ 


12 


+ 18 


+ 18 


+ 87 




22 


— 81 


— 


22 


+ 


2 


+ 


2 


+ 


4 


+ 


12 


+ 


18 


— 11 


— 6 


[84] 





8 


+ 


4 


+ 16 


+ 16 


+ 24 


+ 


16 


+ 48 


+ 


16 


— 


40 


— 


40 


— 


16 




12 


+ 


16 


+ 8 

• 


- 4 


[98] 


+ 


6 


+ 


8 


+ 12 


+ 12 


+ 18 


+ 


89 


+ 9 


+ 


21 


+ 


45 


— 


9 


+ 


9 


+ 


12 


— 


42 


— 8 


— 8 


[108] 





8 


+ 


2 


+ 8 


+ 28 


+ 2 


+ 


28 


+ 64 


— 


12 


+ 


82 


+ 


62 


+ 


24 


— 


8 


+ 


28 


— 6 


— 2 


[111] 




8 


+ 


1 


+ 15 


+ 15 


+ 89 


+ 


15 


+ 78 


+ 


87 


+ 


89 


+ 


89 


+ 111 


+ 


12 


+ 


87 


+ 24 


— 1 


[12] 


+ 


8 




12—48 


— 48 


— 72 


— 


48 


— 144 


— 


48 


— 


72 


— 


72 


— 1 


L44 


— 


12 


— 


48 


- 24 


+ 12 
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of the TmlfOdc. 



Table II, (lower half continued) : Roots in Terms of Coefficients. 



^«21^ 'r*31»j 52MV 4M* 43J1» 42M^ 3»1' 3--2-1- K*l T %V 5Jl' 4Jl' 42HV »*«•) 



[5321 M 




1 




















(541' I 






















[•2M»] - 4 


1 




















[«!•] _ 1 _ 


% 1 


1 


















I781») + » — 


1 - 5 












— 


h 


1 


1 

1 


[«M + « + 


7+14 


1 










— 


1 — 


7 


' 


[«M ' 


t 


\ 

\ 
















1 

r 


(4»»2] 


j 


\ 


' 














1 


[4'2»J 


i 
1 


1 
1 
















1 

1 
1 


[4»«] 


1 

1 


■ 


1 






: 








1 

1 


I5«»] 


1 


1 




1 


i 




I 




■ 






[58MJ 


• 






1 

1 


1 


1 
1 
1 






I 

1 




1 
t 


[5421] ^ 


r 

1 

1 




1 


■ 


1 

1 

• 


1 

1 


i 




1 




1 

1 , 


15'1»] 


■ 


• 


1 

1 


t 




1 

1 


1 


1 








1 \ 


[«»] ' + 2 - 


^ 


1 

i; 




\ 


! 


1 

i 

1 








■ 


\ 

1 , 


[«321] 


+ 7 + 


4— S- 


8 1 


1 
1 


i 




1 








r 


i 

1 
1 


I«41'] 


+ 1 + 


2- 1 + 


8—8 


V 


1 

\ 

t 


\ 


I 

1 




1 




! 1 


[72*1] 


- 27 + 


2+15 — 


1 - 5 





1 

1 






+ 


5 — 


s 


1 


[7«1*] 


- 2> + 


»+ 4 + 


2 + 8 - 


4 




1 


' 


+ 


5 — 


1 — 


2 1 


[821*] 


— 28 — 


27 — 51 + 

1 


1 + n + 


9 


1 


i 

1 


' 


+ 


4 + 


27 — 


1— e 


[«•] 


— » — 


7' — 14 — 


8— 82 — 


16 




! 


1 
j 


+ 


1 + 


7 + 


8+ 30s 

1 


[4M 












1 


1 
1 




1 

1 


• 




1 










[54»] 












1 


1 

1 

1 
















1 

• 

i 








[5'2) 








! 




\ 

t 


1 








1 

1 








1 








[«'] 


— 8 — 


8+8 + 


8—8 





\ 




1 

i 








1 








[•48] 


- • + 


2 + 2 — 

1 


8+ 4- 


2 — 


2 


1 










1 

i 








(«51] 


— 1 — 


• + 1- 


8 + 7 — 


1 + 


2 — 

1 


1 

4 

1 


1 
















[782] 


+ 25 — 


♦ -28 + 


1+7 + 

• 


8- 


1 — 


4;; 





— 


6 + 


5 - 


1- 2i 1 
5 — 1 — 8 


1741] 


+ 2»- 


•'- 4- 

1 


5 — 17 + 

1 


8 + 


8 + 

1 


9 — 


8 


— 


6 + 

1 


1 + 


182') 


+ 10+ 14+ 18 — 

: 1 . - 


l'- 12- 

i 


18 + 


« + 


9 




1 


— 


2 — 

1 


12 


0+1^- e 

5+ 5+ 10 

1 


[881] 


+ 28 + 

1 


28+ 52 — 


8|- 27 - 


i 

5 — 

1 


11 

1 


5 + 


5 


— 


4 — 


27 + 


[•21] 


+ 17 + 

i 


19+ 87' + 


28+73 + 

1 


89 — 


1 

6 

1 


80 — 

1 


7 


— 


8 — 


20 - 


22—54+18 

1 1 


[101 »] 


+ 6' + 

1 


16 


+ 14 + 


8+68 + 


16 + 


18 + 


54 + 


9 


— 


1 — 

1 


7 — 


17—20—45 

1 1 m 


[•'] 


+ «,+ 

1 


6 


- «,+ 


& - 12' + 

1 


6: — 


2 + 


1 

» — 


6 1 
















[76] 


— 25 + 

1 


10 + 20' + 
20'— 40 + 


6+ 6- 

1 


15 — 


6- 


6 + 

1 


10 — 2 


+ 


5 — 


5 — 


5+ 5|+ 5 


[84] 


— 20 — 


6 + 48 + 24' + 

1 i 


8 





28 — 


4+2 

1 


+ 


4 + 


1 

24 — 

1 


a— 20]— 4 


[W] 


— 15 . 


15 


-80- 


21 — 38 — 

1 


89; + 


17 + 


63 — 

1 


6—2 


+ 


8 + 


18 + 


18+45 

1 


— 86 


[102] 


- 10 — 

1 


80 


-10 — 

1 


15 - 100 + 

1 


10'- 

t 


30 


45 + 

1 


20+2 


+ 


2 + 


12 + 


82+ 20 

1 


+ 70 


[111] 


-. 16- 

+ «o| + 


16 '— 54 — 
6O|+120 + 


8.— 108 — 


76 — 

1 


18 

1 


114 


— 


49 — 2 


1 

+ 


1 + 
12 


17 


+ 


1T+ 70 


+ 70 


[12] 


80 +240+120 + 40 


+ 


180 


+ 


60+2 


1"" 


72 


— 


72—180 


— 180 
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Table II. (lower half continued) : Roots in Terms of CoeflBcients. 



{82«1») (2n») (51^) {431«) {821«) t82n») (2*1*) (41«) (321') (2n«) (81*) (2n«) (2V^) (V^) 



[5821«] 
[541 »] 
[62n«] 
[681«] 
[721*] 
[81*] 
[8*] 
[43«2] 
[4«2«] 
[4*31] 
[582»] 
[53«1] 
[5421] 
[5nT 
[62«] 
[6321] 
[641*] 
[72»1] 
[781«] 
[821«] 
[91] 
[4»] 
[543] 
[5'2] 
[63«] 
[642] 
[651] 
[732] 
[741] 
[82^ 
[881] 
[921] 

[ion 
[6^ 

[75] 

[84] 

[93] 

[102] 

[111] 
[12] 



L 



1 



— 5 

+ 14 

— 80 

— 5 
+ 16 

— 21 


+ 130 
^-240 



+ 
+ 
+ 
+ 



1 

— 4 
+ 9 

— 16 
+ 25 

— 36 






— 41 

— 1 



^ 8 



2 
4 
3 
1 



— 4 

— 8 

— 2 

— 1 
+ 12 



-^ 2 

— 1 

+ 28 

+ 8 



+ 4 

— 21 

— 14 

— 18 
+ 84 



+ 



1 
2 
1 
9 



+ 2 
+ 3 

— 17 

— 9 
+ 42 



1 
— 7 
+ 27 



— 4 

+ 18 

— 32 

— 87 
+ 252 



1 

— 6 
+ 20 

— 50 
+ 105 



— 8 

— 1 



+ 
+ 
+ 



8 
2 



— 12 



1 
— 9 



— 8 

+ 16 

+ 19 

— 96 



1 
— 8 
+ 36 



— 21 

— 1 



112 + 12 



1 
- 10 
+ 54—12 



Some Elliptic Function Fonnulae. 

By Thomas Craig, J(^ns Hopkins University. 



On page 102 of Prof. Cay ley's Treatise on Elliptic Functions occur the 
formulae for the diflferentiation of sn u , en u^ dn u with respect to the modulus 
k ; these are 

:= — -Hi cn M an u I en' u an + -rji sn u en' u , 



dk 

d QXiU 

~dk' 

dAnu 



= -Hi sn M dn ti / en* M rfw — ,- sn* ti en ii , 
K* Jq IP ' 

:= -jjzsnu cnu I en* u du — -^i sn* u dn w . 
IP Jo IP 



dk 

The following three forms for these diiferential coefficients may be obtained 
from these equations, or they may be obtained directly in a slightly different 
manner. The formulae may have been given before, but I do not remember to 
have seen them ; they are, however, sufficiently interesting to make a note of 
them here. Starting with the relation 

d ^ , ,« sn u en u 

-r- log dn w = — kr — 5 » 

du ^ onu 

drop the factor — If and differentiate this a second time ; we have thus on 
reduction, 

c£ sn ti en u , en' u 

du dn u dn' u 

Subtract this from en* u and we have 

, c£ sn ti en u - en' u 

du dnu dn'u 

or 

, d sn ti en u IPsn^u , 

cn' u — -^ ^ = , , ; 

du dn u un' u 
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and on integration 

But 

J' en* tz c?w = 1^ — / sn* u du = 
t/O 



u 



-^{?^-(l-l)l=il(l-^)»+lil- 



Assume now <^ = am u and write 
then 

dw /• i sn' ydf) 

'dk~Jo (1 — *«stf^)8 ' . 

or 

dw /•/; sn' u du 

* z^^ ■ — — — — — ^— — — • 

dk t/o dn^w 

Equation A now becomes 



Now 

d sn t6 ^ du 

— -TT- = — cn w an 1^ -77- > 

d en u . dti 

— 77— = sn M an 1^ -j^ » 

aA; dA; 

d dn u , , du . 

^— - — = At sn w cn tz -77- 1 

dk dk 

du 

substituting from A' for -zr- we have the following formulae : 



dk 

d sn u — 1 J 

— 7, — = TTTT cnu anu 
dk kkP 



ddnu jfe (/^ 7«i\ . ^(^)) , *?8n*ucn'u 
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Bj means of the formulae 

sn « = e " ^<''-«"^ ^Q^u-{'iK')-i-e («) 

en tt = e ""^ ^''"""^ ^yl (« + ir+ tiT) -5- (tt) 
these may be written in the forms 

_ '*. i e{v + JK') e'{u + k + iK>) 



d8ntt_ *. 1 e{u-\-K + iK')e{u-\-K)\^E 

VMM ^"^ C • 



k^kk' e'(«) 






_ ^ ^k e'{u + JK') e{H-\- K+ iK>) 



(I (In u 
' (Ik 



""" * y^p W{uj {Kt ~ '^ J "" ^ e^ ] 



_ P e'{u + iK')e'{u-\-K + iK') 



wh«r« for brevity * is written to denote — -^(^ — %,u). 

Hufmtitiiting in equation A the value of Ccxi^u du we have 

VV^t r.iiii i5ttnily find eight other relations of this character, i. e. we can get 
Mm< ^roup of nine integrals, 

—J- (la J I —^-dUj I —^—du^ 
Viivu t/ cn'w J Qvru 

(In'u ' J du^M ' J dn^u 
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These together with 

/ sn* u dii , / en* u du , J dn* u du 

make a series of twelve integrals of which the differential coefficients relatively 
to u are the squares of the twelve quantities 

snt^, cnt^, dni^ 
1 en u dn u 



— *. , , * 

sn u sn u SQ ii 

^ snu 1 dnt6 

c • — ) — > — 

en u en u en u 

sn 1^ en u 1 

dnti dnu dnu 

whose integrals with respect to u have been given by Mr. J. W. L. Glaisher in 
the B. A. Report for 1881. We easily find the following values : 

1 -« , c2 enn dnu 



sn 



en* 



8n^ u du ^liu 

Kiv?u , a d en w dn ii 

~ir- = -^ dn* u — -i > 

sn^ii d%L snii 

dn'w ,, « ,, dcnudnw 

— -— = At sn* t^ — At — , 

sn^ u du %iiu 

^u 1 ( J « , rZ sn w dn ti ) 

u 1 + «^ ( aw en ii ) 



i^ . 1^ « . 1 + 2P d sn u dn t* 
+ 7— 7— ,1 sn* u + -^r- n. ) 



en^w 1+P * 1 + Jfe2 ' l+l? du enw 

dn'u -a « , d snw dnti 

— -— = At sn* 1^ + -7 » 

en' u du Gnu 

sn' u 1 p , 1 d sn w en u 

dn^/A A*^*- /y^ dn dnu 

cn'^ -?* , d sn w en i^ 

dn'^n du dn w 

1 1 A*b jfc^dsnwenii 

= -,^ 7^ sn*i^ — -TJT -- 



dn^iA ifc^ jjya -- if^ du dnu 



The integrals of these quantities are dependent then upon the integral of 
sn* It. Taking no account of signs or numerical factors we see that in the first 
group of tln-ee equations, which htus as the denominator on the left-hand side the 



Vol. v 
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YMkxititjr «n* V, the exact differential is -=-^ log sn w ; in the second group where the 
rrifresponding denominator is en* w the exact differential is -p, log en w ; and also 

in the third group with denominator dn* u the differential is -r-^ log dn n. The 

complete set of integrals is 

p du (/. E\ ff{u)\ d. 

/sn»» , 1 \ E , 6'(«)) 1 rf , 

/<f» 4» ( . u /. 1?\ 1 6'{«)) l + 2if d , 



snti. 



-7- log en u , 



V>f v\HU>x^ th<> whole giet of integrals might be given in terms of the 0- 

tXwclkmv^ vmW. by suK^titMtiny for j^ logsnw, ^ log en w, — logdni^ their 

x^U^Ns. but U 151 not worth while to write them down. It is not diflScult to 
ob^^iu iho iut^\^irHW of the iiuantitie.^i 

iUi'^ H en* w > on* m dn* h , dn* u sn* u ; 
H^ »V< U VsH obvioUvH thttt thev will all depend upon the integral 

t^Hs\ \\\v>k <^\\ be ^bowu 10 depend u|Hni the iutegnU of m^u. 



X 
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The above reference to Mr. Glaisher's paper was made from memory, but I 
find on referring to it that he remarks that the integral of —j- niay be deduced 
from that of sn* ii by the formula 

cP 1 
^rn log sn w = ^ sn* t^ r- 5 

he fKrther shows in general how the integral of sn* u may be obtained. I may 
perhaps be permitted to quote the last few lines of Mr. Glaisher's paper, which 
bear directly upon this question. In connection with the formulae of reduction 

for / sn"?/ du, Mr. Glaisher says: ** We have 

cP 
1. j^8Ji''u = u{u— l)m''^^u — u^{l +/^)sn'*w + t^(w+ 1)A? sn"+*t^ . . . 

and by means of this formula the integral of sn** u may be reduced to depend 

upon the integrals of sn u sn^u, , —r- according as t^ is positive and uneven, 

^ ° snn sn'^u 

positive and even, negative and uneven, negative and even. 

(S^ (u\\ 
i. e. as above-^7-^); 



**and the integral of — y- may be deduced from that of sn*w by the formula 

cP 1 

2. -T-j log sn t^ = A:* sn* ?^ — 



Corresponding to (1) and (2) there are eleven other pairs of formulae which 
involve the other eleven functions in place of sn u, and dififer from one another 
only in the ^-coefficients. It can thus be sJiovm, thai tJie integrals of tlie n^^ 
powers of Hie twelve functions are all finitely expressible in terms of elliptic functions 
if u is uneven^ and in terms of elliptic functions^ and of tJie Zeta function if u is 
even ; and that tlie twelve formulae of reduction are similar in form and deducible 
from any one of them^ 

The italics are my own. Mr. Glaisher has given in his paper the values of 
the integrals of the group of twelve primary functions marked (C) in the above. 

It may be as well to work out the integral of sn* u, as by means of it we 
can find at once the integrals of 

en* u , dn* ^ , sn* t^ , en* i^ , en* u dn* u , dn* ubv?u, &c. 



• •• • 



rn^ 'Jn.,h^ prnftifji^ Formulae. 



..-*.-- -:--—;. .r-.-i:..;i :or 'he seoond differential cocffi- 



•fc • 



^ .' -rr t ^ jr ^n* '/ . 



r- 



• - • 



— '— - -^ sn >£ en u dn m - . 

^4 \ 



\ n- ? .f^£ -ler^ea ic oii«:re for the reduction 



^(. , 



^- '. - '^z iir:^*-sa~ :o lie *ne above formula, 
— -* := . : .''_-* :u.L*i2 :o "iie sum of the two 

.^ -f - -u-.-ciiunz.: "iie^o vaiues we have 









:\ ^ w , -^ ,^ -> 






\« 



i * 






.•1 
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or 



1 — 2Jfc« E-^ 1 — 2fe» ef(u) 

p e{u) 



and also since 



^\} — w^r- 

d i!. 

— j~ l^g sn t^ (dn u) *'» 



en' 



1 _ J^ /J. ^\ 

I* u di? u fc'^ \cn' u Ac?uJ 

we have 
or 

1+2** 

_ 1 d , (cnn)i+fc« 
~ P dii ^^ dnw 

A further set not mentioned in Mr. Glaisher's paper, nor in Prof. Cayley's 
Treatise, are the following three integrals 

J(*sntA , r can , /•dntt, 
^ -z — du , / 5 — OAi , / du 
cu t^ dn t^ «/o sn w dn w «/o sn w en w 

or 

^log8n«, dii^^'S"''"' d«^°S<in« 

/en 4^ 
3 — du : 

write sn w = X , then the integral is 

/xdx 
1— iB».l — ikV* 

Make 

+ ^r-; r :; i — r 



and we find at once 

4 R r T) --- — ^ ^ ^_ 

^, ^, ly, ^— 2j(/2' 2A« ' 2hl^' 2h!^' 
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Substituting these values we have 

/xdx 1 , 1 — I^x^ 

Replacing x by its value gives 

J(* snt6 ^ 1 , dnu , 
n 1 ^^ = Ui ^^g ' 
cn u dn tA kr ^ cnu 

and similarly 

Jf* en tA - , sn w 
— du = log -Ti — f 
osnn dnti ° dnu 

Jr dnu ^ , cnw 

^ du=: — log 
obuu en u ° 



snu 



From any two of these we obtain the third by addition. The similar inte- 
grals involving the squares of snt^, cnt^, dni^ will involve the ©-functions. 
We have, viz : — 

•/o en' ti dn* t6 P«/ \cn'u dn'wy 

«/o sn' u dn? u vo \sn' u dn' uj 

Jo —3 i-du= /o(— ir~H 5— V^- 
" sn* t6 en* t6 vO \sn' w en' n/ 

Substituting from the above values of these quantities, we find readily 

1 + 2** J_ 

2 ff(u) 1 d 1 r i+*'j *'n 



t/o sn* ti dn^ tt L A ^ (u)J du ° 



snu 



(w)J du °dnt6 



X^;^.* = ITI? I (2 + ^'^ + **) - ^ (1 + '')' 1 1 



W 



-2(l + /^):^-:3-log 



^ ^ (mu) !+*• 

Of course, one could go on and extend these integrals indefinitely, but all 
subsequent forms would only depend upon those given in the above and in 
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Mr. Glaisher's paper. It may be worth while, however, to give the formulae 
for the integration of the quantities 

sn* u cn^ u 

en* u dn^ u 

dn" u sn^ u 

in the several cases where a and ^ are either both even, one even and the other 
odd. or both odd, i. e. four cases in all for each of the three products. Suppose 
a and ^ both even, say a = 2n , ^=2m: 

Then 

sn*" u en*" u = sn*** u{l — sn* u)"^ . 

Again make a = 2n + 1 1 /? = 2m : then 

sn*" + ^ u cn*^ u = sn*'* + ^ ia (1 — sn* u)"". 

Again make a = 2n , /? = 2m + 1 : then 

sn*~ u cn**""*"^ t^ = cn*^+^t^ (1 — en* w)". 

For these three cases we have 
1. jTsn- u cn"» uduJ^ (-)* "»(">-!)'- ('»-^ + l)j rsn»(>+'') u du 

A = 



h--m 



3. jj'sn*" « cn»»+» t* d« = ^ (— )* »("-!)• -^("- ^ + l) jf^p,(.+m+>. „ ^,„ 



A = 

and for the case of both odd we have 

h =rn 



4. J^sn»'*+^t^cn*"^+^t^(it^= >(—)*— ^ — j^ -!— ^ 



fc = 



/ sn*^*+"+*^i^ cnt^ cZi^. 
Each term in (4) is of the form 

/ sn^+S* en u da ; 
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thi.s is 






1-0 






*-.ii 



Givingy the value that it has in (4). via. 

y=2/i + 2n+ 1 
we have for the integral in the general term of (4) 



and so 
4. 



i^u 



J sn* "^^i/ cii*"*"*"^!/ da 



A=m 



/■8(i4-l) X . V ^ 



ni(m — 1) . . . (m — A + 1) 



A = 



{ = SA + 8n + l 



A! 



,(2A + 2n + l)(2/i + 2iO. . . (2/i + 2h — /+ 2) 






z=« 



By aid of the relations 



^^(l + T^cn^/) = dn^f 



1 /- dn'uN « , 






we readily (ind the intej^rals of 



en"// i\\\^ii 



for the various odd and even values of a and [i. These are 

1'. jf cn*» tt dn»" « du = K*'- V^ ^(" — 1^ ; •_-_K -^ + l l t** jf cn» <* + -' m (/?* , 



/l 7/1 



2'. X*""*""*"'" *^"*'"" ''«=''-^"'y^ ™^"*~ ^^ ...(»«-/. + !) ^«,,y\,„,.»+«,„ ^„^ 
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h = n 

*=o 
4'. rcn»»+^« dn'-'+^tt <i» = 

Again since 

sn't^ = -p^ (1 — dn* w) , 

we have 



A=0 



4". Xdn»-+»« 8n»«+»« ^"=j^l^(-)* '"^"'~^^'V/"'~^"^^^ (-^''""'') 



A = 
«=2A + 2n + l 



E (2A + 2n+l)..,(2;^ + 2n-? + 2) 

The formulae 2 , 3 , 2', 3', 2", 3" might have been given in forms similar to 
4, 4', 4". For the integrations in these sets of equations we need only to 
employ the formulae 

cP 
-ri sn*u = w(n — l)sn*~*t^ — n*(l + A?)sn'*t^ + w(n + 1) A? sn*+*w, 

cn*w = n (n — 1) A/* cn~"-*w + n' (A:* — A/*) cn'^w — n (n + 1) A:* cn*+*w, 



cP 



du» 

VOI..V. 



dn^^t^ = — n (n— 1) A/» dn-^-^z^ + n» (1 + A/*) dn~ w — n{n+l) dn~+«w. 
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I have tried to find reasonably simple and sjrmmetrical forms for the 
expansions of the right-hand members of the above equations, by grouping 
together all terms containing only elliptic functions, and all containing the 0- 
function, but, though I think such forms should exist, I have not been able to 
hit upon theuL Another set of formulae might be found for the integrals of 



an* u cn^ u en** u dn^ u dn"^ u sn^ u 

sn* u cn^ u en* u dn^ u dn* u sn^ u 

dn> u sn't' u cn> u 

dn'>' u sn**" u ai* u 



sn* u cn^ tt en* u dn^ u dn'n sn^ u 

but they are easily deducible from the preceding and following forms. 

The formulae of integration for the several cases involved in the expression 

/ sn*' u cn^' u dn^' ti du 

are very easily found ; there are in all 8 cases, viz. 

a^ /?^ /, a^ ^. /, 

1. 2a, 2/3, 2y, 5. 2a + 1 , 2/^+1, 2y, 

2. 2a + l, 2/3, 2y, 6. 2a, 2^+1, 2y + 1 , 

3. 2a, 2^ + 1, 2y, 7. 2a + 1 , 23, 2y + l, 

4. 2a, 2/3, 2y+l, 8. 2a + 1 , 2/3 + 1, 2y + l. 

For brevity write 

It is very easy now to find the integral of sn*'u cn^'w dn^w for the above 
8 cases by aid of the relations 

1 — sn* i^ = en* w , 1 — 1^&D?u=. dn* w , 1 — en* w = sn* ti 

3-^1 T^J = en* u , A/*(l + 1* en* u) = dn* i^ , - (1 — dn* u) = sn* u 

ifc* 
where as above i* = — . The integrals are 



1. j[*sn**ucn*^i^dn*^wciw=]^^(— )*+'[/3, A][y, ZJA:*' rsn*(*+'+*>tidu 



A=0 « = 
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h^fi l = y 



2. X^^'^"^'^ ^^'^^ dix^u= 5^ 5^[/?» ^][y , Z]A:*' r8ii«(*+'+*+*>i^ du 






S.J^BR^u cn^^+^w dii*>w (ia = A/^^y^ y^C— )*+'[a, A][y , ?]^' 



A=0 1=0 



A = a l=fi 



^.J^sn'-ucn^u dn*y+'udu=: {-Y:^^ ^^-^^^^I^^Xdn»<*+ '+>+«« <it* 
5. / sn'^+^w cn*^+^t^ dn*^w eiu 

— V ; ^ifc>(a+i)^^v ; ifii *2{h+i + r+i) 



h = lz=0 



A=a ^=^ 



A = ( = 



e.J^Qn'^ucn^-^'udn'^+'udu = Y]y2[fi, K][y, IW 



sn* (*+'+•+*) u 



A=0 1 = 

htaa l^my 



7.fm*"^^u cn^udn^+^udu=-J^'£^ ^i-n<^, h][r, q^'^^^^1^^ 



h—0 /=0 
A=^ l=Y 



S.J^sn^+'u cn^-^^u dn«>+^t^ du = V^ y2(-)'''^'[/^» *][/» O'^?' 



gn«(*+^4-«+i)u 



A=0 «=0 



1.* 



Ellipsoid. 



Bt Thomas Craig, Jofins Hopkim Cnirermti/. 



In Vol. IV of thLi Journal I defined the counter-pedal surface of a given 
surface, and worked out some of its properties for the case of the ellipBoid. 
The definition given in the paper referred to is : (for the elli|>soid) the counter- 
pedal surface is the locus of the intersections of the nonnals to the ellipsoid 
with the diametral planes parallel to the tangent planes at each point. This 
surface may also be defined as follows: the counter-pedal surface, when the 
origin is taken as the pole, is the locus of the intersections of the nonnals at 
corresponding points of the ellipsoid and its first pedal. 

The ellipsoid being given by 

^ft ^n p^ 

— + ^ + *- = 1 

a* ^ 6» ^ c« • 

the first pedal is 

^ = (a'a^ + 6»y» + c»z») — (a^ + y« + 2«)» = . 

Denoting by P the central perpendicular upon the tangent plane to the 
ellipsoid, we have for the coordinates a^, ij, / of the point corresponding to 



, , , P*c' P'// P«r 



The direction-cosines of the normal to the ellipsoid at a given point 

f , vf, ^' are 

P'f PV P*^ , 

the direction -cosines of the normal at the corresponding; ix>int y, i/, 2/ on the 

pedal are proportional to 

df df d<p 
dx dy dz 

= 2x'(r<* — 2/^) , 2//(// — 2/^) , 2;.'(/''' — 2/^) . 
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where r* = t/* + y^ + 2^. Substituting for a/, t/, 2/ the above values and we have 
as the equations of the two normals, 



35 = 



(^r/ ayj 



" Ellipsoid. 



Pedal. 



^■"■^* c» — 2P'*"'" a» * c« — 2P» 

_ (^7/ 6« — 2Pa PV/ g 

^~ 6»C' ' (^—2P^ 6» *c* — 2P' 

In these x, y, z are the current coordinates of points in the normals, £ltid 
a, /3, y = J* — c*, c* — a*, a* — i*. The values of z obtained from the first and 
third of these equations, and from the second and fourth, are easily seen to be 
the same, and therefore the normals at corresponding points on the ellipsoid and 
its first pedal will intersect. The coordinates of the points of intersection arc 
readily found to be 



-=«'(i-ii-i 



p»\ 



y=»7'(i--^), 



P» 



=<'-f)^ 



but these are the coordinates of a point on the counter-pedal surface, and 
therefore this latter is the locus of the intersections of normals at corresponding 
points on the ellipsoid and its first pedal. 

This, of course, aflFords a construction for the normals and tangent planes to 
the first pedal, two points of the normal being given by the above equations. 

The general definition of the counter-pedal, to any surface, as given in the 
above-mentioned paper, was that it is the locus of the points of intersection of 
the normals to a surface with planes through a fixed point (the pole) parallel to 
the tangent planes to the given surface. For convenience the pole may be taken 
at the origin. It is easy to show now that the above method of generating the 
counter-pedal in tlie case of the ellipsoid is applicable to the cases of any 
surface. A very simple geometrical proof of this is as follows. 
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Denote by the pole, and by SQS' the given surface. PQis the tangent 
plane at the point Q, and OP the perpendicular upon the tangent plane. Now 
it is known {vide Salmon's Geom. of Three Dimen.) that the sphere described 
upon Q as a diameter touches the locus of P, i. e. touches the pedal ; then if M 
is the middle point of OQ^ the line PM\b the normal to the pedal of the surface 
SS') but QN the normal to SS' is parallel to OP, and therefore the normal PM 
passes through the point jV; but jVis the point on the counter-pedal correspond- 
ing to Q on the given surface, hence it follows that the counter-pedal surface to 
any given surface is the locus of the intersections of the normals at correspond- 
ing points on the given surface and its first pedal. 

There is another class of surfaces of some interest, which may be called 
counter-centro-surfaces ; these are found by drawing lines through the pole 
parallel to the normals at each point of a given surface, and laying off upon these 
lines lengths equal to the radii of curvature at the corresponding points on the 
surface. The investigation of these surfaces is reserved for the present. It 
may be remarked, however, that the equation of the counter-centro-surface of 
the ellipsoid is 

c?^ yy^ &:? _ 

where 

The equation when rationalized is of the eighth degree ; the surface has a 
conjugate quadruple point at the origin, and its principal sections each consist of 
a conic and a sextic, viz. an ellipse and what may appropriately be called the 
counter-evolute to the corresponding principal section of the ellipsoid. 

It is of course clear that we might have spoken of a quadric in general 
instead of confining attention merely to the ellipsoid. 



On Subinvariants, i. e. Semi- Invariants to Binary 

Qtuintics of an Unlimited Order. 

By J. J. Sylvester. 



Er macht kein System, sondem es wird, es concrescirt in ihm, wie das Kind im Mutterleibe. 
[Schcpenhauer) Deutsche Rundschau, July, 1882, p. 69. 

§1. Proem. 

Any rational integer function ^ of the letters a, i, c, . . . indefinitely 
continued, which satisfies the partial differential equation (o^^ + 2hhe + 3c^d . • .)4^ 
= may be termed as sub invariant in respect to the elements a, i, c, ... or 
simply a subinvariant to or qiM, those elements. It follows from this definition 
that any rational integer function of one or more subinvariants is itself one. 

The same function of the letters a , i , c , . . . which, when regarded as the 
coefficient of the highest power of the first variable a; in a covariant to the 
quantic (a, 6, c, . . . Ja;, y)* or the polynomial (a, 6, c, . . .Ja:, 1)* is termed a 
difierenciant of the quantic or polynomial, when regarded as an individual of 
the infinite scale to which ^ belongs, assumes the name of a subinvariant in 
respect to the letters a , 6 , c , . . . 

Of course a differenciant derives its name from reference to the fact that 
when multiplied by a suitable power of a it may be regarded as a function 
of the differences of the roots of any one of the infinite series of polynomials, 
of some covariant of each of which it is the principal coefficient. 

It follows also from the definition that if any composite function is a subin- 
variant, each of its factors must be so too. For if the function be P*. Q^. R*. . . . 

writing oS^ + 263^ + . . . = ^, we must have a -^ + -^ + y -^- + . . . = , 

Jr \^ K 

which for denominators P, Qj B, . . . relatively prime to each other is obviously 
impossible unless EP = 0, EQ = 0, EE = . . . , i. e. P, ^, i2 . . . are subin- 
variants. 
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Again, suppose U, F, A to be three subinvariants so related that the 
equation XU + VU= H is aipable of being satisfied at all. I say that it must 
be capable of being satisfied by subinvariantive values of X, Y* 

For from the equation it follows that EX.U+ Ey.V=0, of which 

the most general solution is EX = -^ ( j ) » EY=^ — ^C"Ty ' ^®°^ X = 
(-^) E-^K+ Uu Y= — (-^) E'^K+ 7i, where t7i, V^ are subinvariants. 

Substituting these values of X, Y in the original equation, there results 
UiU+ FiF=n, as was to be shown possible. The same or a similar manner 
of proof will serve to show that if for three functions U, F, TF, XU+ YV 
+ ZTF=0, X, F, Z, are, or may be replaced by subinvariants. I do not 
know for certain, but think that the proposition may be extended to any 
number of given functions CT, F, TF, . . . 

It is scarcely necessary to add the fundamental theorem that if for the 
elements a , 6, c, ... be substituted the elements a, aX + b, a2? + 2Xb + c, . . . 
where X is arbitrary, any subinvariant remains unchanged ; the proof being that 
if such a change be made in the elements of any function F, AF (the change in 
F) is expressible by (e* — l)F, which, when jPis a subinvariant, so that EF=zO^ 
vanishes identically. Hence it is that subinvariants become difierenciants.f 

It may be worth while here to notice that if in place of the operator on ^ 
in the above equation any numerical linear function of oi^, bi^i ci^ . . . be sub- 
stituted, J the value of 4) which satisfies the transformed equation will be a subin- 
variant qua the elements a, 6, c, . . . divided respectively by appropriate num- 
bers; viz., if the linear function be jxiSi, + qbSc + rcS^, these numbers will be 

^* P' if"' ifV' ^ will be evident by making a = a , p/? = 6 , -y^ y = c , 

^'1\ 3 = rf, . . . which being done the operator last above written may be 
changed into a^^ + 2/33^ + SySa ... 

* For instance, in the above equation, CT, V may be supposed to be two subinvariantB of equal 
extent, exceeding by a unit that of O , their resultant in respect to their final letter. We know, bj a 
principle demonstrated further on in the text, that H must be a subinvariant. The present theorem 
shows that Xand F also are (or may be replaced by) subinvariants. 

t Or more simply for any number of letters a^^ a,^ , , , a^^ not fewer than the number of ratioB 
between a, 6, c, . . ., if aSa, zz t5 , a^i(it=. ^-^ ^c, aiViiO,a,zz*-*~g g^'~ -d, . .then o^^ + ^M.+Se^d... 
= 2 — , because S^zza, 2-^zz26, 2~ zz 8c . . . Hence any subinvariant to the letters a, 6, e, . . . 
is a function of the differences of a, , a, , . . . a^ . 

tSo exgr. (a^» + W. + c^^ . . .)~* is a subinvariant qud the elements a , 6 , p^ , |-j j • • • 
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As a consequence of this it will readily be seen that if ^ (a, h, c^ d, . . .) 
be a subinvariant to the elements a, h, c^ d . , . 

^ (0, 6, c, cZ, . . .)> 4> (0, 0, c, rf, . . .), <^ (0, 0, Oj dy . . .) 
will respectively be subinvariants qiui the elements 



2 ' 3' ' 4 ' • • • 
d e 

^' T ' "6 * • • • 

rf, -7- > ... 

4 

and so on, the denominators following the law of figurate numbers. 

This theorem, although foreign to the original and primary object of the 
present paper, as given in § 4, is of some considerable importance to the method 
of deduction. I mean the method (theoretically perfect but practically very 
difficult of application for quantics beyond the 4th order) according to which 
all the groundforms of a quantic, or which is the same thing, their ground- 
differenciants,* may be deduced by an exhaustive algebraical process in 
successive strata or categories from one another beginning with the known 
forms a, ac — 6*, a^d — 3a6c + 2fr\ . . . as the first category. See § 3. 

It follows from the definition above given that a subinvariant may contain 
any given number of letters, and the number which it actually contains, less 
one (i. e. the weight of the most advanced letter which appears in it), may be 
called its extent. Any subinvariant will then be a differenciant to a quantic 
whose order is not less than such extent. 

Of course the definition of subinvariant may be extended to sets of letters 
a, ft, c . . . ; a', i', </ . . . ; a", 6", c" .... Any function ^ of these sets of letters 
may be called a subinvariant, or when necessary, by way of distinction, a pluri- 
subinvariant, which satisfies the equality {(ffif, -\- 2A<^,. + . . . + a'ffy -\- ^h'h^' + . . . + 
€?''^ft- + 26"^^- . . .)(^=r 0. But for greater simplicity, except when a necessity 
arises for enlarging the horizon, I shall, in what follows, confine myself to the 
case of a single set of letters, t. e. of uni-subinvariants.f 

* I shaU frequently use the term groundform to signify the leading coefficient of what is ordinarily 
BO termed. 

t Eventually I am inclined to substitute the word binariant for subinvai'iants, and to speak of 
simple, double, treble or multiple binariants. Tlio functions similarly related to ternary forms will 
then be styled simple or multiple ternariantn. and so in general. 

Vou v. 
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r.r.<^ ^ iifi.'l'': '':m*' »-:rr.^:'i •**:,«] ...av -r^^* "•; -;-. : *. ' •: r-'rrs>'t _'rr-: iirih'-*. Thus 

ira-riar.*-- '/ . ar: — K' . n^. — \^^'t — V/^ . ./. — '.- - — i^r •'' — ;. * — / . :he letter ^ 
r>^!;.:r ^i.:v*lriar.f:''l oy rh^: {,r'>:»=:.«.- f "iikiri^ \:irt :.::-r.-:. -f 'i-'.^r:^:: "i:e f n>luet of 
:t.<; 2'i Jsr.^i -Vi ari'l :hat of rh*> I^: ?-.:; S 4-:. .f -.:.-.- : :> vri.r.j jpi-^r^'irbna?.* 

Her^ I ii\'A%' take oc-^i.-iori to -:iirrr a :ivr.:-:.- :•:' •:*-:>? r-r:*-rrA-l:v jriwerttetl 
hy Th^: Ti^fft^H d^:^'o:ti\fff^'iUoii. h L? 'v-^^1 kr.o^r. :hj.: :f ^ ve a *-r Larariaut 
kx^f'.xAxuy: to th^- ifjtter / a» the hig:-e»* le::er "wu: ■':; :: y>!ita:L^. ill the succeseiTe 
derivarlve- rf» in re?»[jf:ct to / will sil.-^* '^-: -:' lr.TL.r:iiL>. a* is evMea: froQi the 
fa^rt *hat if (^/^^ + 2//^. + . . . -r '/.•> • -^ i- z*:r-.. ::.• -iii..- i..!!.-! c-e :rae of (^,1 
(</^^ 4- 2/^< + . . . if*'^i)<Pf or wha: i* :he ^an.':: :L::.j. :i .-i*"^, -^ iZ^, + . . . 

ThpfK^-^; then that <^, y. (j. . . . ar-j a::y i.'ii.x'vr •►! .'- j* : :.Vii^:a^it^ limited to 
/ aA their highest letter, and regaple*!. e;i;:i <»f t'ie::*. &.* a ho:a.'jer:ei>us function 
of / and 1 . then I rav that anv differeii.-iari: iri r-/-;*? ;•: to I ^»i this ?vstem of 
^jiiantir^j will he a j-uhinvariant <yi//> tiie ».-lein»*:»:> '/. ^*. '. . . . it. For wo know 
that Jiiiy dlU'eren'^'iant of the sy.-tem ^\s\. v -r-. ... :^Ay i, i. ^ . . . i^jr, 1)'; 
(a\ .>', Y , . . y.\j'' 1 /* . . . . remains unaltoi^.-'i \v:i-/:i -i, a -r i^- a + 2 Jx 
+ yj^ . . . ^. re-j»ef:tive]y. anr ^uh^tirnti'*! t'»r a. :? ; ... a. and ai the <<anie 
tirne a. a' + ^V. . . . v . for a'. ^' . . . a . r'/-[-.'«--;\ •-!•.. :i!i'l -.. .»n: that is to sav, 
aijv -Miiinviirijjnt of th*,* <Miii<iTif)ii ai-nvf wiif-ii \vx\\\ '►•_• !**^ir l**'l a> a function 
of ^y. ^'y . ^'V, - . . : ^i'.^, v-^r y '•'*• ...:... IL-:**-v ii: rcirarJ of the system of 
>in bin variants anv of its diflerenciants is a fiiii'-tion of the members of the 



* JV/ it rnay \fi: --hown that th^r subinvariantr< of ilf-^'-oriler* -"» . 7 . .". . : . "» . ."» t«» th»^ Vaintic : vhich 
f^'ff'^'tly *Uii*'rfi»iusiU: \ may 1^ re^^arded as the re:»ulliiiii** in rtr.-j^ t i.> j **i the ?<Mtio grDandfoims 
<c *t 'ind f . <« . :^.M 411*1 l.M. 'J.O aud 4.4 rtr^iM.'Ctively . all UKir ni which aiv liuvar iu ij. 
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system, and the successive derivatives in respect to I of each member, all of 
which are subinvariants. Hence the differenciant in question may be regarded 
as a function exclusively of subinvariants, and is therefore a subinvariant of 
the letters a, i, c, . . . Z;. As a particular application of the theorem we see 
that the resultant in regard to their last letter of two subinvariants of like 
extent and the discriminant of any subinvariant in regard to its last letter are 
subinvariants. Thus ex gr, if the discriminant of a cubic be exhibited as a 
quadratic function of d, viz. under the form a^c? + {^b^ — ^ahc)d + (4ac^ — 36V), 
its discriminant, viz. (2J^ — %dbcf — a^ {iac^ — 36V), i. e. 4 (6^ — ^ah^c + 3a*6V 

— cc^T?) is as it ought to be a subinvariant, viz. it is 4(6* — acf. So more 
generally, if we regard any number of pluri-subinvariants (all of the same 
extent in each set of letters) as a system of multi-partite polynomials in the 
extreme letter of each set, any differenciant of such system will be a subin- 
variant (of course with diminished extent in each set) in regard to the original 
letters. The simple instance already given will serve as a diagram to make the 
reason self-evident. The invariant in respect to d of the discriminant of the 
cubic is the same as in respect to x of a^{x + d)^ + (46^ — hahc) (x + d^) + (4a<^ 

— 36V), i. e. of a V + 2 {a^d — 3abc + 2b') x + (r/cP + Wd — babcd + 4ac^ — 36V), 
hence being a function of the three coeflScients, which are all of them subin- 
variants, it is itself a subinvariant.* 

It has been shown above that the same form which regarded as a differen- 
ciant is irreducible, i. e. is incapable of being decomposed into products of 
other differenciants of no higher extent than its own, when regarded as a subin- 
variant may be, and as a matter of fact, far oftener than not will be decompos- 
able into products of subinvariants of higher extent. Thus the irreducible 
differenciants to any quantic naturally resolve themselves into two classes, 
those which are absolutely irreducible and those which are only relatively 
so ; and it would seem that in any natural method of proof of Gordan's 
theorem these would, it is likely, have to be considered separately. There is 
comparatively little diflBculty in proving that the first class are finite in number ; 
the proof of the second class being likewise finite, must depend upon the fact 
that they are the resultants of a finite number of functions. 

I use the word resultant in the above paragraph in an enlarged sense. If 
U, F, TF, . . . are any given polynomials in x, y,.,.z^ t, . . . u, I call any 

* The method of proof here employed, it will be seen, is the same in kind as that employed in the 
ordinary proof of Taylor ^s theorem. 
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if* :ii *'rrr^h*\': f.r.'.riorj of /'. T. \V ... v.:; ;. > .^ i^i^trri.: lo represent any 
r^5fi.*;if.t of r:.<: fV.-?>::;j. L? .if I !xi>:^ke :. .: a: ul.:?: :•:.•> '-ii.:; les* than the sum 
of :rA': -Ao h;;rh*:-* /or of the two a- h::::i a* ;ir*v .. f :h« ri-iniwr? a. 3. v . - - 

*X:m ori'rr- of the ••yzv^f.^ric rfjul::pll'.-r* ''-e;:,j 'j:.'?v •irrtr-rmiael. the number 
of Ms^WmtivawaXh ^^^iri-itAiiL* Ls known, a:*'i ::.e?^ will r-e iuSieci to satisfy a 
known n»jniJ/er ht Hwfxr equations, viz. a nuii.J'^r :irea:»*r by unity than the order 
of^h^: f/if7 + l\ V . . . polynomial, and tha- xivn pro*»>m of flnding the complete 
>.s^X^'Af\ of rc'i-iiltant.a of the orijrinal ^v>!t-m of iHj'.vn«.«nr::iI> in one variable is 
\frhtr^hl to fh:\)f:uf\ upon the* problem of finding the •"■•mplete system of result- 
ant-« of a hv-ji^m of homogeneous tin^nr functions *,»f several variables, a problem 
of whi^'h the dilution and the nninber of arbitrary parameters which at most 
can apj^ar in it are |/r,'rfectly well known and need nut }»e hero set forth. 

The f»yzygetic products L\U, ^'i^'- • • - whuse sum is comf»etent to express 
every re.^iilt^mt of C 1', . . . , I have said, need none of them be taken of an 
order «/> high a.a tjie f?iim of the two greatest of the quantities a. .J. y . . • Thus 
for in»?tarjce in the cjL«e of f/. 1*^ ir, . . . ]»eing linear lunctions, the sjTSj'getic 
miiltiplier/<, a.H i.s well known, need only to be taken as constants: or again when 
a, /:/,/,.. . form a descending series, the syzygeti*' products need only to be all 
of them made of the f-ame order as the higliest of the given fimclions. Take, 
to \\x the idea.", three functions. U, V. ir. all of thein (piadratics in x. The 
J^yzygetic multijiliers may be taken all linear t'lnicfions in x: there will thus 
ari'-e nix dirpr;«able constants subject to three conditi(»ns. in<Lsmuch as the 
c/iefljcientH of r? , j^ , x, must vanish in the sum of the products: if two of the 
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multipliers, say of CT, F, were made quadratic functions, there would be eight 
disposable constants subject to four conditions, since an additional coefficient, 
viz. of x^, would have to vanish in the sum of the products ; there would there- 
fore be one additional arbitrary parameter, viz. 8 — 4 instead of G — 3 , but 
the form of the resultant would be not more general than on the preceding 
supposition, because if to J7i, "Pi (the most general values of the linear multi- 
pliers of U, F), ylF, 'XU respectively be added, there will then be four arbitrary 
parameters, and consequently the solution must be the same as on the second 
supposition, but the value of the resultant remains unaltered by the change 
made in JTi, Fj. 

Or again if U, F, W were the two first quadratics and the second a linear 
function in x, their syzj^getic multipliers might be taken two constants and a 
linear function respectively: by raising the orders of any two of these multi- 
pliers by a unit, an additional arbitrary constant would be gained, but the sum 
of the products resulting therefrom would not thereby gain in generality, as may 
be shown by the same method as in the preceding example. 

It might probably not be difficult to give a universal rule for determining 
the lowest orders of the syzygetic multipliers required for expressing the 
resultant in its most general form, of functions of one or even of several vari- 
ables, but this is an inquiry which it is necessary to postpone, as it might lead 
to too long a deviation from the immediate purpose in view, and there are some 
difficulties attending the subject more than present themselves at first sight. 

It is enough to know, and that only for the case of a single eliminable, the 
existence of a limit to the orders of the multipliers, which it is quite easy to 
demonstrate. That being premised, it will follow as an easy consequence, that 
any combination inter se of subinvariants of any given extent and each contain- 
ing the highest letter corresponding thereto can only give rise to a limited 
number of subinvariants of lower extent, and from that it is easy by repeated 
applications of the same principle of the limit to infer that only a finite number 
of relativehj irreducible subinvariants of any given extent (t. e, irreducible into 
combinations of subinvariants of the same or lower extent) can arise from the 
combinations of a finite number of subinvariants of any given higher extent ; 
but it will ai)pear in the sequel that the degree and consequently that the 
number of irreducible subinvariants of any given extent is subject to a limit ; 
consequently if the number of relatively irreducible subinvariants of any given 
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extent (or which is the same thing, if the covariants of a quantic of any given 
order were unlimited in number), this could only be in consequence of there 
being no extent so large but that subinvariants of that extent and containing 
the most advanced letter corresponding thereto, would be needed in order to 
exhibit the composition of the relatively irreducible, but in an absolute sense, 
reducible subinvariants referred to. 

In § 4 I propose to show how to obtain the types {i.e. deg- weights) of the 
absolutely irreducible subinvariants of the first few degrees. Besides the 
intrinsic interest of the inquiry, the result obtained without going beyond sub- 
invariants of the 7th degree will serve to show conclusively that it is not true 
" that syzygants and groundforms of the same degree and order cannot apper- 
tain to the same binary quantic," but that when the order of the quantic is 
suflBciently elevated there must appertain to it, syzygants {compound ones) and 
groundforms of the same degree and order. 

Let it be observed that the proposition here about to be disproved is not 
coextensive with the law of parsimony, but goes considerably beyond it — i. e. 
implies much more than that law gives warrant for. 

Let us for the moment call the number of linearly independent forms of 
the deg-order (/, o) to a given quantic given by Cayley's rule, the denumerator 
to the type (j , u) , and the number of forms of such type that can be obtained 
by compounding together groundforms of lower types, the aggregator to the 
s^une type. Let us further suppose that the duad {j\ q) may be compounded 

of (/.u). (/'.CO").* 

Suppose further that the aggregator to the type (/, J) exceeds its denumer- 
ator, and also that there exists one or more, say A' linearly independent invari- 
aniive forms of tlie deg-order (u", /")» ^^t t^** (*/ l^'f^bk) the aggregator to the 
tyjH> {j\ u) is equal to or less than its denumerator, the difference being A. 
Obviously if sueh a case can occur, the law of parsimony (i. e. the Newtonian rule 
of not assuming more causes to exist than are necessary to the explanation of a 
|jH>uoiuenon or set of phenomena) will, on such a supposition, lead to the con- 
olusiou, not tlmt there are A groundforms and wo syzygies, but A + A' ground- 
ftnnus ttiul A* syiygies,^ Such a case does not present itself for quantics of the 
lowor oniers ; it seems natural and logical therefore to seek for it in the case of 
u i|uanlio of an intinite order, i. e. in the case of subinvariants unlimited in 



to Binary Qualities of an Unlimited Order. 87 

extent. If it can be shown (as in §4 it will be shown) that with an unlimited 
number of letters, an irreducible subinvariant and a compound syzygy of subin- 
variants co-exist for a given degree and for the weight d), it will follow from the 
nature of the process employed in what follows, that the same conclusion must 
hold when the extent of the subinvariants is limited, provided (at the very worst) 
that the limit is not less than w, for it will be seen that no letter of higher 
weight than w enters into the process which leads to the result under consider- 
ation. It is in all human probability true that the proposition holds good in the 
form in which it was originally presented, viz. that irreducible syzygants and 
irreducible invariantive derivatives of the same type, to the same quantic cannot 
coexist; but whether the proposition so limited is suflBcient to support the 
substitution of the process of tamisage performed upon the numerator of the 
representative generating fraction, in lieu of tamisage performed upon the 
development of that fraction in an infinite series, or how the method of substi- 
tutive tamisage, if at present inexact, may be modified pari passxi with the 
needful modification in brute tamisage so as to recover its validity, is a matter 
which must be reserved for future consideration. 

§2. Germs. 

Before proceeding to the more immediate object of this paper I think it 
will be profitable to insert the following table of the multipliers of the highest 
letter or power of the highest letter / in the relatively irreducible subin- 
variants of the extent 5 {i. e. the leading coefficients in the groundforms of the 
quintic), and a similar table for the groundforms of the sextic arranged accord- 
ing to the powers of (/.* For many purposes these tables will be found as 
serviceable as the entire function of the letters or even as the entire covariant 
written out at length. Those relating to the quintic may be verified by com- 
parison with the tables (as far as they extend) contained in the Formes Binaires 
of M. Faa de Bruno, but the order of arrangement of the terms in those tables 
is not what my method of representation points out as the most natural, and 
proceeds upon some principle not easy to divine. It is also necessary to state 
that there are very many errors and misprints in those tables. With regard 
to the particular choice of the groundforms of any deg-order I believe that 
in all cases but one the tables of M. de Bruno are in accordance with those 



* Any Buch multiplier I call Uie genu of the form to which it upi>ertuiu8. 
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employed by myself, and which are on the face of them the simplest that 
can be employed, with one exception, viz. in the expression for the covariant 
of deg-order 9 . 3 the multiplier of the power of /, or germ as it may well 
be styled, is {ac — 5*)^ whereas in the extended tables of M. de Bruno the 
gerni will be found to be some numerical linear function (its exact value I have 

a h c 

forgotten) of {ac — 6*)'\ a^{ac — ^) {ae — ibd + 3c*), and a^ b c d or which 

c d e 

comes to the same thing, of the two former and a*c? + 4ac'^ + 4c?6^ — 3iV 
— Qabcd ; the covariant thus given of deg-order 9.3 is accordingly more 
complicated than it need have been. 

It may be well to notice that whenever two consecutive terms in either 
table occur with the same germ but different powers of the last letter, the com- 
plete subinvariant of the antecedent is (to a numerical factor 2>^^^) the differ- 
ential derivative of the consequent in respect to that letter ; thus ex gr. the 
leading coefficient in the covariant to the quintic of the deg-order 7 . 5 will be 
found by simply differentiating the invariant of the degree 8 and dividing the 
result by the number 3. 

In the table immediately following (c), (rf), (e), (e)', A stand for a, ac — 6*, 
ahl—Sabc + 2b\ ae—ibd+3c^, ace — acP + 2bcd — c^ — ad^ and a^d^ + iac^ 
+ idi/ — Sb^c^ — Qabcd respectively. The quantities which appear in the 
outside vertical column are the germs ; the double figures which fill the occupied 
spaces are the deg-orders. Thus (^ gr. 7 . 5 being opposite to the germ (c) {d) 
and in the column headed by /^, indicates that the covariant to the quintic 
of degree 7 and order 5 has for its differenciant a quantity of the form 
{ac — b^) {a^d — 3abc + 26'*)* -f" ^^ linear function of /, and so in general. 
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In the annexed table (c) (d) {e) (^) (/) (A) retain their previous signi- 
fications. The additional symbols (c/) (c*/), (d/), (c^) represent respectively 
the difTerenciants to the quintic of the deg-orders 4.6, 5.7, 4.4, 5.3, all of 
which are linear functions of / (see preceding table). 
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§3. Groundforms. 
Quantitative Deduction of their Categories, 

I will now proceed to explain what I mean by the exhaustive or quanti- 
tative method of deducing the ground differenciants to a given quantic, referred 
to in the course of the preceding observations. 

The well-known functions of alternately the second and third degrees 
ac — y, c?d — 3a6c + 26', oe — 46d-f-3c*, . . . limited in extent to the order 
of the quantic under consideration, may be called the protomorphs or primaries. 

Suppose then the groundforms to the cubic are to be deduced. The pri- 
maries or protomorphs, omitting a, are ac — 6*, a^d — 3a6c + 26^ and the 
residues (meaning thereby the remainders when these quantities are divided 
by a) are — y , 26« . Hence {cfd— 3a6c + 267 + 4 K — Vf will divide out 
by a (as it happens by a*) and give the new groundform a*(P + iax? -f- &ahcd 
+ 46^c?— 36V. 

Between its residue 46^ eZ — 36*, and the two former, it is obvious that no 
new relation can arise. Hence the four forms a, oc — 6*,a*c2 — 3a6c-h26', 
a*(? + 4:ax? — %dbcd + 46'c2 + 36* c* constitute the complete system of ground 
differenciants, and the corresponding co- and-invariants comprehend the com- 
plete system of such for the cubic. 

Proceeding to the quartic, a new protomorph or base-form comes into 
view, viz. ae — 46d -f- 3c*, whose residue is — 46d + 3c* in addition to the 
antecedent ones Ab^d — 36* c*, 26', — 6*, and since the second of these is 
the product of the first and last it follows that — (a* cP + . . .) -^r {ac — 6*) 
{ae — 46d-t- 3c*) must contain the factor a, and on performing the division there 
emerges the new groundform 

a 6 c 
h c d 
c d ' e 

so that (a*cP + . . .) being equal to this multiplied by a less the product of two 
other groundforms, ceases itself to be one, and the groundforms now subsisting 
are the one last named in addition to the base-forms a, ac — 6*, a^d — 3a6c 
+ 26', ae — 46d+3c*, which, since the new one is the only one of the ^t;e 
containing the letter c, can enter into no combination with them of which 
the residue is zero, and consequently the deduction is at an end and the five 
named constitute the complete system of groundforms. 
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Beyond this point the method of deduction has not hitherto been pushed, 
nor could it have been, without the use of the tiieorem concerning the subiii- 
variantive character of the residues, in consequence of their enormous com- 
plexity when regarded as simple functions of the letters. In what follows the 
deduction is extended to the case of the quintic* 

Algebraical Deduction of the Groumlforms of the Quifiticf 

The complete system of groundforms to be deduced may be denoted by 
the deg-order or the deg-weight: viewed as subinvariants, the latter is the 

* In Salmon ^8 Modem Algebra, 8d Ed., pp. 170-71. 195-41. the base-forms employed in the dednctioii 
of the quartic groundforms are not identical with those employed above, the third one being of ttie 
fourth instead of the second degree in the letters, and consequently not a groundform. whereby ttie 
deduction is rendered somewhat longer than that given in the text. The most eligible baao forma to 
employ in any case are alternately of the second and third degree, whereas those given by Prof. 
Cay ley, the author of this important method, are of degrees continually increasing by a unit. 

t By algebraical, I mean in this connection, that which deals only with the ordinary algebrmical 
processes of addition, multiplication and division, as contradistinguished from transcendental proc— ea 
involving differential operation, or which is substantially the same thing, symbolical resolatioii. 

The preceding deduction for the Cubic and the Quartic is by far the simplest mode of obtaining tlie 
complete systems of groundforms for these quantics, and proving their oompleteneas. whick, at an 
earlier period of the theory, was regarded as a problem of some little difficulty. See Fmk de Bkmio^ 
Formes Binaires, Chapter 7, pp. 260-268, where the same results are obtained through the medium of 
*'*' Formes AssoeUes,"*^ I cannot but think that sooner or later this method, first discov e red by the eagle-> 
gaze of Cay ley, will lead to the object which I presume he had in view when he originated it, vis. a 
proof of Gordan^s theorem by ordinary algebra. 

I think I see looming in the not far distance such a proof, depending ultimately upon the fact of a 
certain succession of increasing integer multiplets, subject to stated laws of limitation, not being 
capable of being indefinitely produced. To render sensible the sort of arithmetical theorem which I 
have in view, I subjoin a theorem ^sdem gefieris concerning singlets (simple integers), which, as far 
as I know, is new, and admits of easy proof. 

A succession of integers of which no one is a multipU of one nor the sum cf the mult^pUs of two othen 
cannot be continued ad infinitum. 

To prove this we may begin with the case where one of the integers written down is a prime number, 
for which case the proof is immediate. Then it is easy from this to show that if the theorem is true for 
the case where one of the integers is a product of only t- primes, it must be true for the case where 
one of the integers is a product of only (t + 1) primes : for this case, by virtue of the suf^xxition made, 
may easUy be reduced to the case where one of the numbers is a relative prime to all the others, for 
which case the theorem is true, for the same reason as tlie number in question were an absolute prime. 
Consequently the theorem is true universally. 

By the quotient of a duad (in what follows) is to be understood the quotient of the second element 
by the first ; by the sum of two duads, the duad whose elements are the sums of the oorrespooding 
elements of the two, and by a multiple of a duad the duad whose elements are the elements of that 
duad multiplied each by the same integer. The fore^ing theorem may then be extended as follows : 

A succession of duads. the quotients of all which but two are intermediate to the quotients of those 
two, and such that no duad is a multiple of any one or the sum of the multiples of any two or three of 
the others, cannot be indefinitely continued. 

Again, one couple of quantities may be said to be intermediate to three others when the point 
representing the first is situated within the triangle whose apices represent the other three : a point 
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more natural mode of designation : if j and cj are the degree and weight, the 
order b will be 5/ — 2cj. For greater facility of reference to the known list of 
groundforms, it will be convenient to set out the order as well as the degree ; 
the complete system of the designating /; e. q, of the twenty- three ground- 
forms, i. e. of the twenty-three relatively irreducible subinvariants of extent not 
exceeding five, will then be as follows: 1;5.0, 2;2.4, 2;6.2, 3;6.5, 3;9.3, 
3;3.6, 4;0.10, 4;4.8, 4;6.7, 5;1.12, 5;3.11, 5;7.9, 6;2.14, 6;4.13, 
7;1.17, 7;5.15, 8;0.20, 8;2.19, 9;3.21, 11;1.27, 12;0.30, 13;1.32, 
18; 0.45. The protomorphs or base-forms are the five first of these, viz. 1 ;5.0 
is a, 2;6.2 is ac — V, 3;9.3 is a»c?— 3a6c + 26«, 2;2.4 is ac— 46d + 3c», 
3j5,5 is a»/— bahe + 2acd + Wd—^Jx?. 

Again, 3 ; 3 . 6 is the determinant 

a h c 
bed 
c d e 



being said to represent the two quantitiea which are equal to its two.codrdinates in respect to any two 
given axes. So a triplet of quantities, by aid of an analogous representation in space, may be said to be 
intermediate to four others when its representative point lies inside the pyramid whose apices represent 
those four. 

It wiU readily be understood that these definitions may be translated into conditions of inequality 
between determinants, and thus translated may be extended so as to yield a definition of one poUad 
of n — 1 elements being intermediate to n, or indeed to any number of other such pollads. Also the 
quotient-system of an n-ad will be understood to mean the system of (n — 1) quotients got by dividing 
the first element of the n-ad into the n — 1 others. The following general theorem may then be enun- 
oiated : 

A suecessum of n-ods such that the quotterU'Systems of aU but n of them are intermediate to the 
guotknt-tlftiema of those n cannot be indefinitely continued, if every n-ad which is either a multiple of 
some ome or a sum of multiples of 2 , 3 , . . . n or n + 1 of the others, is excluded from the succession. 

More generaUy, and with a less stringent negative condition, a euocesHon of n-ads such that the 
qtwHent'-systems of dU but v given ones (v being any number) are intermediate to the quottent-systems of 
those V, oonnot be wdefinitdy continued^ if every n-ad which is a multiple or a sum of multijples of any 
or aU of the n-ads of a group o/ v -f 1 others (whereof v are the given ones) is excluded from the succession. 

The hjTpothetical ground of connection between this theorem and Gtordan^s algebraical one is as 
foUows : It may be shown to be implied in the method of deduction, that if the number of groundforms 
to the quintic were infinite, then there must exist a certain infinite succession of products, some of the 

form b'ifieS^ the others of the form b^Q'^Iifs^T, such that neither any product If (fJRT 8' nor any 

product 6 Q^irS^ could be (a power of one or) a product of powers of any number of the products 
not involving T. If then it could be shown that there exists a set of quadruplets of the kind 
x^y^Zyt such that every other one of that kind and also every one of the kind f , 7, C , r is intermediate 
to that set, the existence of such a succession would be impossible by virtue of the arithmetical 
theorem, and the possibility of the existence of an infinite number of groundforms would consequently 
be disproved. A similar kind of proof could conceivably, but with more difficulty, be extended to 
quantics of any order. 
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This, not involving the letter/, has been previously deduced, and it has been 
shown that its integrating factor (f . e. the power of -a by which it must be multi- 
plied to give a rational integer function of the base-forms) is a^; it has, in 
fact, been shown (dropping the second integer and dealing only with deg- 
weights) that(1.0)»(3.6) = (1.0)»(2.2)(2.4) — 4(2.2)3 + (3.3)^ 

I shall denote the residue of any form ^ by the symbol ||l^ ; each such 
residue is a function of the five letters h^c^ d^ e,f^ being in fact a subin variant 

in regard to the letters h^ — j — ^ — ^ ^ ^ and therefore of the four ground- 

^ o 4 o 

forms proper to the diminished extent 4, t. e. of the five following functions 
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or (getting rid of the denominators) of 6, Ahd — 3c*, 26* e — 6ccZ + 2c', 
66/— 15c6-t-10<?, 

36 , 3c , 2d 

3c , 4(2 , 3c 

lU, 15c, 12/ 

of which the deg- weights are 1.1, 2.4, 3.6, 2.6, 3.9 respectively ; the first 
of these is 6, the others I shall call Q^ T, R, S respectively. In all that follows 
I shall denote a numerical linear function of two or more quantities by enclosing 
them in brackets with commas interposed*; thus esc gr. (^, 'J/, 6) will mean 
7^ + li^ + vQ^ where ^^ (i, v are certain determinate (but unexpressed) 
numbers. 

We know from the theory of the groundforms of extent 4 (i. c. , difFeren- 
ciante of a quartic) that the above five quantities are not algebraically indepen- 
dent, but are connected by an equation of the form 

r=((2», h^S, VQR). 



*The brackets will sometimes for conyenience be omitted. 
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We have also the following expressions for the residues of the groundforms 
denoted by their deg-orders, tind their first deduct, viz. 

il(2;6) = 6», il(3;9) = 5», il(2,2)=(2, il(3;5) = 6Q. il(3;3)=7', 

or, using deg-weights instead of deg-orders, 

il(2.2) = i», il(3.3) = 6», ^(2.4)= (2, il(3.5) = 6Q, il(3.6)=:7'. 

Since h\Q^h\hQ, i.e. §1(3, 9) |^(2, 2) — gl(2.6).^(3, 5) = 0, it 
follows that ((3 ; 9)(2 ; 2) , (2 ; 6)(3 ; 5)) must contain a. 

Also it is obvious that the effect of throwing out a from a difFerenciant to 
the quintic which contains it, is to diminish the degree by one unit, leaving the 
weight unaltered, and therefore diminishes the order by five imits. 

Hence -((3; 9)(2; 2), (2, 6)(3;5)) = 4;6. 

It will be more convenient here and hereafter to use exclusively deg- 
weights instead of deg-orders to denote the forms; the above equation thus 
expressed becomes 

|((3.3)(2.4),(2.2)(3.5))=4.7. 

Turning now to the deg-weights of the residues, it will be seen that 4.7 can 
only be composed of 1 . 1 and 3 . 6. 

Hence ^(4.7) = &7', which is not a product of residues; so 4.7 must 
be a new groundform. Again, (adhering to the use of deg-weights) we have 
(i^(3.5))»=6'g» = (i^2.2)(ll(2.4))». 

Hence ^- ((3 . 5)», (2 . 2) . (2 . 4)») = 5.10. 

The only mode of resolving 5.10 into sums of the duads 1.1, 2.4, 3.6, 
2.6, 3.9, is by the addition of 2.4 and 3.6. 

Hence §1(5.10) is a numerical multiple of QT, t.c. of §1(2.4) and §1(3.6). 
Hence ((5.10), (2.4)(3.6)) contains a; consequently 5.10 is not a groundform, 

but we shall have — ((5.10), (2.4)(3.6))= 4.10, and 4.10 can be resolved 

into 1.1 + 3. 9 and 2. 4 + 3. 6. Hence §1(4.10) = (6/S', Qi?) and 4 . 10* will be 
a new groundform. 

Soagain(3.3)(3.5) = 7Atg, and (2 . 2)«(2 . 4) = ( J')' g. Hence -K3.3)(3.5), 
(2 . 2)* (2 . 4) I = 5 . 8 , which can be resolved in only one way into a sum 

*4 . 10 wbicb is the sanxe (using deg-orders) as 4 . obviously oaunot undergo furtlier depression, and 
is consequently a groundform. 
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of the duads 1.1, 2.4, 3.6, 2.6, 3.9, viz. into 1.1 + 1.1 + 3.6. Hence 
g.(5.8) = ||l(2.2) ||l(3.6), and consequently 5.8 is not a groundform, but 

— {5.8, (2 . 2) (3 . 6) I = [4 . 8] , which, in respect to the duads above mentioned, 

Cb 

is resoluble (and only resoluble) into 2.4 + 2.4 and 1.1 + 1.1 + 2.6. 

Hence 11(4.8) = (Q*, VE), and since g=|l|l(2.4) we have ll((4.8), 
(2.4)*) = 6* ii; and since ([4.8],(2.4)») is of the deg-weight 4.8, we see that 
there is a form 4.8 such that ^1(4.8) =i^ J? , and is consequently a ground- 
form, since b^B is not a rational integer function of any of the previous residues. 
Thus, then, from the base-forms 2.2, 3.3, 2.4, 3.5, besides the ground- 
form not containing /, viz. 3.6, we have derived the three additional ground- 
forms 4.7, 4.10, 4.8 Of these 4.7 and 4.8 belong to the same category as 3.6, 
being like it derived immediately from the base-forms. Whereas, in obtaining 
4.10 it has been necessary to employ 3.6, so that it belongs to a more 
distant category. If we call the base-forms primaries, 3.6, 4.7, 4.8 will be 
secondaries, and 4.10a tertiary. So again we shall find ^l (3 . 3) Jl (3 . 6) = b^. T, 

and ll(2.2)gl(4.7) = y.6r. Hence - {(3.3)(3.6), (2.2)(4.7)[ = 5.9, and 

Cb 

HI, (5 . 9) = &'. jR , which cannot be compounded out of the preceding residues, so 
that (5'. 9) is another tertiary. 

Again §^(4.7)11(2.4)= g.tr, and ^(3.5)il(3.6) = ftg.^. Hence 

-((4.7)(2.4), (3.5)(3.6)=5.11, and ^(5.11) = (J»/S', bQR)), for 5.11, 

Cb 

in regard to the oft-quoted duads, is resoluble only into 1.1 + 1.1+3.6 and 
1.1 + 2.4 + 2.6. Hence 5.11 is also a tertiary groundform. 

Again il(2.2)gl(2.4)il(3.6) = y.(2.7^, and §1 4.7 §1 3.5 = ir.ftg. 

Hence-^((2.2)(2.4)(3.6), (4.7), (3.5))= [6.12], and the.duad 6.12 is 

resoluble into 3.9 + (1.1)^* (2.6) + (2.4) + (1.1)^(3.6)* and (2.4)', corres- 
ponding to b^Sj VQR, Q^j T^. Now Q,Tj VR are all residues, as already 
shown, and since V and (JaS, QR) are residues {]t?S^ b^R. Q), and therefore b^S 
is a residue. 

Hence a form denotable by 6.12 which shall be a linear function of [6.12] 
and of the combinations of inferior groundforms, will have a residue zero, and 
consequently [6.12] will not be a groundform, but the 6.12 last spoken of 

*It will be often found convenient to use (p-qY to mean the sum of t duads p. 9. 
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will be divisible by a, and the quotient will give a groundform 5.12, whose 
residue corresponding to the composition 3. 6 + 2. 6 is JBT. We shall thus have 
obtained for our tertiary or third batch of groundforms (descendants, i. e. in th^ 
second degree from the base-forms) the subinvariants denoted by 4.10, 5.9, 
5.11, 5.12. 

Again ^{S.S)1^{4:.10) = b\bS, QR); "§.{2.2)^(5. 11) = b'{1^S, bQR)i 
^{2A)^{5.9)= Q{b^B). Hence between these three equations the two 

arguments h^S, VQB may be eliminated, and there results — {(3.3)(4.10), 

(2.2)(5.11), (2.4)(5.9)}=6.13, and 6.13 will be resoluble only into 
3.6 + 2.6 + 1.1, so that §16.13 = &i22'. 

Agam gl3.5il5. 12 = 6(2. 227; il3.6il5.11 = T (6»aS^, 6(2i2); (§14.7) 
.(gl 4. 10) = bT {bS. QB), on the right-hand side of which three equations bQBT, 
VST Bxe the only two arguments appearing, so that (§13.5, §15.12, §13.6, 
§15.11, §14.7, §14.10) maybe made equal to zero. Hence we have a new 
deduct 7.17, and §17.17 will be found = {Q'S, b'BS, bQB). and 7.17 will be 
a groundform, as is apparent at once from the fact that it is the same (using a 
deg-order instead of deg-weight) as 7 ; 1 which is obviously indecomposable into 
any inferior forms. 

But it may be objected that conceivably there might exist a syzygy between 
(3.5)(5.12), (3.6)(5.11), (4.7)(4.10), so that the forms 7.17 obtained by 
dividing a linear combination of the three products by a may really be a 
nuU quantity. But not to mention the unlikelihood that a syzygy should occur 
between so low a number as only three products of groundforms of elevated 
degrees, the existence of such a syzygy may be directly disproved as follows : 
(3.6)(6.11) will contain only the first power of/, and writing 

b.l2 = Lf + 2Mf+N, 4.10 = P/»+ 2(2/ + i2, 
weshaUhave 4:.7 = Lf+M, 3.5 = P/+g, 

so that if the supposed syzygy exists we must have LQ — MP = , but Z = — a*, 
M=6abc — 2acd + 8Vd+&b(^, P={a^c — ab""), (2 = . . . Hence since M 
does not contain a as a factor, MP cannot equal LQ, so that the conceivable 
syzygy does not exist, and the groundform 7.17 is correctly deduced.* 

*I shaU erentaaUy supersede this proof of the non-existence of the syzygy under discussion by a 
xnetiiod InYolTlng no algebraical computation. It is a remarkable feature in this deduction that although 
it is in its nature quantitative, no algebraical computations whatever need to nor will be employed in 
working it out and establishing its validity at each stage, thanks to the use made of the factors of 
integ^ration, as will presently appear. 

V0L.V, 
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Again i^5.9^3.5 = J»i2.SC. |^3.3|^5.11 = J»(6'*S, bQR), (il2.2)» 
.(gL4.10)=6*(ft<S', QB), between which equations h^S, 6*§^canbe eliminated; 

thus there will be a form [7.14] deduced from — ((5.9)(3.5), (S.3)(6.11), 

{2.2)»(4.10)). 

Also the sole components of |^7.14 will be easily seen to be (3.6x(2.4)*, 
3.6x2.6x(l.l)"). 

Hence 1^\_{7. 14)] = (^T, h*RT), in which each of the two arguments is a 
residue.* Hence we may find a 7.14 which will be divisible by a and thus 
obtain a form 6.14, which (since 5.14 is necessarily non-existent) cannot be 
further depressed. 

That this is not a nuU form will presently be demonstrated. It results that 
6.14 is a new groundfonn, and we have now completed a new (quatertiary) 
group, i. €. the third in order of descent from the primaries, viz. the group 
5.12, 6.13, 7.17, 6.14. 

Here, having reached the middle of this long deduction, it will be expe- 
dient to pause for a while and take stock of the relations so far established 
between the base-forms and their deducts. 

I enclose, in what follows, the deg-weight numbers within square brackets, 
in order to indicate that the forms which they represent are not necessarily 
identical with the simplified forms represented by the same numbers, but are 
the immediate quotients which present themselves after dividing out by a or a 
power of a in the course of the deduction. We have thus 

a»[3.6]— a»[2.2].[2.4]=(2.2)',(3.3)» (3) 

a [4.7]= [2.2] [3.5], [2.4] [3.3] (1) 

a»[4.8]-|-a{?) = [3.3][3.5],[2.2]»[2.4] (2) 

a»[4.10]-|-a(?)=[3.5]», [2.4]»[2.2] (2) 

a [5.9]= [4.7] [2. 2], [3. 3] [3.6] (4) 

a [5.11] = [4.7] [2.4], [3.5] [3.6] (4) 

a»[5.12]-|-a(?)=[3.6][2.4][2.2],[4.7][3.5] (5) 

a [7.17] = [5.12] [3.5], [3.6] [5.11], [4.10] [4.7] (6) 

a [6.13] = [4.10] [3.3], [2.2] [5.11], [2.4] [5.9] (5) 

a'[6.14]=[5.9][3.5],[5.11][3.3],[2.2]»[4.10] (6) 

*For Q*, VR, rare each of them reeidaes. 
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In the above table the quantities connected by one or more commas repre- 
sent a linear function of themselves, and the sign of interrogation means "some 
known rational integral function of the base-forms." The numerals to the right 
(beginning with (3) and ending with (6)) indicate the power of (a) by which 
each corresponding deduct has to be multiplied in order to become an integral 
function of the base-forms, and which may be called its integrating factor. 
Thus ex gr. the integrating factor of [5 . 9] is a*, because the integrating factors 
of the two arguments in the linear function expressing a [5 . 9] are a , a* respect- 
ively; so again a^ is the integrating factor of [5.12], because the integrating 
fiBtctors of the arguments of the linear function which expresses a*[5.12] H-a(?) 
are a*, a respectively. So again the arguments corresponding to a [7. 17] having 
the integrating factors a^ a\ a^ respectively, the integrating factor of [7.17] 
will be 1 + 5 (the dominant of the numbers 3 , 4 , 5) , i. e. 6 . This will be 
sufficient to show how the integrating factors are to be successively obtained, 
it being of course borne in mind that the integrating factor of a product of 
deducts is the product of the integrating factors of the deducts taken sepa- 
rately. With the aid of this table we may see h priori that the linear forms 
representing [7.17], [6.13], [6.14] cannot be identically niUls. In the pre- 
ceding cases no proof is required because we know subinvariants can only be 
decomposed in one way into factors. 

Thus V for [7.17] the integrating factors of the three arguments being 
a\ a*, a* ; for if a Byzygy existed between them we should have Bi + aB^ 
4- c^B^ = , where each 5 is a rational integer function of the base-forms not 
containing a as a factor. 

2* for [6.13] the separate integrating factors being a*, a*, a* respectively, 
did a syzygy exist, we must have a^B + A + -Bj = , and consequently 
[2.2] [5.11] would be in syzygy with [2.4] [5.9] , which is impossible. 

3* for [6.14] the separate integrating factors being a*, a*, a*, the syzygy is 
impossible, for the same reason as in the preceding case. 

I pass on now to the fifth group, i. e. to the deducts four degrees of 
succession removed from the bsuse-forms. 

1^2.2 gl6. 13 = 6«.6i2r, gl3.6 §15.9 = T.^iZ. Hence there is a deduct 
[7 . 15] . Its integrating factor will be a into the dominant of the integrating 
&ctors of 6.13, 5.9, which are a^ a^ i. e. it is a*. Also in regard to the 
duads 1.1, 2.4, 2.6, 3.9, 3.6, the compositions of 7.15 are (1.1)^+ (2.6)', 
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sents is a rational integral function of b, Q, E, S, consequently (3 . 6)' will not 
appear therein. 

The table will thus be 3.6 + (3.9)« + (l.l)», 3.6 + 3.9 + 2.6 + 2.4 + (l.l)», 
3.6 + 3. 9 + (2.4)», 3.6 + (2.6)'+(l.l)». Hence ^[12.27]=(6»^»?', b*QIiST, 
(j^ST, 6»i2»r). But 5»i?, b*QS, RT have all been seen to be residues, hence 
6»i?r, VQBST are residues. 

Also (^4.10)«=(6»ASf*, bQBS, ^i?) is a residue, as is also bT. Hence 
{f?S*T, VQS.BT, bQ'B.BT) is a residue, and bQ{bS, QB), Qih'S, bQB) being 
each of them residues, I^QS, bQ^B are each of them separately residues. Hence 
VS*Tia& residue. Also (^^8.2 = {g'ST, bQ^B'T) is a residue, and bQ'B^T 
is a residue, because b(^B, BT&re residues. Hence ^ST is a residue. Hence 
all the arguments in expression for ^[12.27], viz. b'B^T, VQBST, b^S*T*, 
^ST Are residues; consequently a deduct 12.27 may be found such that 
||».12.27 = 0, and there will be a deduct 11.27 which cannot be still further 
reducible, because 10 . 27 is necessarily non-existent. Its index of integration 
will be two greater than the dominant of those of (5. 12) (6. 13) and 7.15, 
which are 5 + 5 and 6, i. e. it is 12. Its residue |§lll .27 will easily be seen to 
be (J'JJ*, b*BS\ 1(^1^, b<?S\ l^QSB*, (;^BS). 

Again, 2» ^5.9 f^6. 12 = BT.VB, 

^3.6 §17.15= r.i'i?. 

Hence there is a deduct 9.21 which cannot be further depressed, because 8.21 
is necessarily non-existent, and it will readily be found that ^9.21 = (&'aS'*, 
ft*i?, VQB8. Q^S), and thai the index of integration is 1 + 4 + 5, i. c. is 10. 

Again, 3« ^Q.W^7 .11 ^bBT^Q'S, b*BS, b QB?) 

^5.11 ^8.19 = {b*S, bQB) {QST,bB?T) 
1^3.6 '§,'5.12= T.(BTy= B*T{g>, b*QB, b^'S) 
^5.12 gl4.8 § i. 10 = BT.b'B{bS, QB) 
1^2.4 ^3.6 §H.10= Q.T.{bS, QBf 
^2.4 il3.6 §8.20= Q.T{b'S\ bQBS, (^B(^, 6»i«!»). 

Hence it will be seen that the arguments on the right-hand side of the equation 
are the five following, viz. b<^BST, VmST, b'QB^T, b*QS>T, g>B*T, and no 
others. Hence the six products on the left may be linearly combined so as to 
give a result zero, and there will consequently be a deduct 12.30. 
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To prove that this is not a null, take the integrating factors of (6 . 13)(7 . 17) , 
(5.11)(8.19), (3.6)(5.12)', (5.12)(4.8)(4.10), (2.4){3.6)(4.10)', (2.4){3.6) 
(8.20). These will be found to be 
5 + 6, 4 + 9, 3 + 5 + 5,5 + 2 + 2, 3 + 2 + 2, 3 + 10, or 11, 13, 13, 9, r, 13. 

Hence if there were any syzygy between these products it must be between the 
2d, 3d and 6th, which have a common integrating factor a", but the 3d and 6th 
products have a common factor 3.6; hence the three cannot be syzygetically 
connected, and consequently 12.30 is a bojia-fide existing deduct, and being 
incapable of further depression, is necessarily a groundform. 

The index of integration will be a unit greater than the dominant of the 
indices last found, L e. it is 14. 

Its residue will be found to be of the form 

Again, 4". |^6.13 '^8.l9=bRT.{QST,bR'T) 

1^*5.12 ^i.S = I?T>.h'H 
1^*5.12 il»2.4 = i?ne' 
1^*3.6 1^*4.10= 'P.ibS, QEf 
1^2.4 1^3.6 1^5.12 1^4.10= QT.RT.{bS, QB). 

In these five equations the arguments on the left-hand side are four in number, 
viz. J*jB^r», b*S'T*, bQRST*, <?E?T'. Accordingly a linear combination of the 
five quantities on the right-hand side will be zero, and there is a deduct 13.32 
which cannot be further depressed (since 12.32 is necessarily non-existent), and 
may be easily seen to be an actual quantity and not a null, inasmuch as the 
indices of integration of the products of which the quantities to the lefl are the 
residues (the anti-residues aa they may be termed), are 5 + 9, 5+5 + 2, 
5 + 5, 3 + 3 + 2, 3+5 + 2, t. e. 14, 12, 10, 8, 10, of which only a pair 
are equal. Its index of integration is one unit more than the dominant of 
these numbers, i. e. is 15. 

Finally |^13.32=(6'i2r, VRS^T, bQS^ST, <?R*T, Q'S^T). The four 
last deducts 11.27, 9.21, 12.30, 13.32 form the batch fifth in descent from the 
primaries, and their indices of integration have been shown to be 12, 10, 14, 15. 

We are now within sight of the goal of our wearisome pilgrimage. We 
may form eight equations leading to 18.45, the skew-invariant, aa follows: 
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(1) §14.10 §17.17 »3.6 |^5.12 = (6^, QR^S, VRS, hQIPj.T.B.T 

(2) §l>4.10 1^8.6 §18.19 = (6^, QRf.T.iQST, hJB?T) 

(3) |^>4.10 1^6.13 |^5.12 = (6/S', QRf.bRT.RT 

(4) 1^8.20 US. 6 §18.19= (^/y', VR?, hQRS, qFEf)T{QST.hSfT) 

(5) 118.20 1^6.13 1^5.12 = (6^/y», VR?, bQRS, q^R?)hRT.RT 

(6) 1^11.27 1^3.6 1^5.12 = (6»i2*, h(^R^, h(^S^, VQSRf)T.RT 

(7) ||6.13 %\Z.^2 = hRT{VR^T, VRS^T, hQR^ST, (j^EfT, <^S^T) 

(8) 1^9.21 |^>5.12 = (6»iS^, l?Ef, VQRS, <;fS)R?T'. 

The argumentB on the right-hand side of these equations will be seen to be 
the seven foUowing: PVR?, rVR?S\ rVQR?S, PVQS^ Th(^B^, Thi^RS^, 
P(^RfS. Hence a linear function of the anti-residues to the eight products to 
the left can be made zero, and the sums of each set of duads being 19. 4o, there 
emerges the deduct 18.45 corresponding to the skew-invariant 18:0. 

That this is not a null may be shown in the usual manner as follows : 
The indices of integration of the several anti-residues are 2 + 6 + 3 + § , 
2 + 2-h3 + 9, 2 + 2 + 5+5,10 + 3 + 9, 10 + 5 + 5, 12 + 3 + 5,5 + 15, 
10 + 5, !.«. 16, 16, 14, 22, 20, 20, 20, 15. The 5th, 6th and 7th indifies 
constitute the only triad of equal indices, but the 5th, 6th and 7th anti-i«adnBs 
cannot be in sjzygj, inasmuch as the two first of them have the factor 5.12 in 
common. Hence the value of 18.45 found as above will not be nulL 

Its index of integration will be one unit more than the dominant of the 
above numbers, t. e. it is 23, and its residue will be of the form (l?RfT. VEfS^T. 
VS^T, VQMP8T, VQBS^T, bQ^R^T, bQ'R^S^T, Q'R^ST, (/S^T). 

We QO^A now to be able to show that there ezistB no other deduct cf 
wUdi the lesidiie is not a rational integral function of the 22 residntt wiikik 
have been determined in order to prove that the system of git Min d fe ging 
obtained is eomplete. But this inquiry is one of considerable difBcohj msui 
must be reserved for future consideration. 

I win now bring together the several steps of the deduction ^severkl of 
wldcii, e^edallj in the earlier stages, would admit of abridgment t sepazKzzig 
the SIM rf will strata from one another and substituting the more &ix£23sr 
dwBgnition of deg-orden for the equivalent deg- weights. The szipe r.iiii.t«?3 
on tlie left-band side are the indices of integration to the ccfrregyaiiarrrr 
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(arf;:i.= (i:f).:i/*: 2:'Z 0:5. 2:2. 0:?! 
'*: "W'T:! = ' 3 :0 • 0:1 •. 3:3 0:3. -J:'? '4:01 

•'*: a»r;:2.^'i t. = to:7.3:o . 3:& -5:3: 2.r-4.0i 

= :•: aft:2i = <3:3. 0:4.. o:1.4:';» 

aO <f»«i:0^-s-<i'?; = r4:6;(0:4.i. io:l > 3:3 ■2:0» 

n2» <i»ai:l. + <»r?»=(2:6ii5:lH6:4^. <3:3r.7:o» 

nO.i a(9:?jii = (3:3}(7:b\. «5:7»i5:l» 

rl4;^in2:0» = '6:4i'7:l).r5:3MS:2».i3:3MO:ln5:l' 4.4m4.0U2:2H3:SX8;0) 

ao^<ii 13:1 »== (6:4^8:2). (o:l/i^3:4K<o:lr.2:2r*.^3:3t«(4.-0f»,(^^ 

(23> 18:0=f4:0X7:l)(3:3Mo:n. i4:0M'3:3^i S:2». (4:0)^6:4X5;1), 

(8:0)16:4X5:1), (5:0M3:3hS:2K (6:4x13:1). (9;3), (5;1)» 

In addition to the deducts which appear in the above table, the groandfomi 
1 . o and the four protomorphs 2 ; 2 2:6 3:5 3:9 have to be taken into aooount 
71i'x« the tweniy-three groundforms to the quintic will l»e seen to be distributed 
arnoFig hh\'f:n batches or categories containing respectively 1,4, 3,4, 3, 3, 4,1 
individuali!. 

It wa« mj intention to have simplified some of the steps of the deduction, 
and to liave eufiplied the omissions, to show in one or two cases that the deducts 
aj£ obtained are actual and not null forms. "^ but unfortunately the proof-sheets 

* Wb^D Uie deduct is a zero instead of a |(Oesdible new srroundform. it indicates a sjAjgj 
iktiUiTVfT srr^/nndfomLS. 
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have been kept back, owing to the necessities of the printing-ofl&ce, for some 
weeks, and in the meanwhile my attention has been drawn off to other parts 
of the subject, and I am unable to give sufficient time to call back to mind the 
intended ameliorations or rectifications of the text. 

§ 4 , Perpetuants. 
On Absolutely Irreducible Biliary Subinvariants, 

Any rational integral value of (yla^j + /uftS^ + rc^^ . . . )"^^0 ^^ ^ binary 
subinvariant. If none of the numerical coefficients X^ ^, v . . . are zero, the 
subinvariant is simple. If in the series of coefficients >l,f^,r,7t,p..., any 
number i of breaks occur in consequence of i non-contiguous terms r, p . . . 
vanishing, it becomes a multiple subinvariant corresponding to a semi-invariant 
of i distinct binary quantics. If, however, the subinvariant is to appertain to a 
system of quantics, all of unlimited order, it would be necessary for the breaks 
in the series to be each of them at an infinite distance from the initial term and 
from one another. 

In what follows I shall confine my attention to simple binary subinvariants, 
and investigate the types, i. e. the deg-weights (order ceases to be predicable) 
of those of them which are absolutely indecomposable, i. e. incapable of being 
expressed as rational integral functions of others of lower types of any extent 
whatever. 

It may be convenient to give a name to absolutely indecomposable subin- 
variants, and I propose, until an apter word presents itself, to call them 
i perpetuants.* The present section then will be occupied with the successive 

determination of the types of all possible simple binary perpetuants up to a 
certain limit of degree. 

We know, by Cayley's rule, that the number of linearly independent 
binariants of degree j and weight w is the difference between the number of 
partitions of w into j parts, and the number of partitions of w — 1 into such 
parts, and therefore by Euler's law of reciprocity is the difi'erence between the 
number of partitions of w into parts none exceeding j, and the number of 

♦Perhaps Revenants would be more expressive to signify the forms (or ghosts of forms, if one 
pleases to say so) which never die out, but continually return as the leading coefficients of irreducible 
covariants. Such I need not say is not the case with conditionally irreducible integrals of the above 
partial differential equation (as for instance the discriminants to the cubic), which sooner or later die 
out and are seen no more as sources of irreducible covariants to quantics of a superior order. 

Vol. v. 
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partitions of w — 1 into such parts ; it is therefore the coeflScient of x^ in 

\ 7? \7"i 'i\ rT i\ — 7i \n — ^JTx — 7T n f ^^ ^he Coefficient of a"" 

( (1 — x){l — x^) . . . (1 — x^) (1 — x){l — or) . . . (1 — x^) ) 

in jr j— ^ -, which I shall call the generating function for the 

degree J of the linearly independent subinvariants. 

Thus for the degree 1 the generating function is simply 1, and there will 
be one subinvariant (a) of the degree 1 and weight zero. 

For the degree 2 the generating function is :j -^ , which expanded gives 

the series 1 + ic^+ ic^+ . . . ; there is consequently one semi-invariant of the 
degree 2 for every even weight 0, 2, 4, 6 ... ; but the first of these will be 
merely the square of the one of degree and weight 1 ; hence the generating 

1 a? 

function for the perpetuants of degree 2 is -^ — 1 or :j — -^ giving rise to 

the deg- weights 2.2 2.4 2.6... corresponding to the well-known series of 
quadinvariants or quadri-semi-invariants ac — J*, ac — 46c? + 3c*, . . . Again, 
for y= 3 the generating function to the linearly independent binariants, or for 

brevity sake say the total generating function is — ^vl 13\ * 

(1 a;)(l XT) 

To find the irreducible forms, or say the limited generating function, we 
must take away the cube of the one of degree 1 and weight zero, and the 
product of this one and each indecomposable one of the degree 2, and conse- 
quently the limited generating function will be 

thus we obtain perpetuants of the deg- weights 3.i, where the least value of 
i is 3 and the number of such for i= 3,4,5,6,7,8; 9,10,11,12,13,14; 
15,16,17, . . .will be 1,0,1,1,1,1; 212222; 3,2,3, . . . 

Again, fory = 4, the total generating function is j- -^z -^^ ^. • 

To determine the subtrahend consider the total partitions of 4 (the number 
itself not counting as a partition). These are 1**, 11 2 , 1 . 3 , 2^ The three former 

will give rise to the partial subtrahends 1 , .j ^ » p: -^yr^ Zfi\ » ^^^ ^^^ 2* i. e. 

2 . 2 the case is different. 
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Taking the development of - — -^ L e, 7^ -\- x^ + x^ '\- x^ + ... the function 

/ a? \^ 

corresponding to 2.2 to be subtracted is not f 2 j , but the sum of the 

homogeneous 2>Todiicts of the second order of the infinite succession x^, x^ x^, x^ , . . 
or calling .% the sum of the terms and ^2 the sum of their squares, is - ^ 



2 



^ J L e. 



^- ^* ^® 2 ( U— a^y "*" i— X* j ^^ (il«a?Xi^a?r~ ' ^' ^* (l—or^Xl— ^•') 
Hence the limited generating function for the degree 4 is 

1 /^ _^___ + 1^__ + 1^ _ . 

(1— ar'Xl— a^Xl — a;*) V(l — ar'Xl— ar") ^ 1 — a^ ^ V {l — !^){l—x') 
which is 



a;* 



x' 



Let us pause a moment in the deduction to draw an inference from this 
result. The lowest power of x in the development of the limited generating 
function for the degree 4 being x', we see that an absolutely indecomposable 
binariant of the 4th degree cannot be of lower weight than 7. Consider any 
semi-invariant of degree 4 to a quantic of order i. Its weight must be less 
than 2i. Hence if it is indecomposable, 7 must be less than 2i or i, or i must 
be at least 4. Thus we see that there can be no absolutely indecomposable 
binariant of the 4th degree appertaining to a cubic. This shows a priori that 
the discriminant to the cubic, regarded as a subinvariant, is decomposable, as 
we know is the case.* 

So in general if we know that no perpetuant of the degree j is of lower 
weight than k, we may be assured that no invariant or semi-invariant to a 
quantic of the. degree j can be absolutely indecomposable if the order of the 

quantic is less than — • 

3 

Agreeing to call the weight of any subinvariant divided by its degree its 
relative weight, we may put this result into words, by saying no quantic can 
possess an absolutely indecomposable invariant or semi-invariant of a given 
degree unless its order is at least twice as great as the minimum relative weight 
of a perpetuant of that degree. We may see further that the quartic can have 

* It may easily be collected from the course of the ensuing investigation that every binary discrimi- 
nant is decomposable into subinvariants of lower degrees than its own. 



1^ xwf«<^mr>^ri«iKni^ jirOTaair ir «aii-^^rKaai: <*f tie degree 4, for its weight 

X* 

? ia^ ▼•> 111 :iMi'w 'o iie ^aae if "hit ^m ^tegrge^ 

TliS' mirfiiure- Taririiins yf -i Teavtii«r 5 naelf «>fit of the nranber) are 4.1, 
% -Li 11. i, -L 1 i, r 1*^ "▼hii-iL invioogrr iive rise to the sabtrmbends 

T_ ^ ^ ^ X* x^ 

1—— 1— r^ 1— r- 1—.- I— -^ ' lI=^ i_x^|l_^r K\—jfi\—:^) 1— x*' ' 

3ii^ Tnm -ne ju>4e jl "▼inert ie iettoeiioa ba^ been carried on, it will be 
»rirou& in. T^^zzjjn lar "tie ioxn if aH ihese esirept the second which corres- 
Timtia "i> 1. 3ar*iiion :iijr ^sitnn^ j f iiii v infr will be eq^isd. to the total generating 
^nz^-tiiizi x^r -73^ "SMR n "iie ietCTe ^ Sa ^aac the total ^abtrahend is 

: ^ 

1— -^ l_r^\l_^ z—^a—jra—x^' 

3*-^..^ Tir tmi n^i .:?Kienicnit 5nu!tiiLja 5>r the degree 5 is 



I— r^I— jrM— r-a— Jr^) Cl—J^)(l—2^){l—a^) 

• " ^ I— r^fl— s*^l— x^ll— x^ ' "^ (2X3X4)(5) ' 
T:te»>* i}r 7r*^c^ I ise in zsntaal •£' x> <i«M>te 1 — jc*. 

5en*. ^r "rae irst 'ime. a i»w iSeasure presents itself, viz. the presence of a 
:i^^sw:v->j "-jiecfiejeaj: in las* aam«awc. ai&i cooseqiientlT of a series of such in 
jie i^^-^'A^Dm^nc Ji in nmnt» 5«M5 of A? generating fimction 

'J^ici i^*]i3sa^n} nfnn — ijr in ^^ «ieTei*>piii«it will obviously indicate the 
^V3jwuv>r K* i ^cwrai: rgrsy-JCWs? v?f ^aie i?free 5 and wei^t #, or as we might 
C5*;.l ihrm. ^^yattm ^^ami&C!n&. lb? annnbiMr erf such terms will be finite, and 
^.* >%nl M njtiijc :«ml5 iocaiue^ \t writing the Lg.f. (limited generating 
"Yixtv^tvii imwr :^ 5>wt 

^ iV-J.Ki;> *^ ^^ ^^) (2X3X4X5) ' 

t> htvfc inrm t >»tll ^nt ^^o^^1n^i tBat tb? number of ways of composing 0, 2, 
V c "I "^ "i. ^'i ^ttOL :» eiemieats 2 and 4 are respectively 1, 1, 2, 2, 

* ^ , , V ,u»xi ii*c : I- i. J. 5 *nf tl» numberof ways of composing 0, 2, 
* * lit -ac vfv»?«»rftti»^ i. $. 4. ^- Hence there wiU exist the negative 
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terms — x\ —a?, — 2x^\ — 2x^^ — 2a^^, — 2a^\ — 2a^^, —s(?\* the sum of which is 

1 — a^ 
Adding this with its sign changed to — {o\fo\fA\f^\ — there results 

(2)(3)(4)(5) ' 

which may be thrown under the form 

( (3) + a^{2)iS) + 0^ + A^) + ^(3)(4) + a^(4)(5) ) 
( (2)(3)(4)(5) f ' 

It is therefore omni-positive in its development, which shows that no negative 

terms have been omitted, but that the 13 eyzygies of odd weights ranging from 

a;7-j-a^i a^ a^ 

7 to 21 typically represented by z ^ (say — jBg) constitute their 

entire aggregate. We see also that the minimum weight of a perpetuant of the 

5th degree is 18, so that the double of the minimum relative weight is -^ , and 

accordingly there can exist no absolutely indecomposable binary subinvariants 

of the 5th degree, until we come to Quantics of the 8th order or upwards. 

Proceeding to the degree 6, the total subtrahend from the t.g.f. (total 

generating function) for that degree would be itt supra the t.g.f. for the 

degree one below (here 5), less expressions depending on the partitions of 6 not 

concluding with a unit, were it not for the presence of the negative terms 

represented by — JBg ; the quantity to be subtracted corresponding to the 

a;7j_aao I 12 

partition 5.1, being now not the l.g.f. for degree 5, .Z., .. T. , but this 
quantity rendered omni-positive in its development by the addition of R^. 

Hence the total subtrahend will be ,c^^,^^rAwr^ + -R5 + the quantities 

(2)(3)(4)(5) 

depending on the partitions 2.4 2.2.2 3.3. 

a? x^ 

To 2.4 will correspond the subtrahend 



(2) (2)(3)(4) 

To 3 . 3 will correspond ^ 't'vy^; where d>x = yz ^rrz ^ » and to 2.2.2 

^2 ^ (1 — ar)(l — of) 

by Crocchi's theorem,f will correspond the representative of the homogeneous 

*The numbers 1 1 2 2 2 .2 1 are got by subtracting from the figures 112288445 
the figures 112 8 5 

t See for an instantaneous proof of this theorem, the Johns Hopkins University Circular for Nov. 
1882. 
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.SrLVE=TEE : On S^'^f'U'ron'ih^'^. i. '. S^rru-hiVtriafd^ 



ijct> of The .^d order ^.: ::-- 'er::-* ::- v-'= , ». *. — ;. _ '- — - 

There t:.::::^: for a in'«::i»r;.: '•- f-.-'/ fi .'.-'-!'j''. •:. ;:. ^t-I'Iv::.;: :he formula for homo- 
ge^eoa- jrodj-'- to ^j-. ::. ;:.•-;-.•.-:.- • :' •.h*- ■-•::i;:'^::!,- ia ii* development 
^.'^z'l^.i'Z ijo ]f':i'j-:r •rx.a -v'.^r^v ^:,i:i— : ': \- ':.•.- :- re ••:* :}.> •••■•ernon vanL^hes as 
K>o;: a- it i- ror:-'.- ::. :./:.i ::.ii: -v.- ;.. iv :- \ .;, - -i: y v-r::: iv' iii 'he development 
of ^y' ':•;.■ /.-. -•:{■;. raVr '-::..- y *-^' "r. ■ :' v. : : ':. r:-: t.*:- :o a disiincl «ubin- 
variaiiT. 



r* t 



•J I 1 _ :^ 1 _ ..' - 



1 



* I 






J •• 4 •; 



a:. 'J •'' -.li^li v.... . ::.:-: ;.-: 



' J 



f' 



-* A 



» -f 



• I 



1 

1 



or 



2 . 4 . •> 



Ir jj-av \.e :e!:-Jir/:-r J i:- :*i--l:.j. ':-it: !""r aT:v d»*L'^ree 21' ihe ^ubt^ahend 

corre-;..o:.^i::-;: *.o \:.h j-arir:::. ••• :.-!-*;:.:.^ 'f *' ]'a:-> ••.-a«-li of the value 2\. i* 

. ■ a.r i/iav TA- .-:jow:.. *# nn.on. ::,:>: i>::.l' v in place of j:* we have 

to T.'r.'J *:je r-:;. ^f jj.. •;.•: ',,-:-VV-:- /.•/ v.:.»r!v /.* :• tIj*:- nunil»er of wav« of 
j^ej^erat::.;: 'f ar a t :o'^^"t of < •!' •;.-: : '..vt-r- 1 . //. 'r. */•*.... T. <=. it- is the 
L'jjjioer of wav- of ^o::-: o.-::.:: ^ v.v;. / -r '.•--« ::,ii:i / ..f the indefinite series of 
ijaVaV'^, :-j;:/>;r-. v,;/. :. - v K. !•:;*- ::.•-:•:::*. alivLidv f;i:».'-i. i> the same as that of 
oo;/jpo'-.;-0.':.;; / o .: of a:-y ;..::.•:.- ^-f jar"- L-'ii'? exceeding i. Hence the 
'iej.ojj.ir.av.: of *:je - ^'.■■ra^*::.': :-:'j-!rv'i will '■*/ 



1 



J — -y 1 — / 



] — 



/ * 



■1 4 



•J» 



T :.'=:.-:.'.': .'^i^^: 1- o* '.'>.••---■.' r- a','i •:>.* •"::.:'.»•••- val':*:* - - — ^^r as was to 

^ a ■ • • ■ avf ■ 



J •..'>i d- J J .,Ok -.•. .i*. .'.*..., 

i'.- ea^v 'jf:0'^';\o:j fj'j:;j '.'o,'-';,..'- ':,• 



v...; li :- "li'L- f-Mnivrning homogeneous 
f : ov.-i::-.-iiii> of :!i».* >anie elements^ bv 
:';::j. -:!*'♦:- :•; Av}\\' if the ?^ power-sum 



of a wr*; of 'r>:JL<:;j->: i- 



] -- 



■ I 



•• •r- ^ f.>r //I then the ?^ elementarv 



. i •: 
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symmetric function of the elements is 



2 



(l_c)(l — c2)...(l— c') 
and reversing the terms of this proposition we may say, that if 



2 



^ 1— c^ ^(l_c)(l — c^)^ • • •=*=(l_c)(l_c2)...(l — c«)^ ^••- ' 

then the sum of the i}-^ powers of z {q being not less than i) is ^, > to which 

may be added that the sum of the i*'^ homogeneous products of z is 

1 _ 

(1 — cXi^^^)T77^i'^7) ' 

as ex gr. if i =: 2 the first of these sums, viz. 

1 -2 ' ' 



{\ — ef (l_c)(l — c») 1— c* 

and the other, viz. 

1 c 1 



or - ,r,^fn\,,^,^^, -ir^ -^5, where 



(1 — cf (1 — c)(l — (?) (1 — c)(l — <?) 

But this is a mere digression, a wild flower gathered on the wayside. Returning 
to the determination of the l.g.f* for the degree 6, we see that it will be 

1 1 _a;* 3!° + a;" .a!« _ „ 

(2p(4)(5X6) (2)(3)(4)(6) (2)(2X3X4) (2)(3)(4)(6) (2)(4)(6) " 

(2)(3)(4)(5)(6) 

N= x« — (1 + x» + a;*)(l — a;*) «» — (a;" — a^') — x\\ — a?){l — :>?) 

= x« + aJ* + a;" + x" + a^« + x» -f x"' 

~« ^1 ~13 ~« ^6 Jl 

M/ v^ •</ tAj tlU vu 

= — x^ — a:^^+2x^« + x^«. 
Thus the l.g.f* for the degree 6 is 

^^"^ (2)(3)(4)(5)(6) 

— jRj represents the fourteen compound syzygants of the degree 6 ; the fraction to 
which — jRg is annexed, when developed, will give rise to only a limited number 

*I repeat that t.g*f> stands for total generating function, and l.g.f. for limited generating 
function. 



', . S'-mi-rneiirUtHtjf 
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....,^.,1,, ,.■ ,,!:iu:v<» -ijrnii will be 
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is supposed to be positive, and moreover the series will be omni-positive after 
a certain point in the strict sense of the following coefficients being neither 
negative nor zero. 

Hence the law will be true for - — -^ttz — -3^^ j:» for we may divide 

- — -^— — -J. I when expanded, into four series, whose indices =0, 1, 2, 3 

respectively to jnodulus 4, and the negative terms in each of these being finite 
in number, it is clear that the effect of dividing any one of them by 1 — x* will 
be to give rise to a series omni-positive after a certain point, because each 

coefficient in the quotient of any one of the series divided by ^ will at 

worst contain only the sum of a finite number of given negative coefficients, 
and a number of terms all greater than zero, whose sum, when that number is 

taken great enough, must exceed the arithmetical value of the former sum. 

R(x) 
Hence -j — -^rrz — ^ ^> -j will be the sum of four series, each omni-positive 

from a certain point, and will therefore be omni-positive from the most 

Rx 
advanced of those points. In like manner tt— -^- _^w^ i^f•^ — -^^ inay be 

shown to be the sum of five series, each with an infinite omni-positive branch, 
and consequently will be itself of the same character, and so in general. Of 
course the same reasoning would show the truth of the law when R{x*) is 
negative, and that it may be extended to any denominator of the form 
(1 — a:*)(l — x^)(l — a:*) ... provided any two of the indices i, j\ A; . - . are 
prime to one another. And of course a similar conclusion obtains {mtUatia 
mutandis) when R{x) is negative. The law might be proved more scientifically 
and more briefly as a consequence of the general algebraical representation of the 
denumerant of any equation in integers [/jXi + ^^^2 + • • • + ^i^:?* = ^] as a sum 
of a non-periodical and of periodical parts, whereof the former is always of a 
higher dimension in n than any of the latter, except when all the / quantities 
have a common factor. See the annexed Excursus. 

I now proceed to find the lowest power of x in the fraction — ,_,,,,/;,,^,,7r — » 

. (2)(3)(4)(5)(6) 

say F, in which the coefficient is positive, in order to ascertain the minimum 
weight of an absolutely irreducible subinvariant of the 6th degree. 

I think the easiest practical mode of proceeding to effect this is to use the 
tables in my possession (having been previously calculated for me by Mr. 
Franklin for another purpose) which gives the coefficients of the powers of x in 

Vol. v. 



::♦ 



Cflft J^AmrygrwxMC*, i. t. 






rA^&VjKTJt Z 



z rtk^^TL r*"--: *?;r^ii^. kzy\ ^. 'Xjft 



'-,. zi-^* i-,n:r 



-/ . 



• •- -«v - ^ m »■'_ <* «. * '4 ~V ^ J» ^ 









. -r - 



O^ l-i 









tT-e :i»?r «-#!»!*=»: Tr JXAAattiS^ of froim jc* 






>?* ^Tr ai* -r-'i*:nrr.**ie^ 



; /. ' ' V V ; > 



> n :: 



« « 



V O 



4 



i 



u :4 :t 






«i 



-J 



»• 



rm 



-* 



::r » £ 



' « '-47.49.60.63 



— • ^ J . — • . -J V . -^J . 






5. 14. 13.19.20.26 
i. 4. 3. «. 6: 9. 9 

r.. 12. 12. 1*. 18,28.26 



u 


» 


W 


3f: 


3Jf 


2» 


9k 


r. 


» 


« 


» t , 




^m 


:'r> 


Vih, 


Izr 


14:- 




1 •'^ 




27 


i-; 




47 


Vf 


',** . 




• ^ . 


**■ 1 


>z 
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20. 
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27 


Z^'j. 
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4> 


5^ 


Vi. 


o2. 


S4. 


72- 


72: 


ifi. 


0» 


120. 


lir. 



u s X sr » 
21'.. 227. 2'». 270. 307. 

i»>2. 120. 12':.: 14&. 1-54. 

'?}. *iZ. 7S. S*j. 97. 

ISo. KO. 1&4. 2W. 240. 



322 
180 
102 
252 



4t^ V. a 4X 44 4i 4K *- *^ 1» » il 9S S$ Ut 

?M. y.'h. 424. 441. 4i*2. olo. ',','*.. h'.*\. »^o'>. ^-^2: 7oM. 7s3. nS4. 891. 972 
Ji;i^. 21*;. 227. 200. 270. -^07. 322: 3';l . 37^. 424. 441. 4C-2. 515. 568. 394 
120. 12';: 14J*. 154. 1%0. \h'.*ri\i,. 'iri' . 2C0. 27n. 307. 322: 361. 378. 424 
l'4ii, 30^, 360. 379. 432. 454. 520. 540. 614. 644: 722. 756. S48. 882, 984 



v> 


.v; 


57 


.% 


10)0. 


10{>8. 


1144. 


1236 


656. 


682: 


750. 


783 


441. 


4!;>2 . 


olo. 


568 


1030. 


1136. 


1188. 


1312 



.V» «0 «1 C2 C8 

1287: 1301. 1443. 1555. 1617. 

854. 891. 972. 1010. 1098. 

594. 656. 682: 750. 7S3. 
1364; 1500. 1566. 1708. 1782. 



«4 CS «) (ff7) 

1734. 1802. 1932, 2002, 

1144. 1236, 1287; 1391, 

So4. 891, 972, 1010, 

1944. 2020, 2196, 2288, 



'«,. 'W; '7«, 71 '-72, (73; 

2142. 2223: 2369. 2457, 2618. 2709. 
1443. J 555, 1617, 1734, 1802. 1932. 
1098. 1144, 1236, 1287; 1391. 1443. 
2472. 2574; 2782. 2886, 3100, 3234. 



74 75 76 77 78> (7») 

2Sftl. 2985. 3164. 3276. 3472. 3588; 
2002. 2142. 2223: 2.369. 2457, 2618 
1555. 1617. 1734. 1802. 1932, 2002 
3468, 8604. 3864. 4004. 4284, 4446; 
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The first group of four numbers in which the 3d and 4th terms combined 

2369 

1617 
exceed the 1st and 2d will easily be seen to be, n no/* 

2782 

which is 70 places from the first term, and for which the difierence is 4018 less 
3986 or 32. Starting from this point the series for i^ will be seen to be 32x^® 

— 18x"+ %lx''+ 36x'»+ 138x««+ 94x«i+ 2l\7?^+ 161ic«^+ 287x«^+ 242a:«'^+ . . . ; 
so that there can be no practical doubt of the series being omni-positive from 
and after the 78th power of x.* 

The relative weight of any one of the irreducible subinvariants corres- 

76 

ponding to 32x'* is ~» the double of which is 25 J. Hence there can be no 

irreducible semi-invariant of the 6th degree to a quantic below the 26th order, 
and, on account of the coefficient of x" being negative, we see that a quantic of 
the 26th order can have no groundforms of the 6th degree in the coefficients 
except such as are invariants or quart-invariants. 

As regards the syzygies irrespective of the compound ones represented by 

— JS5, we see that there will be primitive ones of all weights from 6 to 77 
inclusive, with the exception of the weights 7 and 76, but that there will be no 
syzygies, whether reducible or irreducible, of the same weights as the irreducible 
subinvariants. Let us now pass on to the case of the 7th degree. 

The partitions of seven itself and those ending in unity excluded are 
5.2 4.3 2.2.3. 

Hence calling R^ the sum of the negative terms in ^ .^. .T. . . /^ — , the 

l.g.f. for 7 will be 

(2)(3X4X5)(6)(7) (2)(3)(4)(5) {2) (2)(3)(4) (2X3) (2X4) (2)(3) 'l-a^ ^' 

If we call this (2)(3X4t6M ~ ^'l=^ ~ ^'^ 

+ x\l — x^){l + a? + x^)\= — {l — x')P, where P = Sx* — 2x^ shaving the 
values 12 14 16, 14 16 18; 10 11 12 13 14, 12 13 14 15 16; 7 9 11, and r 
having the values 9 11 13; 11 12 13 14 15; 12 14 16. 

* This conclusion wiU be strictly proved in the sequel with the aid of my general partition formulae, 
in Section V. 
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Hence P= j^-t- j»^x^-Hi^+ir*'+i". 

and j^+-V=— x=" — x^— x^— ir»— _x»+i*^+«»+2a«+22»+a*. 

The tirst term in true 'ievvLoctneiit ot' -5^^ — -— =- i* — ^> indicating thu 
the first irreilucible ^yiv;^ b ot" the wvhrh.; LI: in cf not until a very high power 
of X 15 reached that a poisiure cceEfi\decit oorrsfpoading to a perpetuant makes 
its apj>earaat.v. 

The tables set oat in a «ibgei^-.Ka3 sevtitja eiiibic imleralut the coefiSciente 
in tlie dewlopments ot' ^ _ azd ^ - -. sar /^ and f, as far as the 

lT4th (Ktwer of X. I'siui: io^iead of ^~ * ' , the et^tiiralent value z^F, — PFf 
if the iwffiaeat of x*** m thts is jvsiriv**. thse o\>fd&;a?at of x* in f , must be 
greater than that of x< iii t^l -Kx'-t-x** ir"— ir*— r^ F,. and <k ,/brf ion greater 
than that of x* in &r^-/V t. f. ^rva:»c thaa > :ianft* •ja; of x*"" in F,. But a 
jrUuvV at the taWes* for the -.ievelopmeus? ol' #'-. F, wi'l Xtc-w that this is never 
iho K-aA' within the limit* of .,-. turuished b v :a»* :abZes^ i. ?, Sjr any value of q 
not oxrtH.'diii^ 174. It is i.vrtaia. thecw6.'w. tiia: :a*f v:ilue of ibe lowest indes 
t>f x'. for wliioh in -,, " , the cvviiKoteus s* t'v.>(M:iv»». utist ■xvasiderably exceed 
181. as indeed otie might have au;:cipa:ed frv>m :ae -afcles of scnular exponents 
2, S. T. IS. Tel kvrrvsivudi'.s to the vuses t'rvvi,oui#t_v ..vtisi'ier^d. the ratio of 
iuor^'as*' iii thes* number* goiug ou AUi'.liitiaCv ii-otvastzti-i- To as^^ertain the 
vaUK- of the ex^vnent in question there is Lett uo rwi'urw bu: :o endeavor to 
oUv'it il ^as I shall pros«'nth- prvKved to do) ttK^ax the ajraecal al^braiv-«l value of 
iW v\»efttoient. But Ivtore doitig a> i: will be we!l r.o jLotice a verir important 
iutx-rxnuv that may bo drawn frv»ui the torui of :ae ^ueradug t'mxvlcoiL vii. 

— --'"' ~ ^ -IL 

^ or ^l + .**+ jr»+ . - -X'' + ** + 3x" + ir" + ir» + ir-* + lff» + x«) will 
wprvwnit tl« deg-weights of th»f compound syzygiiee wrwspoodiug to the 
muUipU^^iioo of the sTTvgies of the deg-weijdtts 5.7 -5.9 -5. U ». 13 5.15 5.17 
&. h> 5.21 5.^3 by the groundfome of every even w«ijdLL 



* !^Wr4<MM qti t ah l i i — kawvnv. hki* im wIi I ■» ma A« lUt nw <hi^ mm ip> un wmUnaaitj 
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There will thus be seen to exist compound syzygies of every odd weight 

(no less than 13 in fact of weight 21 or any higher odd number). If then cJ be 

N 
the lowest power of x in r^f^wj^r^You^ with ^ positive coeflBcient and with an 

odd exponent, there will coexist groundforms and syzygies of the same degree 
and weight appertaining to the quantic of an infinite order for every weight 
denoted by an odd number not less than cJ. • From this it is easy to infer that 
there must exist syzygies and groundforms of the same deg- weight (and. therefore 
of the same deg-order) for one or more quantics of an order not exceeding o'; 
[and it may be added that J being a high number (not a number less than 23), 
there will be 13 syzygies of every odd weight equal to or greater than cj'.] 

For suppose that Q is a quantic of order i. In determining its ground- 
semi- invariants of the successive degrees the same process may be applied as in 
calculating the perpetuants, i. e. the ground semi-invariants to a quantic of an 
unlimited order, except that in lieu of the complete development of the 

generating function ,> . ^j -n only such powers of x must be 

retained as are not higher than x*. For the number of linearly independent 
subinvariants of the weight w and degree J will now be the difference between 
the number of ways of making up w with J parts none greater than i, less the 
number of ways of so making up {w — 1) which will be the difference between 
the number of ways of making up w and of making up {w — 1) with i parts 
none greater than j\ which, if w does not exceed i, will be the same as if i were 
infinite. So far then as weights not superior in value to i are concerned, the 
total generating function for a quantic of the order i will be the same as for 
a quantic of an unlimited order, and consequently up to the weight i (inclusive) 
the generating functions for the ground subinvariants (to be obtained, be it 
remembered, by combining the total generating functions in the same manner, 
whatever the value of i may be) will be the same for a quantic of the i^^ as for 
the quantic of an unlimited order. Hence there must of necessity appertain 
irreducible covariants and compound syzygants of the same degree and order 
(viz. of the deg-order 7.5o') to a quantic of the order o', and of course there is 
nothing to prevent such coexistence holding good for a quantic of an order 
very much lower than o', the least value of which number say i, as far as I am 
able at present to see, can only be determined by putting each quantic of an order 
inferior to i successively upon its trial, a work of exceedingly great labor to 
undertake. 
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I use J to signify the lowest odd power of x in the development of the g. fl 
to perpetuants of the 7th degree aifected with a positive coefficient, reserving u 
to signify the lowest power (whether odd or even) so affected. Until further 
investigation we cannot say whether u is equal to or less than u', but we know 
that no absolutely irreducible subinvariant of the 7th degree can appertain to a 

quantic of an order lower than ^ , a number whose exa!ct value we shall 

eventually succeed in ascertaining with the aid of a partition formula obtained 
by the method which will form the subject of the annexed '* excursus." 

Inasmuch as the theor}^ is precisely the same for fractions in general as for 
those which correspond to denumerants (the name I give to the number of 
solutions in integers of one or more linear equations). I shall show how to find 
the general term in the development of any rational fraction, limiting myself 
however, for the present, to the theory of rational functions of a single variable, 
which covers the case with which alone we are here concerned, of denumerants 
of a single linear equation, or which is the same thing, the problem of exhibiting 
the number of modes of composing a general number n with given smaller 
nmnbers as an algebraico-exponeutial function of n. 

When analysis is sufficiently advanced to admit of a perfectly methodical 
distribution of its subject-matter, the theorem for the expansion of rational 
functions, about to be given, will, it seems to me, take its place immediately after 
Newton's binomial theorem, as the ijecond leading theorem of Algebra ; my 
method of partitions (as stated and applied in Tortolini's Ann. Yol. 8, 1856, and 
in the Quarterly Mathematical Journal, 1855, Vol. 1, p. 141, to neither of which 
I have at present means of access, but the latter of which is referred to by 
Prof. Cay ley in the Ph. Tr. for 1880, footnote p. 47) virtually amounted to an 
enunciation of the theorem for the case of the reciprocal of a rational integral 
function all of whose roots are roots of unity, under such a form as almost of 
necessity to lead to the supposition of its remaining true {muL mut) in the 
general case ; the actual averment of the generalization was, I believe, first made 
by Prof. Cay ley.* 

* On Beoond thoughtp, and after more deliberate reflection, it occurs to me that I may have OTenteled 
in the text above the importance of the general theorem viewed as a theorem cen sieh ; and that it is 
onlj from its special application to rational fractions whose infinity -roots are ail of them roots of unity, 
that it derivee its claim to be regarded as a cardinal theorem in Algebra. 
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Excursus. 

On Rational Fractions and Partitions. 

The method of finding the general term in the development of a rational 
fraction of a single variable in a series of ascending powers of the same may be 
regarded as a corollary to the following lemma, the proof of which is an instan- 
taneous consequence of the fact that the coeflficient of — , or to use Cauchy's 

word, the residue of y^ — -^ developed in ascending powers of x when i is any 

positive integer is always — 1 : that this is so will be seen at once from the fact 

that the eflfect of changing i into t + 1 in the above fraction is to increase it by 

^ . 1 

T- ^,^ . , y i. e. by the differential derivative of -rjz ztt whose residue is 

(1 — e*/+i -^ t(l — ^y 

obviously zero, so that the residue of -jz —^ will be unaffected by continually 

decreasing i by a imit until it becomes unity; and obviously therefore the residue 
in question is always — 1 . 

The lemma may be stated as follows : 

The constant term in any proper algebraical fraction developed in ascending 
powers of its variable is th^ same as the residue with its sign changed of the sum of 
the frojctions obtained by substituting in the given fraction in lieu of the variable its 
exponential multiplied in succession by each of its values {zero excepted, if there be 
such) which makes the given fractions infinite. 

Any value of a variable which makes a function infinite may conveniently 
be called an infinity root, and if it is not zero, a finite-infinity root. So too, a 
factor whose vanishing makes a function vanish may be termed an infinity factor. 

Suppose Fx is a proper Algebraical fraction, then we may write 

(a^ — xf or 

where X = l,2,...; ju=l,2,...y and of course any of the coefficients in 
either sum may be made zero, and then (using in general here and hereafter co^ 
to signify the coefficient of a;" in an ascending expansion of the function with 
which it is in regimen) we have 

co_i2i^(a^e*) [where i/= 1 , 2, . . . .y] 
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= co.i222,— ^^^^, + co_i22 ^' 



which proves the lemma. 

Hence the coefficient of x" in a rational function /r, which is the same 

^Oq—wHI be — co_i2(r~'*c""'/^^) ^'^ co_i2(r""^'"'/(^^~'))» [r meaning each 

fx 
finite-infinity root of fx taken in turn], provided only that ^- is a proper 

algebraical function, i. e, provided that n is greater than the degree of /(x). 

As for instance, if the degree of the fraction is zero, the theorem will not 
give the constant, but will give every coefficient of positive powers in the 
ascending expansion of fx, and if it is negative, the theorem will give all but 
the coefficients of negative powers. 

This theorem, as observed by Prof. Cayley, Phil. Trrms. 1856, p. 139, may 
be obtained **from the known theorem," that if fx be resolved* into simple 
partial fractions, the sum of those which have any power of a — x in their 
denominator will be the residue of 

/(g + c) ♦ 

X — a — ^ 

Prof. Cayley quotes as **a theorem of Cauchy's and Jacobi's, that the 

coefficient of - in ^z= coefficient of - in ^'tF'^ty 

4 t 

This is obviously not true in general, for we might take Fz^=^ — and 

z 

^(= a + t or f and the alleged equality would not exist. It is, however, true 
whenever '^t is of the form af + if* + etc., as may be proved instantaneously by 

supposing Fz resolved into partial fractions, and making z = i///, so that JdzDs 
= / dt'^'tF'^t, and observing that if the expansion oi'^'tF'^t contains -- > that of 

dzFz must contain — » since otherwise when this integral is expressed as a 

function of f, it would not contain (as it is bound to do) the term h log t The 
theorem so limited is sufficient for the purpose in view, since on writing in 

*In his Cours d-Algibre^ Edition 1877, Vol. 1. pp. 497-499. M. Serret obtainB the same reBult under 
the form of the value (for Czi zero) of — —~A ( ^ I _ ^ I . where m is the d^^ree to which 

(x — a) rises in the denominator of fx. 



f 
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place of ^, — d(l — e"*) we see that the residue of ^ j is the same as the 

^ ^ ^ ^ X — a — ^ 

residue of j^ =rT' ^^^ consequently the coefficient of af* in so far as it 

(A ~^ OA OS) 

depends on the infinity root a, will be the residue of (a""'*e'**)/(a6'"*) as has been 
shown above to be the case. It may, possibly, be thought somewhat surprising 
that those familiar with the known theorem referred to and the general prin- 
ciple of transformation of residues should not have recognized, previous to 
the divulgation of my theorem, that the two things put together were competent 
to give a complete solution of the much ventilated problem of simple denumer- 
ation. But, perhaps, even supposing the mental conjunction of the two facts to 
have taken place, there would still have been needed an act of imagination (such 
as Kant justly remarks is at the bottom of every advance in geometry, where in 
reality the proof lies in the construction*) to have led to the choice of the 
particular transformation employed in this case, and to have entailed the conse- 
quences that are implied in it.f 

In applying this theorem to finding the value of the denumerant to the 

equation ox + fey + . . . + Z< = n, which I denote by — r r- and is the same 

CLy Oy • • • C) 

thing as the coefficient of x"" in the expansion of the rational fraction 

_^ 1 

(1— a^)(l — a:^)...(l — a?') 

or more generally to finding the value of the denumerant 

n 



Olf ^> • • • ^ay Oiy 6j, . • • bpy ' • • lly li) • • » Ixy 

(where each letter has a fixed value independent of its subindex), i. e. the 
coefficient of x^ in the development of ' — ^ —z -r , say Fx , the 

(1 — ^)*(1 — ar/.,.(l — X) 

first thing to be done is to determine and arrange in convenient groups the 
infinity roots of these functions. To effect this we have only to write down all 
the divisors of the set of numbers a, fe, ....?, i. e. all the integers which divide 
one or more of those numbers, say ^i , 5s , . . . 5^ . These divisors necessarily 

* Take as an example the theorem that the sum of the three angles of a triangle is equal to right- 
angles : as soon as by a stroke of the imagination a line is conceived as drawn from one angle parallel 
to the opposite side, the truth of the proposition becomes virtually self-evident. 

t Thus ex ffr, the supposed investigator might have chosen to write sin t or log (1 + ^) in lieu of 
1 — e~* and the theorem thereby obtained would have been perfectly valid, but of little if any use, and 
the great bulk of transformations would certainly be of no use whatever ; indeed, it is safe to say that 
the substitution practised, viz. that of 1 ~ e^ [A being taken at will] is the only one that would lead to 
a practical solution of the question. 
Voi* V. 
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include the indices a, by ... I and unity , which latter we may suppose to 
be 8i. 

Giving then i every value from 1 to ju , the primitive h\^ roots of imity will 
obviously be the infinity roots required, and we may separate the required 
function of n into (i distinct portions or waves, as I term them, where supposing 
Vi, v^y . . . r*^**^ [4> (S<) being the totient of S<, i. e. the number of integers less than 
Si and prime to it] to be the primitive 5{^ roots of imity, the i^^ period or wave, 
say Wi will be equal to the residue of 2r~'*e**jP(r^e"') [g' = l, 2, . . ., (4>S<)]. 

Since every primitive root r^ is either equal to or is inated with its 
reciprocal, the above expression may be replaced by the somewhat more conve- 
nient one 2(rJe***)jP(r^e')"^ 

This again admits of a very important transformation, viz. we may write 

r = n + -^ (aa + fib+ . . . + JlZ) and then 



{r[e^ — r7^e~^j 

(where P is used to signify that the product is to be taken of terms of like form 
to the one which is in regimen with it). 

From this it follows that every wave TFi expressed as a function of v , when 
V is changed into — r, becomes ( — )*+^+ ..+a-i]j^^^ ^^ retains its value abso- 
lutely or else merely changes its algebraic sign. To prove this it mav be 
observed that whatever the index of the wave the above sum may be replaced 
by 

2 yP{fle^ — r-^e^Y P{r 

This is a consequence of r being either identical with — as is the case for Wi 

and W^ , or else being mated with it as belonging to the same group of primitive 
roots of imity. 

Hence r^ may be changed into r~\ and the expression to be residuated will 
imdergo no change. 

Again if ^ is changed into — t, the residue changes its sign, and finally if r^, ^, 
and V are simultaneously changed into r^\ ^"^, — v the expression to be 
residuated remains unaltered, except that it takes up ^ factor ( — )^. Conse- 
quently the effect of changing v into — y, leaving everything else unaltered, 
will be to introduce the &ctor ( — )^""^ ; and this being true of every portion of 



'-« e« — rje '^y\ 
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an 

the value of — ^— ^ — j it follows that when that denumerant is expressed 

under the form Fvj where r = n + — 2aa, F{— r)=(— )~^+^*i^(v) . 

There is consequently an enormous advantage gained, as well as in the 
abbreviation of the calculations as in the conciseness of the result, by putting 
such a denumerant under the form of a function of the augmented argument v 
instead of the original argument n ; when so expressed I speak of the denumerant 
being in its canonical form. 

In future, for greater simplicity, I shall disuse the indices a, ;3 ... it being 
understood (unless the contrary is stated) that any of the indices a, 6, c ... in 

the denominator of the denumerant — i t- or in its generating function 

dy Of 0} • , mly 

may be made equal to one another. 



(1 — a^Xl — ^) •••(! — ^0 



It is perhaps not unworthy of notice that the denumerant — 7 ^^7 

CLy Of • • • f If 

be expressed as the residue of a double sum without knowing the divisors of 
the indices. For it is obvious that we may express it as the sum of an infinite 
number of waves whose indices take in all values from unity up to infinity 
(since all those whose indices are non-divisors will be equal to zero),* and conse- 
quently as the residue of a sum of quantities obtained by substituting for r in 
the expression ^"gv* 

Pyr^e* — r~^e~^) 
every primitive root of unity of every order up to the o^^ inclusive, where o is 
any number not less than the greatest of the quantities a, and therefore, if we 
please, equal to 2a, which saves the necessity of distinguishing the relative 
magnitudes of the several quantities a (o it should be noticed must not be taken 
infinity, because that would render the sum to be residuated infinite). Thus 

then we see that the denumerant — 7 j- is the residue of 

Cv. Of»»»fCf 



where k represents every distinct quantity expressible by a proper fraction 
whose denominator is equal to or less than Sa .f 

* By a process, so to say, of natural selection. 

t The number of terms in this sum will be the sum of the totients of all the numbers up to the limit, 
an empirical expression for which (if my memory is not in fault) has been recently investigated by Mr. 
Merrifield. 
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The result previously found concerning the relation of Fv to F — v in 
accordance with the observation due, I believe, to Jacobi, that if ^, 4^ be the 
coefficients of as'* [n positive or negative] in the ascending and descending 
expansions of a proper rational fraction, then 4^ = — <^ . For, in the particular 
fraction we are considering, it is obvious that calling the number of the factors 
(our former a + ^ + . i . + X) i and a.+ J + . .. + ? = «, we shall have 

i// ( — n — «) = ( — y^n. 
Therefore <^ ^ ( — )*~^4> ( — n — s) by Jacobi's observation. 

If thenr = n+ ^B.nd pn — Fv 80 ihs,tjp{—n— 8) = Ff—n— '^^ = F{— v) 

we shall have Fv =• ( — )*""^jP( — v) , as already shown. 

It is also a part of the same observation and shown in the same way that 
^, used in the same sense as above, is zero for all values of negative n between 
zero and the degree of the fraction {exclusive) ; hence F{-±:v) is zero for all values 

of v from to -^^ — 1 inclusive if s be even, and from -^ to -^ — 1 inclusive 

if s be odd.* 

This fact alone is sufficient to give exactly the number of homogeneous 
equations required to determine (to a numerical factor prfes) the algebraico- 
exponential form F{y) , i. e. the eflFectivef trivial zero values of F{v) are exactly 
equal in number to the number of terms which that form contains, as I will 
proceed to show. 

The number of the indices a, 6, c, . . . in which any divisor is contained 
may be termed its frequency in respect to those numbers, and it is a very simple 
arithmetical fact that if the totient of every divisor of a set of given numbers be 
multiplied by its frequency in respect to the set, the sum of the products so 
obtained will be equal to the sum of the given numbers. When the set reduces 
to a single term this theorem becomes the familiar one, that any number is equal 
to the sum of the totients of all its several divisors, and from this to the general 
case there is but a step, for we may suppose the set of numbers written out in a 
line, and under every one of them which contains a divisor y the totient of y to 
be written, and every value from 1 upwards as far as the highest number of the 

* In order not to break up the text, the footnote (which ought to come here) regarding the two state- 
ments above, as to the coefficient-functions of any proper fraction, is transferred to the last page of this 
Excursus. 

1 1 say effective because it wiU presently be seen that in a certain case one of the trivial zero values 
wiU be ineffective, i. e. will only lead to an identity and not to an equation between the coefficients in 
question. 
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set to be given to j. The rectangle (partly filled with totients and partly vacant) 
so formed, read oflF in columns, will, by the preceding case, give the sum of the 
set of numbers, and read oflF in lines, the sum of the products of each divisor by 
its frequency. 

Let us now inquire into the number of the terms contained in the several 

waves. TTi , which always exists, will be the coefficient of — in ~ — ^ 

t P(eT — e-^) 

and therefore (always supposing the number of indices a to be i) will be the 
coefficient of t^"^ in the product of fl + r< + r* i-^ + . . . j into the ascending 

development of — ^-3 -r , and will therefore be a function of v consisting 

of multiples of v*~'\ r*""', . . . until a multiple of v or a constant is reached, and 

t + 1 
therefore containing JE — ^ terms, the first of which it may be well to notice 

(using Oi, O) . . . a« in lieu of a, 6, ... Z as the indices) will obviously always be 

n(» — i)<h» «2. . . . «! 

In like manner it will be obvious that for W^ the degree of v will be the 
frequency of 2 diminished by a unit, and the form of W^ will be ( — y into a 
polynomial function of v of that degree. 

Again, any other wave TFi of frequency /< will consist of a set of products 
of polynomial functions of v of the degree /< — 1 each multiplied by a sum of 
exponential quantities consisting of pairs of the form c2(p*'"*"* + p"""*) or 
c2(p''"*'* — p"""*) according as i — /< is even or odd, where 8 will be half the 

number of primitive i*^ roote of unity, say ~^» where the numerator is the 

totient of i. 

* The highest power of v in any other wave (which is its frequency diminished by unity) will in 
general he less than t — 1 , and consequently the sign of the terms in the development of any rational 
fraction beyond a certain point must be unvarying, and the development from that point omni-positive 
or omni-negative, according as the numerator, on substituting units for the variable, is positive or 
negative. The case of exception is when all the indices have a common numerant, say (^, for then the 
frequency of ((will be the same as of unity, and Wt be of the same degree as IFi in v , so that the reason ' 
for uniformity of sign (at a sufficient distance from the origin) no longer subsists. This is the proof 
referred to at p. 118, in .what precedes. 

It is worth while imprinting on the memory the rule that the asymptotic value of 

— n*-^ IS -r-s-5 7i — rr;^ ' 



Oj, as, . . . a,-, * (1. 8. 3 . . . (i — l))ai. a^. . .ai 

which ought, I imagine, to be susceptible of some simple proof or iUustration by the method of nodes or 
cross-gpratings, such as employed by Elisenstein to prove the law of reciprocity for quadratic residues, 
and by myself (Johns Hopkins Circulars, Nos. 13 and 14, pp. 179, 180, 209) to demonstrate the impossi- 
bility of the existence of trebly periodic functions. 
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Hence the total number of constants to \x determined in the alfebfaiea- 
exponential nincuon representing wi^ » E' - ;^— — -t — ^ — + 2 ^-^ 

! A — ^ O . ■* - ... 3C ■ , 

1*. Sut'i-ifse tha: i and r\ are no: toth eren. 

Then remembering that ^ + ^ -«-'^^ ^''^ — . . . = ^ • ^^ antecedent 

preaKon = iri — -?- 1 Y for when /:./i &:>? >3-ii '>ii :i>e two first temB on 
tbe >ft-L4E.d side r.f thif equation ex .ve-i :he »rres j*:-- iing oaes in the equation 



aioxe :: br — - — respe^nireiT. and E = ^ 1 will ei'»e-i - t-r imirr % 

/t — /j the r.uint«r of the cdd elements in the sum of all of them being eren, 
« 25 ever. . And if ri . /. ^re one '>ii and '.he o'i>rr eren. the risht a* well as the 

jefi-rard side of ea»ri eq-jaiion will be in'^rease-i ^- - f: r * will » now odd. 

?. Supj-L-se thai/^./'i are l<»:h even, then 

-** 3 -** o o ••• — T ^ ^ ••• 2* 

Hence 'ii-e nTixl^r of oons^an:^ to l«e determinr-i iyl^E—- ex«pt when f^. f^ 

are both even, in which case it is -^ - 

On the £r^ a^ipf^tstion the trivial ralue? K^i r whi..*h make F\y\ Mio are 



0. 1 . 2. ... — — 1 wh-en * is even, ani ^ • ^ - . . . ^ — 1 when # is odd. the 
ET=:r*?r of SQ'::n r^inz ± — in eitner o:ise, *na tn-ere wi_ » A — ; homo* 
ren^:':2s r-:::2iti:'ns for nniin^ the r^ticts <^^ E — -^1 iX>eS;ients. which i$ 

•1*1 the fexni snr r»:t?ition. L r\ when ri. r\ ^r^ *:•::':: eT^en. the nnulier of 



e trtTiiil -rtl:>t^ in q-j^e^d : n will t»e - . the ?;Ln:e as the num t«er of the coeC- 



ents. St: t-ni.* it nr<; s:zt:t inhere w:-u.i irr»ear t»: re :ne s"-r*rr:r: 
— ?^!i- h: ■•rT-r. is n:»t reallr the v^^ii^e — r^.^au^e the vil urr inribded to r will 

'1= :. FireTiientlj IT, IT, ':e-x-ni:n^ C'ii :Mn:ti:ns of 7. will Yaniah 

r = ^ mi everr rtlvT^r ^^Tr will ^V T^nisr. : :' r w">:n r ^'? it w2I oi>iis» 



ex!l::K.TrlT :f i ilr? :f trrnis of the f:ru: : j — ;~ ':*r-::i-ji5e :t hxroilKais r. 



:^T :t toi^- r.rn-er.t> :s evrn . ini s:'>i.v ,: in: — niij r 
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it follows that the sum of such pairs must be zero. Hence whatever the relation 
of the number of odd and the number of even elemente to the modulus 2, there 
will be just as many homogeneous equations as are required for determining the 
ratios of the coefficients in the form which expresses the denumerant. The 
absolute values of -the coefficients may be found by writing F(-^j = coefficient 
of a" in the generating function = 1 , or by virtue of the observation made 
above, that the leading coefficient in Wi for the elements Oi, a^, . . . Of is 




When the denumerant is regarded as a function of n and not of r, it is 
obvious h priori that being a particiUar integral of an equation in finite differ- , 
ences of the order e, its coefficients must be determinable in relative magnitude 
by the knowledge of (s — 1) values of the variable for which it vanishes, and 
this is almost but not quite sufficient in itself to establish the preceding result 
regarding the canonical form. 

I will illustrate this method presently by one or two easy examples, but 
previously it will, I think, be desirable to give greater precision and uniformity 
to the nomenclature of simple denumerants. 

If any such be denoted by — r t , (I have sometimes here or elsewhere 

referred to n as the numerator or denumerator or partible number, and to 
a,b, . . .1, variously as the denominators or as the indices or as the elements of 
the denumerant), in future I shall call n the componend, and a, h, ... I the 
components of the denumerant. 

A denumerant with a single component as — which I call an elementary 
denumerant, deserves special attention, for it will presently be seen that every 
given simple denumerant is expressible as a sum of powers of its componend 
multiplied respectively by linear functions of elementary denumerants whose 
several components are the divisors of the components of the given one. 

The elementary denumerant — being the number of solutions in positive 
integers of the equation aa; = n, is obviously 1 or according as n does or does 
not contain. But we may also regard — as an analytical function and deSne it 
as the mean of the p. values of p" where p is any root of the equation p" — 1^=0, 
and so construed it will preserve a meaning even when n is taken a aegative 
integer, and will mean 1 or 0, provided that n be an integer of either kind, 
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according as it does or does not contain d without a remainder. It is in this 

extended sense that — or — will be employed in what follows. 
a, a, ^ '' 

Supposing r to be a primitive i"" root of unity, TTj will consist of a sum of 
powers of v each multiplied by the sum of quantities of the form cj^"^* (where 
for the moment for greater clearness of elucidation I purposely retain n inst-ead 
of using its augmentative v). On giving n all values from — ito — 5+i— rl 
inclusive, this sum will take t successive values to be determined from the 
equation containing the primitive roots, say e^, ei, , . . e(_i, so that its general 
value will be expressible under the form 

„ + a n + 3-J ^ n + J— i+i 
=0 —i r Ci '■ T • • • "T Ci—i -^ 

We may then replace n by v — -^ , and on so doing and further replacing 

(where requisite) any numerator by its residue in respect to i, shall obtain a 

sum of the form 

.. 1 I, i + i 

- • ■ + »7i-i . ■ ■■ when 8 is even, 

-+...+ yii-i ''~!"*"^ if « is odd. 

On this being done, remembering the extension given to the sense of an 
elementary denumerant and the theorem that the analytical value Fv of a 
denumerant is equal to ± F( — v), we see that in either case the above sums 
will be reducible to a sum of pairs of terms of the form ny T -ifc — ; — -1 
[the same + or — sign subsisting throughout the whole series for any specified 
power of v] but subject to the exception that when t is even, two of the paira 
will be replaced by single terms, midtiples of — t-^ and of -:- respectively, 
which become zero when the negative sign is the one to be employed.* 

Thus taking i=2, IF, takes the form {—)*Rv, i.e. "?- — ^"i"^- W^i it is 
scarcely necessary to repeat will contain no elementary denumerants, being 
purely an algebraical function of the resolvent TTj is such a function multiplied 

by ( — 1)". This multiplier is expressible under the form ( -^ ^ — J which is 

always a function of n that remains unchanged when n is changed into — n. But 

• The sign is jiositive or negative accordinR as ilie uumber ot the coiuponeats less tiie power of v in 
question is odd or eveu. and it is taiay alsu to aee that the sum of all the coefficients ot the elemeDbtiy 
denumarwita in the multiplier of each power of v will l>e ftlways uro. 
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when the two denumerants are expressed as functions of v the case is different; if 
s (the sum of the components) is an even number, the above pair of terms becomes 

( — ) i-^ o— J which is unaltered by the change of v into — v, but when s 

is odd it becomes ( — ) ^ f ^ j which changes its sign when v is changed 

into — r . 

Before quitting the subject of nomenclature I may just observe that it will 
be convenient to call denumerants, when their resolvents are the natural 
numbers commencing with unity, natural denumerants^ and when the natural 
numbers commencing with 2, curtate natural, or for greater brevity simply 
curtate denumerants, the highest number reached in either case being termed the 
order; Z)< and A^ may then be used to denote natural and curtate denumerants of 
the order i.* 

I now return to the application of the method of indeterminate coeflBcients 
to finding the value of denumerants whose components are given. This method is 
not practically applicable when the sum of the components is considerable, because 
that sum measures the number of linear equations to be solved. In the following 
section I shall work out in full, by the regular process, the case where the 
components are 2, 3, 4, 5, 6, 7, of which the result* is more especially required 
for the purposes of the preceding section, and which has not previously been 
calculated. The other algebraical formulae for denumerants in their canonical 
form I shall give without exhibiting the work; the accuracy of most of them 
can be ascertained by comparison with Prof. Cayley's values of the same, 
exhibited as functions of the unaugmented componend in the Phil. Trans, for 
1856 and 1858. 

Let us suppose 1 , 2 , 3 to be the components, 

we may write ^ !" ^ = Av^ + B + (— ^ a+ 2(0"+' + p"-')!?, 

if Zy 6, 

where p» + p + 1 = , or more simply, Av^ +B+ (— )" G — D2f = . 

* It is curtate denumerants which are almost exclusively required in the applications to the theory 
of invariants. If necessary to bring into evidence the componend we may use the more explicit notation 

D, A to signify natural and curtate denumerants of the order t with the componend n. Thus we may 

n u — 1 n N N « — 1 

write A — A = A, and A — A-i = ^i . 

It may be as well to notice that for curtate, as well as for natural denumerants, the divisors of the 
components are the natural numbers from unity to the order of the denumerant inclusive, so that the 
number of the waves for either of these sort of denumerants is equal to the order. 

VOL.V. 
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alvari tJ«r 3:earci?t integer to — —,— 



B^it f/j Euler « theorem of reciprocity ^^ .^ is the numlier of wavs of 

rejolrhig n ii:to three or less than three i^ns, and consequently is the 

KtirLberr of wav* of resolving n into exactly three i^ins, this therefore is always 

the i/eaire«t ir-te^er to - — r as first observed I lelicve bv the late lamented Pro£ 

12 

DeKorganu 

Take a* a:-other case the components 1.2.3,4 which gives r = n + 5. 
We z::av write 

*f ^? '^f **T 

wi^re p*-rp-f-l = 0. 1^ + 1 = 0. Hence giving: the successive valnes 1,2,3,4, 
(ossilix'm^ ^ = , which would lead to = 0^ we obtain 

A + B— C—ZD — 4E=(i 

SA + 2B + 2C+ZD=0 

2'iA + ZB—SC-\-4E=0 

UA + AB + 4C—ZD = 




to Binary Quaniics of an Unlimited Order. 131 

Hence IIA + 65 + 6(7= 0, and 36A + 6fi — 2C= 0, 

consequently 2(7 + 94 = 25 + 154 = — 3Z) +164=0 
or 4=:6p £ = — 45p (7= — 27p i) = 32p E= — 27p. 

Finally making i' = 6 p{750 — 225 + 135 + 96 + 108) = 1, or p =g^. 

^''** lT27374; = i44'' 96*'-32U~~2rJ 

^9^3 3 /^ 8^4 4 >^ 

The principal coefficient is -rj^ or j=f o > ^"^ ^^ ought to be, according 

to the general rule, and this serves as a verification of the correctness of the 
whole work. 

It will be found convenient to append here, instead of reserving for the 
following section, the analytical expression for the first wave of a general 
denumerant, which stands out markedly from the rest, inasmuch as it can be 
expressed once for all as an algebraical function of the componend and compo- 
nents without any regard being had to the arithmetical form of the latter. 

Let (7(TiTj . . . Tj) , fi^(TiT, . . . Tj) or more briefly C/r H/t be understood to 
denote the perfectly well-known functions of Tj, t%, . . . Tj which represent the 
elementary symmetric function and the sum of the homogeneous products of 
the ^'"' order of those quantities of which t, represents the sum of the g"' 
powers, so that ex gr. G^r , H^r will serve to denote ■ ' '' > '"T * respect- 
ively, upon which supposition we may write 

«"'+-s + "'3+ ■= 1 +r,< + ^i5.C+ . . . +B,T('+. . . 

Also let it be observed preliminarily that as a direct inference from Macclaurln's 
theorem, if ^ represent any function of x but does not contain v, 

C0je"+*= C0je*+ co,_ie*i' + C0j_jC*z-t + . . . 
Furthermore for greater brevity let us agree to express the W^ fori components 
Oi a, . . . a, under the form TTi^^ , and write it equal to — ^ where n, indicates 
the product of the J components. 

We may then write g« 

Now from the known expression for log sin 6, we may write 

log ie^-e'**) = loge + /3,6»- /3,9*+ . . . ± /3,e^+ . . . 
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where 5-= --- • *'"'* . 



»* 



Hence 1^ = co^«i<f'*~*^* *-*-*'» 4 ""-'» «^-- 

where 2t^ = ^^^ <7i, and the latter factor indicates the sum of the 2^*^ powers 
of the components. 

Hence writing jc* = ^ we have T^ = co^_i^'"'-'"^'* « ~'^» * ' * " 

and consequently making 7= — ^Z + t, ^^ — Tj - . . . 

— " - — //- ' 4- 77- ' - 

Il'J— Ij Ilt^ -3/ IIj— tJ 

the series ending with v or with a constant according as jT is even or odd. 
Thus F, = 1- , 












24 

r,= — — J3i(r) '- + JJ,(T)r. and so on, 

each F being an integral with respect to r of the one which precedes it 

Substituting for each t its value in terms of the Bemouillian numbers ^and 
the as, and giving the former their arithmetical values we shall obtain 

r, = r. 

T- — '* — fl. 
*~ 6 24*' 



r = — — — r» -I- ^ *^ J_ _^^ 
'24 48 "^U 152 """2880/' 



* 120 144 ^ Ulo2 ^ 2881V ' 

^ 720 576* ^V2304^5160/ V82y44 ^ 103680 181440/' 

Ti =: / rfv F, and so on. 
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Such are the expressions for V best adapted for actual use, since it is 

V 
desirable to express W^j, i.e. explicitly in terms of powers of v] 

Ci\ • (I2 • • • • dj 

but there is another somewhat noteworthy form which can be given to the V 
with an even subindex as follows : 
It is obvious that 

^2» = co_i -^ -—^_ ^^— -' = co_i 



for the neglected part of the numerator will contribute nothing to the residue.* 
We may now calculate the logarithm of the entire quantity to be residuated 
instead of merely the denominator, and take the residue of its exponential r ; 
on so doing it will be obvious on reflection that we shall obtain the product of v 
into a quantity of the very same form as the constant term in V^jt^.^ when 
instead of a^g in the value of r^ we substitute — (2n)^* + a^^ . If then we write 

2U; = ^^=^((2n)^ — (T2y)itiseasy to see that we shall have V^j, = vCj,^^{U). 
Thus ex gr. suppose 2^ = 6 , we may write F, under the form 



( 1152 2880 ) 



to verify which it will be observed that 



16 16 1 1 1,8 

= r-;r- aud -— T^S = 



1152 2880 72 180 120 1152 144 

SO that 

^» = 1^ - 1& "' + (1^2 + 2S0) '^ ' ^' previously found. 

Before having done with this outline it may be well to call attention to the 
circumstance that the distribution of the infinity-roots into groups determined 
by the divisors of the components is not in all cases the best mode of grouping 
to adopt. 

Thus suppose that the components (a^ , rtg > • • • «i) ^^^ ^U prime relatively to 
each other, it will in such case be most expeditious, after taking out the algebra- 

« 

* For Vik the effective numerator of the residuand is a sine form, and may be subjected to the same 
treatment as its feUows in the denominator. The case is different with Fs»-.i , for which the effective 

numerator of the residuand is a cosine form. But we may write Fa»_i z= ^- Fi* = Gt-i U+v6Ck-\ U. 

av 

and if we turn to account the fact that in Ca-.i U along with (2v)% (2i')^ . . . {2vY . . . are associated 
— «9, — S4, . . . — «!,... and choose to write — v^-^ — = A« , it will be found that the above expression 
may be transformed so as to give the symbolical equation (more curious perhaps than useful) 

F... = (i±A)U-. Cr, whereas « previouBly found r„ = VG-. ir. 
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ical part TTj, to separate what remains into i portions, referring respectively to 
all the non-unity a\^ , /^/^^, . . . a^^ roots of unity.'*' 

This view enables us to give a concise answer to a question of some interest, 
viz. as to what is the number of solutions of the inequality ciiXi + a,x, + . . . 
+ aiXi<iu{iiin^ . . . tfj), say uti^, where a is any positive integer and the coeffi- 
cients are relatively prime each to each. 

Certainly this nujnber is no other than the denumerant :; '-^ 

1> flu oj* • • • «< 

which might be calculated by the general formula, but would give a result 
neither concise nor elegant ; we may on the other hand regard it as a sum of 






denuraerants, say 2 — - ' , where h takes all values from to 071^ — 1. 

cTj, a., . . . «/ 

Now each such denumerant will consist of a purely algebraical and a purely 
periodical part, and it is very easy to see according to the view just indicated 
that the sum of all the latter will be zero. Hence the number required will be 

vo ^1 

"I 

I may illustrate this by the very simplest imaginable case, where there are 
but two components p, q and the number required is that of the solutions in 
integers of the inequality px + Qlf^M where p and q are relative primes. 

Calling 2>2= w, the rule laid down will give for the number sought 



V 



P + Q 



n--l^+ t- —PQ—P — 9—^ 



n n ^ 

This result admits of a somewhat piquant verification. The number of 
integers less than i)q and containing neither p nor q is {p — V)[q — 1), and if 
every two of these which are supplementar}' to one another (I mean whose sum 
\b ptq) be made into a pair, it is an easily demonstrable, but by no means an 
unimportant fact, that one of the pair will be a compound and the other a 
non-compound of p and q. Hence the total number of non-compounds is 

— ^^ -1 and therefore the total number of solutions of px + (I!/<C.pq will 

be the remainder when the above is subtracted from pq, i. e. ™ '"^"' ^ » 

as previously determined. 

I will embrace this opportunity of noticing a correction that should be 
made to the long footnote in Section 3 given in the preceding number of the 
Journal. 

* This is tantamount to blending into one all the waves corresponding to the non-unity divisors of 
each component 
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In lieu of the words in the last paragraph of that note following the word 
products, line 3 and preceding the word stt, line 8, read as follows : 

Of the form If Q'l^ S* T* sucJi that no one of than coidd he {a i^otcer of o^ie or) 
a product of powers of any of the otlicrs. If then it could l}e sJiO^cn that there exists 
in the succession a set of quintuplets x, y, z, t, u, such that tJie quotient sj/stan of 
every other quintuptei in the succession is intermediate to the quotient system of that 

It may also be as well to notice here that tlie method of expressing in tcrniS 
of ordinary space the intermediateness of a quadruplet, a triplet or a couplet, to 
four, three or two other such respective multiplets, may be profitably simplified 
by the use of quadriplanar, trilinear and bi-punctual cooixlinates, in flat spaces of 
three, two and one dimension respectively; for we may then without having 
recourse to quotient-systems regard each element of the multiplet as a coordi- 
nate of its representative point, inasmuch as the affection concerned being one 
relative exclusively to the inwardness or outwardness of a point in regard to a 
closed environment, obviously remains unchanged by projection. 

What follows is the footnote referred to at foot of page 124 whei^e it was meant 
to be inserted. 

Each of the two Btatements regarding the coefficient-functions becomes next to self-evident when 
^he coefficient of a:" in the reciprocal of (1 — ax)(lr-px) ... (1 — >x) is put under the form of a sum of 

terms similar to o*-r(l — t)(i — ■^^•••(^ — «■) ii^terpreted (when necessary) as meaning the 

function of (n ; a ,/?... A) indefinitely near to the value of what such sum . becomes when any equal 
elements are made to undergo arbitrary infinitesimal variations. Jacobins proof of the theorem, I 
rather think, is got by proving it directly for each of the simple partial fractions into which any 
given proper fraction may be supposed to have been resolved. 

A third method is to form the equation between u*, u»-i, . . . u.-»>/.i, and between V-«, V-«-i, 
. . .v^n-j-i[un being the general coefficient in the ascending and v-« in the descending development 
of l-7-jR(x)]; the two equations become identical on changing u and n into v and — n, andj — 1 
homogeneous equations which help to determine the constants will be the same in both, vis. those got 
by making n=: — 1, — 2,... — (j — 1) , consequently the two particular integrals u,, v, can differ only 
by a factor independent of n ; if we write then Un:v»::P:Q and call the first and last coefficient in the 
denominator A and L . and pay attention to the fact that u. , v. can only become infinite when A , L 
vanish, and also to the indifference of the relation of R regarded as a quantio in x and 1 to the two 
sorts of development, it is plain to see that PiQiiA'^'.ztL'^^ but tlie a? - weight of u« is n and of V-» 
is — n ; hence /^ =: and Un : i;« is independent, not only of n but of the coefficients in R , and to deter- 
mine its value we may make Rz^x^"^ — x\ which gives at once tt,=: — v, . This being true for all 
values of n , it is obvious that the relation will continue to subsist, when instead of unity any polynomial 
function of x of lower degree than that of the denominator (see below) is taken for the numerator. 

Moreover, if the degree of the numerator bej— (^, u, and v^ will be seen (from what goes before) 
to vanish for every value of q common to the series — 1, — 2,... — (j — 1):0, — 1,... — (/— 2) : 
• • • *-(i — ^ — 1), (j — <^ — 2), . . .--(<J — 1), viz. for the values — 1 , — 2, . . . — (<J — 1) or in other words 
either coefficient-function of the index of any power of the variable which appears neither in the 
ascending nor the descending development of a rational fraction is equal to aero. 
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Unless the fraction is a proper one u^ and v» (the coefficient-functions) will not be continuous 
functions of n throughout ; hence arises the necessity of this limitation in dealing with the generalized 

equation w,. =: — 1?» . Thus ex gr, for the improper fraction . _ , Uo and Vm are 1 and 2 , but for any 

positive or negative value of n other than , m« and Vn will be 3n— 1 and — (3w — 1) respectively. It 
may be added that the theorem will continue to subsist even for an improper fraction, provided that on 
freeing its numerator from a power of the variable, it becomes a proper one, for then the coefficient- 
functions remain continuous throughout. 

This last proof, although more labored than the preceding ones, seems to me the best because it goes 
straight to the heart of the question and does not depend on any apparently accidental results of calcu- 
lation, but (so to say) compares the two twin functions in their nascent state, in the very act of birth. 

The relation of the two coefficient-functions to one another and to the two general terms in the 
actual expansions becomes more clear if we use in , ^n to denote the two former, reserving ti» , Vn for 
the two latter. Then besides the equation <rn + Vti = which is absolute, we have the equations u^ = ^n , 
v^-=L-4n^ limited as follows. Call A the deficiency of the numerator of the generating proper fraction, 
i. e. the number of units that it stops short of its maximum possible value : then the first of these two 
equations holds good for all values of n not less than — A , the latter for all values of n not greater than 
— 1 ; if A is not zero, i. e. if the degi'ee of the numerator is not the integer next below that of the 
denominator, these two ranges will overlap for the values — 1, — 2,..., — Aofn, and for those values 
^ zz w« zz , Vn zz t?« zz . In the use made of these theorems in the text, the numerator is a mere 
constant, so that A has its maximum value, namely it is one unit less than the sum of the components 
(that sum being the degree of the generating function to a denumerant). 

The general theorem may be brought into more distinct relief as follows : A finite fraction may be 
conceived as containing auy number of powers of x positive or negative in numerator and denominator, 
and its two developments may be supposed to touch or be separate or to intersect one another. In the 
last case two coefficient-functions ^ , — ^n exist applicable to all terms outside but inapplicable to any 
term inside the overlap. In the second case such functions exist which (besides being applicable, as in 
the case of contact, to all terms belonging to either of the two developments) vanish for all values of n 
in the chasm which separates them. 



A Memoir on the Abelian and Theta Functions, 

By Professor Cayley, Gambridge, England. 



The present memoir is based upon Clebsch and Gordan's " Theorie der 
Ahelscken Functionen^^^ Leipzig, 1866 (here cited as C. and G.); the employment 
of differential rather than of integral equations is a novelty ; but the chief 
addition to the theory consists in the determination which I have made for the 
cubic curve, and also (but not as yet in a perfect form) for the quartic curve, of 
the differential expression dli^^ (or as I write it dVLi^) in the integral of the 

third kind / dli^^ in the final normal form (endliche Normalform) for which 

we have (p. 117) / dn«^= / cZn^,, the limits and parametric points inter- 
changeable. The want of this determination presented itself to me as a lacuna 
in the theory during the course of lectures on the subject which I had the 
pleasure of giving at the Johns Hopkins University, Baltimore, U. S. A., in the 
months January to June, 1882, and I succeeded in effecting it for the cubic 
curve, but it was not until shortly after my return to England that I was able 
partially to effect the like determination in the far more diflBcult case of the 
quartic curve. The memoir contains, with additional developments, a repro- 
duction of the course of lectures just referred to. I have endeavored to simplify 
as much as possible the notations and demonstrations of Clebsch and Gordan's 
admirable treatise ; to bring some of the geometrical results into greater 
prominence ; and to illustrate the theory by examples in regard to the cubic, 
the nodal quartic, and the general quartic curves respectively. The present 
three chapters are : I, AbePs Theorem ; II, Proof of Abel's Theorem ; III, The 
Major Function. The paragraphs of the whole memoir will be numbered con- 
tinuously. 

Vot.V. 
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Chapter I. Abel's Theobem. 
The Differential Pure and Affected Theorems. Art. Nos. 1 to 5. 

1. We have a fixed curve and a variable curve, and the dififerential pure 
theorem consists in a set of linear relations between the displacements of the 
intersections of the two curves ; in the affected theorem a linear function of the 
displacements is equated to another differential expression. I state the two 
theorems, giving afterwards.the necessary explanations. 

The pure theorem is 

The affected theorem is 

012 fi fa 

2. We have a fixed curve /= 0, or say the curve /, or simply the fixed 
curve, of the order n\ with h dps, and therefore of the deficiency \{n — \){n — 2) 
— J , = i> . The expression the dps means always the h dps of /. 

And we have a variable ciu-ve ^ = , or say the curve ^ , or simply the 
variable curve, of the order m , passing through the dps and besides meeting the 
fixed curve in mn — 25 variable points. 

Moreover, did is the displacement of the ciu'rent point 0, coordinates 
(aj, y,2;), on the fixed curve, viz. the equation /= gives 



dx dy "^ dz 

dx dy ^ dz ' 

and we thence have 

~T~ '~^~ '~^^^ y^ — zdyizdx — xdzixdy — ydx, 
so that we have three equal values each of which is put = cfc) , viz. we write 

ydz — zdy zdx — xdz xdy — ydx , 

dx dy dz 

and da as thus defined is the displacement. 

* For comparison with C. and G. observe that in the equation, p. 47, F=: log "^^l ^^1 , = log '^~ 
suppose, their V belongs to the upper limit and corresponds to my <p : the equation gives therefor© 
dV:=. — ^^-+^^1 agreeing with the formula in the text. 
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(x, y, z)*~"^= is the minor curve, viz. the general curve of the order 
n — 3, which passes through the dps;* and the function (x, y, zY"^ is the 
minor function. 

1 and 2 are fixed points on /, called the parametric points, coordinates 
(^i> Vii 2i) ai^d (xj, y,, Zjj) respectively ; and 012 denotes the determinant 

«, y, 2 

so that 012 = is the equation of Ihe line joining the points 1 and 2 : this line 
meets the fixed curve in n — 2 other points, called the residues of 1 , 2 . 

(a, y, z)5f*=0 is the major curve quoad the points 1 and 2; viz. this is 
the general curve of the order n — 2, passing through the dps and also through 
the residues of 1 , 2 . 

But further, the function (ar, y, z)^{'^ is the proper major function; viz. the 
implicit factor of the function is so determined that taking 0=1, the current 
point at 1 (that is writing (xj, yi, Zi) for (x, y, z)) the function (x, y, z)]^""* 

reduces itself to the polar function Yxg-^ — ^ y^~^ — ^ ^T~)*^^' afterwards written 
w.l*""^2, of/: this implies that taking 0=2, the current point at 2, the 
function reduces itself to the polar function w.l2'*""^ 

4>i is what ^ becomes on writing therein (xj , yi , z^ for (x , y , z): and 
similarly ^ is what 4> becomes on writing therein (xj, y2, Z2) ^^^ (x, y, 2). 

5 denotes differentiation in regard only to the coeflBcients of ^ ; viz. writing 
4>= (a, . . . Ja:, y, 2)"* we have 5<j!) = (cZa, . . . Jx, y, z)'^, and similarly 5^i and 
3^ = (da, . . . ][a:i, yi, Zj)"* and (da, . . . Ja'g, y^, z^)"* respectively. 

The sum 2 extends to all the variable intersections of the two curves. 

3. As to the meaning of the theorems, consider first the pure theorem. The 
variable intersections are not all of them arbitrary points on the fixed curve : 
a certain number of them taken at pleasure on the fixed curve will determine 
the remaining variable intersections ; and there are thus a certain number of 
integral relations between the coordinates of the variable intersections ; to each 
such integral relation there corresponds a linear relation between the displace- 
ments c?6) of these points, or say a displacement-relation. It is precisely these 
displacement-relations which are given by the theorem, viz. the equation 

2(x, y, z)*-^d6)=0 

*Thi6 definition implies that the number of dps is at most = \{n — l)(n — 2) — 1 , that is that the 
fixed curve is not unicursal. But see post No. 21. 
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breaks up into as many linear relations as there are constants in the function 
{xj y, zY"^ which equated to zero gives a curve of the order n — 3 passing 
through the dps ; for instance /i := 3 , 5=0, the equation gives the single 
relation 2^w = ; but /i = 4 , 5=0, the equation gives the three relations 
2x^6) = , Xydid = , Xzdoi = . 

4. It is of course important to show, and it will be shown, that the number 
of independent displacement-relations given by the theorem is equal to the 
number of independent integral relations between the variable intersections. 

5. Observe that the pure theorem gives all the displacement-relations 
between the variable intersections ; we are hereby led to see the nature of the 
affected theorem. Taking at pleasure on the fixed curve the sufficient number 
of variable intersections,, the coefficients of ^ are thereby determined in terms 
of the coordinates of the assumed variable intersections,* and hence the value 

of ^ + — - is given as a linear function of the corresponding displacements 

did] and, substituting this value, the affected theorem gives a linear relation 
between the displacements did of the several variable intersections. But any 
such linear relation must clearly be a mere linear combination of the displace- 
ment-relations 2 (a, y, zY~'^ d(d=0 given by the pure theorem. 

Examples of the Pvnre Theorem — The Fixed Curve a Cubic. Art. Nos. 6 to 12. 

6. The pure theorem is not applicable to the case n = 2 , the fixed curve a 
conic : it in fact gives no displacement-relation ; and this is as it should be, for 
the variable intersections are all of them arbitrary. 

The next case is n = 3 , 5 == , the fixed curve a cubic. For greater simpli- 
city the equation is taken in Cartesian coordinates. In general for such an 
equation, writing in the homogeneous formulae 2=1, we have 

, dx dy 

dy dx 

(the two values being of course equal in virtue of -p cfa; + -—^ c?y = 0) ; taking 

7/ 

the former value and considering -—- as expressed in terms of x, let this be called 

* The coefficients are determined, except it may be as to some constants which remain arbitrary, but 
which disappear from the difference — ?^ + ^ ; this wiU be explained further on in the text. 
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P (of course P is an irrational function of x) : then we have do = -p- ; and 

uXi 

similarly doi = -^ , etc. 

The fixed curve being then a cubic, let the variable curve be a line ; this 
meets the cubic in three points, say 1,2,3; and any two of these determine 
the line, and therefore the third point; there should therefore be one integral 
relation, and consequently one displacement-relation ; and this is what is given 
by the theorem, viz. we have Xdc^ = , that is rfwi + cZo), + dca^ = , or what is 
the same thing 

The corresponding integral equation is the equation which expresses that 
the points 1,2,3 are in a line, viz. considering yi, y^^ Vz as given functions of 
^li ^%i ^3 respectively, this is 



^11 yu 1 

^2) y^i 1- 

a?3i 2^3» 1 



= 0, 



or, in the notation already made use of for such a determinant, 123 =0. 

doc 

7. This equation d(^ + do^ + rfog = , where c?g) denotes -p- » has a peculiar 

interpretation when we consider the coefficients of the cubic as arbitrary con- 
stants, and therefore the cubic as a curve depending upon nine arbitrary con- 
stants.* In taking 1 a point on the curve we in effect determine y^ as a function 
of Xi and the nine constants ; and similarly in taking 2 a point on the curve we 
determine y, as a function of x^ and the nine constants ; the points 1 and 2 
determine the third intersection 3, and we have thus x^ determined as a function 
of Xi , ar, and the nine constants. 

Considering Xg as thus expressed, we have dx^ = -^ dxi + -y^ dx^ , an 

equation which must agree with d(^ + dcd^ + rfcjg = , that is with dx^ = 



n dxi =r- dx^ . It follows that we have — - -^ -,— = -^- , and taking the 

logarithms and differentiating with -z r- we find -7- -^ log I -T^"^-r^ ) = 0, 

^ dxi 0X2 ^ dxidx2 \dxi dx^/ 

a partial differential equation of the third order, independent of any particular 

* This theory was communicated by me to Section -^ of the British Association at the York meeting. 
See B. A. Report, 1881, pp. 584-535, ^^ A Partial Differential Equation connected with the Simplest Case 
of Abel's Theorem." 
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cubic curve, and satisfied by arj considered as a function of arj, jc^ and the nine 
constants. Observe that starting from the expression for x,, and proceeding to 
the differential coefficients of the third order, we have ten equations from which 
the nine constants can be eliminated, that is we ought to have a partial differential 
equation of the tliird order: and conversely that the equation for ar,, as con- 
taining nine arbitrarj^ constants, is a complete solution of the partial differen- 
tial equation : the complete solution of the partial differential equation in 
question is thus the equation which expresses that 3 is the remaining inter- 
section of the line through 1 and 2 with a cubic. 

8. The partial differential equation has a geometrical interpretation, or is at 
least very closely connected with a geometrical property. Consider three 
consecutive positions of the line, meeting the cubic in the points 1,2,3; 
1', 2', 3' and 1", 2", 3" respectively : the three lines constitute a cubic curve : 
the nine points are thus the intersections of two cubic curves, or say they are 
an ** ennead " of points : and any eight of the points thus determine uniquely 
the ninth point. 

9. As a particular example let the cubic be a:^+ if — 1=0; then y = ^i — x*, 

and c/(j=-, > = r*; and with these values we have as before the 

differential relation du^ + di^ + du^ = 0, and the integral relation 123 = 0. I 
give a direct verification. To find x^, y^ the coordinates of the third intersection, 
we may in the equation of the cubic write x^, y^, l=/jri + iix^, ^!/i'i' f^fftj 
X + fi respectively , and then writing for shortness 1*2 = a\x^ + yly^ — 1 , 
12* = XjacJ + yi^ — 1, we obtain for the determination o{ X, fi the equation 
?..P2 + ^.12* = 0. 

This being so, from the equation 123 = 0, we obtain by differentiation 

^\(f^i {!/i — !/z) — ^^i/i (^2 — ^z)l = Oy 
the sum consisting of three terms, the second and third of them being obtained 
from the one written down by the cyclical interchange of the numbers 1,2,3. 
But we have x\dxi + yidyi = 0, and the equation thus is 



* Writing/ = ar' -f IT — 1 we should have -J- = Sy-, and therefore do=. -^ ; but the y enters as a 
common factor in all the dc^^e, and it may clearly be disregarded: the value in the text, dw=i— ^ could 
of course be obtained by writing, as we may do. /= .. (ar + jr — 1) , and so in other cases. 
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this will reduce itself to 2 —j~ = , if only the three coeflBcients in { \ are equal, 
that is we ought to have 

y\ iVi — ys) + ^i {^ — ars) = 2/1 {Vs — Vi) + A (a^s — ^i) = lA {Vi — 2/2) + a| {x^ — x^ . 
Comparing for instance the first and second terms, the equation is 

— 2/3(2/1 + 2^) — 2^3(2:1 + xl) + (arfa-j + yiy^ + aricr| + 2/i2^)= 0, 
or as this may be written 

— (%i+ /^2/2)(2/i+ 2/2)— ('^i+/^a:,)(ai+ a^) + (>l + H'){^iX2+yi!/^+ x^4+ y^yi) =0, 
where the whole coeflBcient of-^ is — arf — yi + ^X2 + yiy^, which in fact is 
jcjar, + ^^2 — 1> = 1*2; and similarly the whole coefficient of [i is 12*; the 
equation is thus X.V2 + (1.12^=^ 0, which is right. The first and second coeflB- 
cients are thus equal, and in like manner the first and third coeflBcients are equal ; 

we have thus the required result, —^ H — 5- H — ~ = . 

3/1 3/1 3^ 
10. In all that follows, the cubic might be any cubic whatever, but to fix 

the ideas I take a particular form. 

Let the cubic be y^ — Jr=:0, X a cubic function (x, 1)^ or say even 

_ (jng uOC 

X=x.l — cc.l — A^x, then v=\/-3r, d6) = — » =--=; and with these values 

^ y s/X 

we have the diflferential relation rfoi + rfo^ + rfrog i= , and the integral relation 
123 = 0. This last equation is an integral of the diflferential equation 
c?6)i + ^^ + rf«8 = ; as not containing any arbitrary constant it is a particular 
integral. 

But regard one of the three points, say 3, as a fixed point, that is let the 
line pass through the fixed point 3 of the cubic, and besides meet it in the 
points 1 and 2. We write rfcog = , and the diflferential equation thus is 
rfoi + ^^8 = 0, while the integral equation is as before 123 = ; this equation, 
as containing one arbitrary constant, is the general integral of cfc)i + dii^ = . 

Let the variable curve be a conic ; say the intersections with the cubic are 
1,2,3,4^5,6. Any five of these points determine the conic, and therefore 
the sixth point ; there is thus one integral relation, the equation 123456 = 0, 
which expresses that the six points are in a conic, and there should therefore be 
one displacement-relation, viz. this is the equation Sc/o = , that is rfoi + rfo), 

We have thus 123 45 6 = 0, as a particular integral of c?g)i + c/axj + cZog + ^4 
+ e/oj + ^^6 = . If, however, we take 6 a fixed point on the cubic, then we 
have the same equation as the general integral of cfc)i + ^^i + ^% + ^^1 
+ e7a)5=0. 



144 Cayley : A Memoir on tlie Abelian and Theta Functions. 

But taking also 5 a fixed point of the cubic we have as an integral of 
d(di + c/ijg + d(^2 + ^^4 = , the foregoing equation 123456 = 0, which contains 
apparently two arbitrary constants ; and so if we also fix the point 4, or the 
points 4 and 3, we have for the differential equations dcji + do), + rf^s = , and 
eZcji + cZcjg =^ , integrals with apparently three arbitrary constants and four 
arbitrary constants respectively. 

11. The explanation is contained in the theory of Residuation on a cubic 
curve. Take the case dui + dio^ + du^ =: , with the integral 123456 = 0, con- 
taining apparently three arbitrary constants, viz. the relation between the 
variable points 1 , 2 , 3 , is here given by a construction depending on the three 
fixed points 4,5,6 on the cubic ; it is to be shown that two of these points can 
always be regarded as no-niatter-what* points. To see that this is so, take on 
the cubic any two no-matter-what points 4', 5', then according to the theory 
referred to, we can find on the cubic a determinate point 6' such that the points 
4', 5' and 6' establish between the variable points 1,2,3, the same relation 
which is established between them by means of the points 4, 5 and 6, viz. 
whether in order to determine the point 3 we draw a conic through 1 , 2 , 4,5 
and 6 , or a conic through 1 , 2 , 4', 5' and 6', we obtain as the remaining inter- 
section of the conic with the cubic one and the same point 3 . The construction 
of 6' is, through 4 , 5 and 6 draw a conic meeting the cubic in any three points 
1, 2, 3; through these points and 4', 5' draw a conic, the remaining inter- 
section of this with the cubic will be the required point 6', and the point 6 
thus obtained will be a determinate point, independent of the particular conic 
through 4, 5 and 6 used for the construction. Thus 4 and 5 are replaceable by 
the no-matter-what points 4' and 5', or what is the same thing, two of the 
points 4 , 6 and 6 may be regarded as no-matter- wjiat points, and the number 
of arbitrary constants is thus reduced to one. And so in other cases, all but one 
of the fixed points may be regarded as no-matter-what points, and the integral 
as containing in each case only one arbitrary constant. 

But conversely, it being known that the integral of the differential equation 
contains but one arbitrary constant, we can thence arrive at the theory of 
residuation. 

* The epithet explains, I think, itself ; the point may be any point at pleasure, but it is quite imma- 
terial what point, and for this reason it is not counted as an arbitrary point. The most simple instance 
is that of two constants presenting themselves in a combination such as c + c', either of them may be 
regarded as a no-matter-what constant. 
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12. We might go on to the case where the variable curve is a cubic ; there 
are here nine intersections ; any eight of these do not determine the variable 
cubic, but they do determine the ninth intersection ; and there is between the 
nine intersections one integral relation, and corresponding to it one displace- 
ment-relation 2c?a) = , that is rfoi + cZcog + . . . + cfcjg = , given by the pure 
theorem. But as to this see further on, where it is shown in general that the 
number of independent integral relations is equal to the number of independent 
displacement-relations given by the theorem. 

Example of the Affected TJieorem — Fixed Curve a Circle. Art. Nos. 13 and 14. 

13. The fixed curve is taken to be the circle ^ + if — 1 = 0, and the 
parametric points 1 and 2 to be the points (1 , 0) and (0 , 1) on this circle. The 
variable curve is taken to be a line, say the line ax + hy — 1^0, meeting the 
circle in the points 3 and 4, coordinates (xg, ij^ and (X4, ^4) respectively. 

Starting from the formula 

012 fi ^2 

where the summation extends to the points 3 and 4, (x, ?/, 1)% is here a con- 
stant, = 2.12, that is 2 {001X2 + yiy2 — 1)j which for the points 1, 2 in question 
is = — 2. We have 012 deijoting the determinant 

Xy 1/1 1 
1, 0, 1 
0, 1, 1 

, . , . , - , , dx . ^ 8(pi xda + ydb . da 

which IS = — X — 7/ + 1 ; and did =: -^r- • Also — ^— 1 = . ' — - > is = 

•^ ' 2y (fi a^-\-by — 1 a — 1 

and similarly —^ is = 7 • The formula thus is 

dx da db 



y(a; + y— 1) a— 1 6 — 1 

The coefficients a and h are determined by means of the points- 3 and 4 , 
that is they are functions of a-g , x^] and considering them as thus expressed, then 

(inasmuch as there is no linear relation between the displacements — and — - 

of the two arbitrary points 3 and 4 on the circle) the equation must become an 
identity in regard to the terms in docs and dx^ respectively. It only remains to 
verify that this is so. 

VOL.V. 
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14. Writing P, Q, R = — yz + yu ^z — ^a^ ^sl/i — ^il/s', also L^ and i^ 
= 3-3 + ^3 — 1 and 0-4 + ^4 — 1 respectively, we have a = P-r- E, b = Q-^M, 
and the equation is found to be 



ysU ■ y,L, {Q — K){R — P) 
where, substituting for dt/^y dy^ their values in terms of dx^, dy^y we have 

dPy dQy dR = — Xsdxs — - - x^dx^ , -- y^dx^ — — yidx^y 

Vi y* Vi y 

(•^32-4 + ^3^4) ^'-^3 — — (^33^4 + yzy^ dx^y 

and with these values, and by aid of the relations Q — Ry R — P,P — Q 
= 0-4X3 — 2-3X4, ^4X3 — ^3X4, — X3 + X4, the equation is found to be 

^1. -L !^-^*. = __^'«^^* ^^^^^ + y^y* — 1) . f /'-^s. I _^fi \ . 

ys is 3^4 i4 ( J*4 X3 — a-3 L^){y^ I^— yz L^) \yz U y^ LJ ' 
viz. this will be true if only 

X3X4 (0-3X4 + y^y^ — 1) — (-^4 A — ^3A)(y4 A — ^3 A) = , 
that is 

— ir4y4X^ — 0-3^3X5 + L^L^{x^x^ + y3//4 + 0-3^4 + ^4^3 — 1) = 0. 

But from the values of X3, X4 we have 2-4^4 = ^X5 + X4, ^3^3= J X| + X3, 

and the coeflScient of X3X4 is ^ X3X4 + X3 + X4; the equation is thus verified. 

The example would perhaps have been moi^e'mstructive if the points 1 and 
2 had been left arbitrary points on the circle, but the working out would have 
been more diflScult. 

Hie Variable Intersections of the Two Curves — Number of Independent 

Integral Relations. Art. Xos. 15 to 19. 

15. Suppose n = 3, ^=0 (^^^1), the fixed curve a cubic; and suppose 
successively tt? = 1, 2, 3, . . . the variable curve a line, conic, cubic, etc. 

If m = 1 , then two points on the cubic determine the line, and consequently 
the remaining intersection with the cubic ; hence there is one integral relation. 

If 7n = 2 , then five points on the cubic determine the conic, and conse- 
quently the remaining intersection with the cubic ; hence there is one integral 
relation. 

If Tw ^ 3 , then eight points on the fixed cubic do not determine the variable 
cubic, but they do determine the ninth intersection. For draw through the 
eight points a no-matter-what cubic ;^ =1 0, the general cubic through the eight 
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points is % + (^=0, and this meets the fixed cubic in the points % = 0, /=: 0, 
that is in the eight points and in one other point independent of the constant a 
and therefore completely determinate. Hence in this case also there is one 
integral relation. 

So if iw ^ 4 , then eleven points on the cubic do not determine the quartic, 
but they do determine the remaining intersection. For draw through the eleven 
points a no-matter- what quartic ;c = ^ » the general quartic through the eleven 
points is % + (a^ , y , 2) V= , and this meets the cubic in the points ;^ = , /= , 
that is in the eleven points and in one other point independent of the constants 
of the linear function (x, y, zf, and therefore completely determinate. Hence 
there is one integral relation. 

And so in general, the fixed curve being a cubic, then whatever be the 
order of the variable curve, there is always one integral relation. 

16. Suppose next w = 4 , 5=0(jp = 3), the fixed curve a general quartic; 
and as before suppose successively iw =: 1 , 2 , 3 , . . . the variable curve a line, 
conic, cubic, etc. 

If m = 1 , then two points on the quartic determine the line, and' therefore 
the remaining two intersections ; the number of integral relations is = 2. 

If m = 2 , then five points on the quartic determine the conic, and there- 
fore the remaining three intersections ; the number of integral relations is = 3 , 
and similarly if m = 3 , the number -of integral relations is = 3 . 

If m = 4 , then thirteen points on the fixed quartic do not determine the 
variable quartic, but they do determine the remaining three intersections. For 
draw through the thirteen points a no-matter-what quartic % = ; the general 
quartic through the thirteen points is ;^ + a/=0, and this meets the fixed 
quartic in the points % = , /= , that is in the thirteen points and in three 
other points, independent of a and thus completely determinate, and the number 
of integral relations is = ; and so in general for any higher value of m , the 
number is still = 3 . 

17. Suppose 7n = 5, 5 = 0(jp = 6), the fixed curve a general quintic, and 
as before tw = 1 , 2 , 3 . . . successively. 

If ?n = 1 , then two points on the quintic determine the line, and therefore 
the remaining three intersections; the number of integral relations is*= 3. 

If 771 = 2 , then five points on the quintic determine the conic, and there- 
fore the remaining five intersections; the number of integral relations is =5, 
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If iw = 3 , then 9 points on the quintic determine the cubic, and therefore 
the remaining six intersections; the number of integral relations is =6, and 
so if tn = 4; or if 171 = 5 or any greater number, in the first case directly, and 
in the other cases bj^ consideration of the quintic x + «/= 0, etc., we find that 
the number of integral relations is always = 6. 

18. The reasoning is scarcely altered in the case where the fixed curve has 
dps; thus considering the general case of a fixed curve /i, h^ p: 

If 771 = 1 , then 2 — h points on the fixed cune (this implies 3^2) deter- 
mine the line, and therefore the remaining n — 2h — (2 — i),=n — 2 — i 
intersections ; the number of integral relations is = n — 2 — h. 

If 771 = 2 , then 5 — h points on the fixed curve (this implies 5^5) deter- 
mine the conic, and therefore the remaining 2n — 25 — (5 — A), = 2/* — 5 — h 
intersections; the number of integral relations is ^2n — 5 — 5, and so for 
any value of m^n — 3 , and indeed for the values n — 2 and n — 1 ; here 
\m{7n + Z) — h points on the fixed curve (this implies 5 ]}> y wi (tw + 3)) determine 
the variable cur\'e, and therefore the remaining mn — 2h — (| m (m + 3) — 5), 
= mn — J 771 (771 + 3) — h intersections. Hence the number of integral re- 
lations is =77171 — Y 771 (771 + 3) — 3, that is, =/> — \{n — 771 — \){n — iti — 2). 
And thus in the cases 771 = ti — 2 and n — 1 the number is = j>. 

If 771 = 71, then Y 71 (71 + 3) — 1 — h points on the fixed curve do not 
determine the variable curve, but they do determine the remaining ri? — 25 
— (I w (ti + 3) — 1 — 5) , = J (71 — \){n — 2) — 5 , that is p intersections, and 
the number of integral relations is thus = p ; and so for any higher value of 
771 the number is still =^/>. 

19. The conclusion thus is 

771 ^ 71 — 3 number of integral relations =:^ — \{n — m — l)(7i — 771 — 2), 

77l = Or]>7l — 2 ** ** =i^- 

The integral equations spoken of throughout are of course independent 
relations. 

The Variable Intersections of tlie Two Curves. Number of Independent Displace^ 

ment Relations given by the Pure Theorem. Art. No. 20. 

20. The number of displacement-relations given by the pure theorem is = 
number of constants in minor function (x,y, 2)**""^ which equated to zero 
represents a curve through the dps, viz. this is always 

\{n-\){n-2)-h,=p. 
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But for 7n>w — 2, these relations are not independent. For instance, for 
n = 4, 5 = 0, 7n = l, the displacement-relations are 

. 2 (x, y , zydo = , that is Sarrfo) = , I^ydo = , Xzdii = , 
and conversely from these last equations we have 2(a:, y, 2)V(o= 0. But in 
this case the variable curve is a line ax + 6y + cz = ; hence writing {x , y , zY 
= aa + Jy + cz, the equation (a, y, 2)^= is satisfied for each of the intersec- 
tions of the line with the quartic, and the corresponding equation ^{x, y, zydo = 
is an identity. Hence the number of independent displacement-relations is 
3 — 1, =2. 

So for n = 5, 5 = 0, 7n = l, the displaceme^it-relations are 

^{Xf y, 2;)*rfa) = 0, that is 2(5c*, y*, z*, yz, zx, xy)dGi=: 0, 
and these six equations give conversely 2(ic, y, 2;)^d6)=0, and in particular 
they give 2a:(x, y, zydc}= 0, ^y{x, y, 2;yd!G) = 0, 2z(x, y, zyrfa) = 0. But if 
{x, y, zf denote ox + 6y + cz , then "as before we have (x , y , z)^ = , for each 
of the intersections of the two curves, and the last mentioned three equations 
are identities. The number of independent displacement-relations is thus 
6 — 3, =3. 

So for 71=5, 5=0, 7n = 2. Here if the variable curve is ^ =: (a, . .\x, y , zf 
= 0, then taking {x, y, zy=^ {a, . .jx, y, zf, the equation (x, y, 2)*=: is 
satisfied for each of the intersections of the two curves, and the corresponding 
equation 2(x, y, z)*c7a) = is an Tdentity; the number of independent displace- 
ment-relations is 6 — 1 , = 5 . 

The reasoning is the same when 5 is not := , and we see generally that 
for m <Cn — 2 , or say 

m^n — 3 , number of independent displacement-relations 

= p — y(n — m — l)(n — m — 2) ; 
while for w = or > n — 2, number is = ^ ; 

since in this case the relations given by the theorem are all of them independent. 
It thus appears a posteriori, that in every case the number of independent 
displacement-relations given by the pure theorem is equal to the number of 
independent integral relations. 

As to the dps of the Fixed Curve. Art. No. 21. 

I conclude with a general remark applicable to the whole of the three 
chapters. There is no necessity to attend to all or indeed to any of the dps of 
the fixed curve. Suppose that the fixed curve has 5 + 5' dps, where 5 , 5' may 
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be either of them or each = , but attend only to the h dps, the 5' dps being 
wholly disregarded, and accordingly let the expression the dps mean as before 
the h dps of the fixed curve. No alteration at all is required, only if 5' be not 
= , then p'= \{n — l){n — 2) — h will no longer be the deficiency. To 
obtain the best theorems we use all the 5 + 5' dps, but disregarding the H dps, 
we obtain theorems, as for a curve with h dps, which are true, and may 
frequently be useful either in their original form or with simplifications intro- 
duced therein by afterwards taking account of the hi dps. 



Chapter II. Proof of Abel's Theorem. 

Preparation. Art. Nos. 22 and 23. 

22. Starting from the equation <^ = (a, . . .{a;, y, 2)"*=0 of the variable 
curve, we have 



dx 
d{p 



dy 



dz 






= 0, 



dx dy ^ ' dz 

where h^ = (c?a , . . . Jx , ^ , z)"" . Let r denote an arbitrary linear function, 
= ax + 6y + C2J , multiply the two equations by ax + 6y + cz , = r , and 
— {adx + hdy + cdz) , = — d/t respectively, and add, we obtam 

+ {xdy-ydx)(a^-h^) + r^=Q; 
introducing du , this becomes 



L da; \ djz 



dy J dy 



dx 



or observing that a, b, c are the differential coeflScients 

in [] is e/(/, r, ^), or say J{<p,/, 't), and the equation is 

do>J{^ ,f,t)-{- rS^ = , 
where J{^,f, t) is the Jacobian, or functional determinant 

d(p d{p dip 



dz 
dy 



dz 
dz 



I the term 



dx 



dx 



dx 



dy 

dy 
dz 



dz 

it 

dz 



dz 



— — , 



1 — , 



dy dz 



d{x, y, z) ' 
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and we hence have 



cU.= -'^'^ 



23. The two theorems thus become 

012 • J{<pJ, t) f 1 f 2 ■ 

But further, if in the first equation we write r = z, and in the second equation 
we retain r, using it to denote the linear function 012, the equations become 

where in the first equation •7'(^, /) denotes the Jacobian 



d(p d<p 
dx dy 
df df 



d{x, y) ' 



dx dy 

In these equations the only differential symbol is the 8 affecting the coeffi- 
cients a, b, ... of ^, ^1, ^2? the equations are in respect to the coordinates 
{x, y, z) of the several variable intersections of the two curves, purely alge- 
braical equations, which are in fact given by Jacobins Fraction-theorem about to 
be explained. But for the further reduction of the affected theorem I interpose 
the next article. 

TTie Coordinates (p, c, r). Art. Nos. 24 to 26. 

24. The letter r has just been used to denote the determinant 012 : there is 
often occasion to consider three points 1,2,3 coordinates {xi , yi , Zi) , {x^ , 2/2 » ^2) > 
(^3» i/sf 2J3) respectively; and then writing p, cr, r to denote the determinants 
023, 031, 012 respectively, and A the determinant 123, we have identically 

Ax = Xip + x^c -{-x^r, 

♦ Az =Zif> +Z2a + z^r, 

which equations, regarding therein the point 0, coordinates {x^y^z), as a current 
point, are in fact equations for transformation from the coordinates {x, y, z) to 
the coordinates p, cr, r belonging to the triangle of reference 123. The points 
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1 and 2 have been already taken to be on the fixed curve, and it will be assumed 
that 3 is also a point on this curve. 

25. If the function /, which equated to zero gives the equation of the 
fixed curve, be transformed to the new coordinates (p, cr, r), the coeflBcients of 
the transformed function are polar functions, each divided by v**? viz. the 

coeflBcient of p** is — ^ 1**, which by reason that 1 is a point on the curve is = 

(and similarly the coeflBcients of a'* and of r'* are each = 0) , the coeflBcient of 

p^-i(r is = -\n.l"-^2; that of f-^t is = ^n.l~-^3; that of p^'V is 

:=i—^\n{n — 1) l'*~*2^; and so in other cases. I write this in the form 

/=i(l" = 0,...][p,a,r)"; 

or we might also use the symbolic form 

/=^(pl+a2+T3)». 

The terms independent of t contain, it is clear, the factor per , and separating 
these terms from the others, the equation may be written 

/=-p^p(T(n.p-i2, . . .tjp, (t)— * + &c.r. 

26. The equations r = 0, (. .flp? cr)"~*= 0, determine the residues of the 
points 1,2, and hence the major function (ic, y, i^)^~^ expressed in terms of 
p, (T, r, and writing therein r= 0, must reduce itself to (. .flp* ^Y~^ ii^to a 

constant factor which is at once found to be = — ^_2 ; for taking the current 

point at 1 we have (p, cr, t) = (A, 0, 0), and the corresponding value of the 

major function is thus — ^^ n.P~^2.A'*~*, =n.l"""^2, as it ought to be. We 

have thus 

(x, y,2)rr* = -^„_,(«.l"-'2, . . .tip, ar-' + Acr; 

and we hence see that for r = , 

an equation which will be useful. 

Tlie Preparation for the Affected Tlieorem Resumed. Art. No. ^7. 

27. In the aflfected theorem instead of (x, y, 2) we introduce the new 
coordinates (p , cr , t) . We have 
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where the first factor is = Jf { » say that this is J{^jf) the Jacobian in regard 

to p, (T, and the second factor is at once found to be = A^ We have con- 
sequently 1 1 

/(^,/,r)=J^7(^,/)' 

and the equation for the affected theorem becomes 

2 (.,y,.)l-=^ = -A> (-*!- + *), 
where (x, y , z)^""* is to be regarded as standing for its value in terms of (p, cr, r). 

JaoohVs Fraction Theorem. Art. Nos. 28 to 31. 

28. This is the extension of a well-known theorem, which, in a somewhat 
disguised form, may be thus written : viz. if U be any rational and integral 
function (a, 1)"*, then we have 

'=2 ' 



or introducing an arbitrary constant A by the equation AU= X, say this is 

^ /- l^_v 1 

dU' . 
where W is the same function (a/, 1)*^ of a/ that J7 is of cc : J{Tr),=z -— is the 

Jacobian of IT, and the summation extends to all roots a/ of the equation 
J7' = : obviously this is nothing else than the formula for the decomposition 

of jj into simple fractions. 

29. Take now U={x, y, 1)"", V={x, y, 1)~, functions of x, y of the 
degrees m and n respectively, and assume 

AU-\' BV= X, a function (x, 1)' 
CU+DV=Y, - {y,\y 

viz. let X= and F= be the equations obtained by elimination from Cr= 
and F= of the y and the x respectively. The forms are 

A =\x, y''-'\ l)'»«-'», B = (x, 2/'~-\ \y 
C= (x--^ y, 1)—-, D = {x^-\ y , \y 
where these equations denote the first of them that J. is a rational and integral 
function of the degree mn — mmx and y jointly, but only of the degree n — 1 
in y : and so for the other equations. It follows that 

AD — BG= (x*'*"\ y"*'*■"^ If^^-^-^, 

VOL.V. 






\mn — n 

I 



I 
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The theorem now is 

• 

AD—BC 



= 2 



XY ^x — a/.y—j/.J{U', F) 

where f7', F' are the same functions of (a/, j/) that CT, Fare of {x, y)] J(TJ\ F') 

diJJ^ F') 
is the Jacobian JL ^ ; and the summation extends to all the simultaneous 

"(^j y) 

roots a/, y of the equations Z7= 0, F= 0. 

30. For the proof, observe that AD — BG is a sum of terms of the form 
x^'^ where a and ^ are each of them at most =?wn — 1; hence X being of the 

degree mn we have -^ = a sum of fractions -j » where a/ is any root of 

X=0; and similarly ^ = a sum of fractions -.y where 'i/ is any root of 

F= ; multiplying the two expressions and taking the sum for the several 
terms >la;"?^ of AD — BG ^^ obtain a formula 

AD—BQ_ K 



XY X — af.y — j/ 

where the summation extends to aU the combinations t)f the mn values of xl 
with the mn values of y. But such a formula existing, the coefficients K may 
be determined in the usual manner, viz. multiplying by XY and then writing 
a; = a/, y'=^y^j there is on the right-hand only one term which does not vanish, 
and we find 

where the factor which multiplies K does not vanish. 

We distinguish the cases where (a/, y') are corresponding or non-corres- 
ponding roots of Jr=0, F=0; viz. corresponding roots are those for which 
Cr=0, F=:0, but for non-corresponding roots these equations do not hold 
good ; there are obviously mn pairs of corresponding roots. 

In the latter case {AD — BG) U=DX—BY] {AD—BG)V= — GX+AY, 
and since for the values in question X, Feach vanish, but CT, F do not each of 
them vanish, we must for these values have AD — BC=^0, and the foregoing 
equation for K gives then K= . 

31. The formula thus is 

AD—BC_ K 

— <w 



XY - x — 3^.y — 'if 
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where the summation now extends only to corresponding roots a/, y, for which 
we have ?7=0, F=0. We have for ^ the foregoing expression, which, to 
complete the determination, we write under the form 

AD — BG=KJ{X, Y)jyf] 
this is allowable, for JiX, Y) , = ,, , i differs from -= — -j- only by the 

a(Xy y) ax ay 

zero term — -j- -j- • Moreover, differentiating the expressions for X, F, and 

considering {x, y) as therein standing for a pair of corresponding roots (a/, y), 
the terms containing U, V will all vanish ; we thus in effect differentiate as if 
Aj B, G, D were constants, and the result is {AD — EG) J{U, F), or say 
this is {AD — BG)j^ J{U'j F'): hence, in the equation for K, the factor 
{AD — J? (7)^y/ divides out, and wer have \=- KJ{U\ F') ; hence the required 
formula is 

the summation extending to all the simultaneous roots (a/, t/) of ?7=: 0, F= 0. 

Homogeneous Form of the Fraction Theorem. Art. Nos. 32 and 33. 

32. For a:, y, a/, y we write — » ^» -7» ^ ; supposing that Z7, F now denote 
homogeneous functions (a; , y , 2)"*, (x , y , 2)", and that we have 

AU+ BV=X, ={x, zy, =c3tx"***+ . . 
GU+DV= F, = (y, zr% = |3y-- + . . 
where the forms are 

A = (a;, y~-S z)"**— "*, B = (x, y~"-\ 2)'*'— *•, 

AD — BG= (x'*•*■"^ y'"''""\ 2)«"»»-'»-*, 

(viz. the degree of j1 in (x , y , z) is = w/i — m , but y rises only to the degree 
n — 1 ; and so in other cases) ; then the theorem becomes 

-g»n + n-»/'^2) BO J^ + n 

I ^ IlJlZ = V ^ T( TJf Yl\ 

XY ^x£—7!z.yJ—'i/z''^^^' ^^' 

diXJ^ F') 
where J{ TJ\ Y) denotes the Jacobian \.! ,/ , and the summation extends to 

d(af, y) 

the simultaneous roots (a/, y, z') of 27= 0, F= 0. 
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32. It is proper to introduce into the formula r', an arbitrary linear function 
aa/ + 6y + C7i of (a/, y, 2/) : observe that in the Jacobian, (a/, y, 2/) have always 
values for which J7' = , F' = : we have therefore 



and thence 



.dF' .dV'.dV - 
""■y-^- d{if,7!) • d{7l,2!) • d{af,j/) ' 



and if the expressions on the right-hand are for a moment called A', B, C, then 
writing t' = oa/ + i^ + cz', we have J(f7', 7', t') = aA ->rhBf + cC, =^ G', 

Z 

t' .1 z* ' 

= -jJ{U\ F'), that is y/r;^ yn ^^ J T( jji IT/ ^\ ^ ^^ ^^^ cquatiou becomes 

^ + '^-\AD-BO _ Ifn + n-ir' 

the summation being as before. 

Resulting Special Theorems. Art. Nos. 33-35 
33. Reverting to the Cartesian form, we have 

xy{AD-BG) _ 1 i^. , ^ , Vi . / . ^ 

where H^ is the homogeneous sum of the order m, Hi{u, v) = u + v, S^i^^ v) 
= iA* + tiv + t;*, &c. 

The left-hand side is 

(AD-BC) (^., + ^ . .)(^.. + -^ + . .) 

and in AD — BG the terms of highest order in (a;, y), say {AD — -B(7)o are 
{AD— BG\={xyy'-'^'''-^\a, h.. .Tc-\lx, y)'~+— ». 

There is thus on the left-hand no term which is in (x, y) of a higher degree 
than — (m + n — 2) ; hence on the right-hand every term of a higher degree 
than this in (x, y) must vanish, viz. we must have 

= 2 J. jj, y,^ so long asai-/3>?w-j-n — 3, 
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or what is the same thing, we mufet have 

= 2 ^"^^/(^^r^/p' (^ + n — 3) theorem, 

where (a/, y', l)"»+'»-3 jg ^^ arbitrary function of the degree m + n — 3. 
34. Passing to the next lower degree — (m + n — 2) we have 

and if in (a, i, . . . Ajfjcc, 2/)'*+"-* we consider any term ^a;'"+'*""*~^y"'+'*""*~^, 
where p + q:= m + n — 2, then we have on the left-hand the term ,, ^ ^ » and 

the corresponding term on the right-hand must be ^-jjfp—yTi p q 5 ^^^ ^^ '^^ 
have ^ — v ^''^'^ 



But from the foregoing expression for {AB — BG\ it appears that {AB — BC\ 
contains the term ^a;'"'*~^~^y"*'*~^""*, and it hence appears that g is the constant 
term of the quotient {AB — BG\ divided by r^^^n-^i^p ymn^\^q ^ ^^ ^^ ^^^ ^^^ 

be written 

g = const, of ^ J^^yf^^ 

and comparing the two values of g we obtain 

const, of ^^(^y)J^. =^JiUrvry {p + q = m + n-2), 
and we hence derive 

C„„=t of (^- aP).(», ,)-^- ^ 2 ^iE^' , 

where (a;, 2/)"*+*»-» is the general function of the degree m + n— 2, and, of 
course, (a/, y')«+*»-« is the same function of a/, y. The two functions may be 
written (a;, y, 0)*"+**""* and (a/, y', 0)"'■*■'*""^ and this being so we may on the 
right-hand write instead (a/, y, !)'»+'»-», for, by so doing we introduce in the 
numerator of the fraction new terms of an order not exceeding m+n — 3 , and 
by the {m + n — 3) theorem already obtained the sum 2 of the quotient of such 
terms by J{U'j T') is = 0. We thus have 

Const, of ^ nV\ \ = 2 Wtt xm — ' (m + n — 2) theorem. 

where (a/, y, !)»»+«-« is the general non-homogeneous function of the degree 
m + n — 2, and (x, y, 0)*" "*"*"* is obtained from it by attending only to the 
terms of the highest degree m + n — 2, and therein substituting x, y for a/, i/. 
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35. We mar, it is clear, in the equations for the {m'\'n — 3) and for the 
(m'\'n — 2) theorems respectively, omit the accents on the right-hand sides; 
doing this, and moreover in each equation transposing the two sides, the 
two special theorems are 

2 -- l]lr-V^ = , (m + n — 3) theorem. 

2 r!r- T- = const, of -/-- r (ill + w — 2) theorem. 

Homogeneous Form of the Special Theorems. Art. Xo. 36. 

36. Writing -- i ^ for ;r, y, and introducing as before the arbitrary linear 

function T = ax + iy + c2;, we at once obtain, C", F being now homogeneous 
functions (x, y, 2)" and (x, y, z)* respectively, and the A, B^ C, D being also 
homogeneous functions accordingly, 

2 —jf^^y^f^ = , (n, + n — 3) theorem. 

2 — T7T^j-r—— = const, of ^^ ., ' ^\ ^ 1 (m + n — 2) theorem. 

where the suffix denotes that we are in AD — BC to write 2=0. 

If in the last formula we change throughout the letters x, y, 2 into p, <r, r 
(that is, consider J7, F as given functions of p , <r , r) , but retain r as standing for 
the particular function Op + Oj + It , then the formula becomes 

^ 7(1^. F) = const, of ^ a,9(H--^ ' (m + n - 2) theorem. 

where c/(?7, F) denotes -tr^ — -, the Jacobian in regard to p, <r. 

The effect of dps of the Curves £7= 0, F= 0. Art. Xos. 37 and 38. 

37. We must, in regard to the foregoing special theorems, consider the 
effect of any dps of the curves ?7= 0, F= 0. 

Suppose one of the curves, say F, has a dp, but that the other curve TJ 
does not pass through it; the dp is not an intersection of £7, F, and the 
theorems are in nowise affected. 

If CT passes through the dp then the dp counts twice among the inter- 
sections of TJ, F; at the dp we have /( f7', F') = , and (to fix the ideas 

attending to the (m + n — 3) theorem) the sum 2 j\jt y^ — will contain two 
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infinite terms ; these may very well, and indeed (assuming that the theorem 
remains true) must have a finite sum, but except by the theorem itself, this 
finite sum is not calculable, and the theorem thus becomes nugatory. 

If, however, the curve (x, y, 2)"*+"""^= be a curve passing through the 
dp, then considering, instead, the case where the last-mentioned curve and U 
each approach indefinitely near to the dp of F; there are two intersections of 
Z7, V indefinitely near to each other and to the dp ; at either intersection, the 
numerator (a/, j/, ^yn+n-z ^^^ ^j^q denominator J{Uj V) are infinitesimals of 
the same order, say the first, and the fraction has a finite value ; the finite values 
for the two intersections have not in general a zero sum, and consequently in the 
limit it would not be allowable to disregard the intersections belonging to the dp. 

38. But if the numerator curve (a;, y, 2;)"*+'*~^ = passes twice through 
the dp (that is, has there a dp), then reverting to the two consecutive inter- 
sections,^t either of these the denominator J{U, V) is as before an infinitesimal 
of the first order, but the numerator (a, y, 2)'»+'»-3 is an infinitesimal of the 
second order, and in the limit the value of the fraction is = ; we may in this 
case disregard the intersections belonging to the dp; and so in general, the 
curve {x, y, z)"*+"~' = passing twice through each dp of U which lies upon 
F, we have 

^ J{U,V) -"' 

the summation now extending to all the intersections of Z7, F other than the 
dps in question, which are to be disregarded. And the like in regard to the 
other theorem 

2 (->f;;)-;;-' = const, of ^^^-^^^t!> r"""' • 

The Pure Theorem. — Completion of the Proof. Art. No. 39. 

39. The theorem was reduced to 

^ J{<PJ) ~ ' 
which is therefore tlie equation to be proved. 

The {m + n — 3) theorem-, writing therein 4> , / in place of U, V respect- 
ively (the degrees being as before m and n), is 

^ J{U,V) "''• 
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(cc, y, z)'""*''*"^ is here an arbitrary function of the degree m + n — 3 , and this 
may therefore be put =(x, y, z)"~^^4>, where S^ = {da., . . .\x, y, zY, is a 
function of the degree m ; and since the curve 4> = passes always through the 
dps of /, and varies subject to this condition, the curve 5^ = will also pass 
through the dps; hence taking (a, y, z)"""^ = a curve through the dps, the 
curve (x, y, zY''^h^=-Q will be a curve passing twice through each of dps, 
and the (m + n — 3) theorem thus gives the equation which was to be proved. 
This completes the proof of the pure theorem 

2(ic, y, zf-'^du = 0. 

The Affected Theorem. — Completion of tJw Proof. Art. Nos. 40 and 41. 
40. The theorem was reduced to 

which is therefore the equation to be proved. 

The {m + n — 2) theorem, written with (p, cr, r) in place of (a, y, z), and 
putting therein <^,/for U, V, is 






J 



where it will be recollected that the suflBx (0) denotes that r is to be put = . 
(p, cr, r)"*"^"""* is here an arbitrary function of the degree m + n — 2, and this 
may therefore be put ={x, y, z)^""*^^^, the two factors being each of them 
considered as expressed in terms of (p, c, r); and since each of the curves 
(^» y » 2)25""*= and 54> = passes through the dps of/, the curve (x, y, z)ii""*5^ 
= , is a curve passing twice through each of the dps. We have therefore 

where on the right-hand side (x, y, 25)","* is considered as a function of p, cr, r, 
and we are to put therein r = ; it has been seen (No. 26) that the value is 

= — — 1 where /q is what / considered as a function of p, cr, r becomes on 
writing therein r = ; the right-hand side thus becomes 

= const, of (^^-f^)«/.^^V» 
41. But for T = we have 



^mn 



Ao^o + Bq/o = ap' 
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and hence {AD — BC)o/o = Ao(3a'^'' — Goap'^'' , 

and the right-hand side thus becomes, say 

- A« const, of (-^ + ^>4'o. 
But in calculating the constant of — ^ S^q , we may suppose not only r = , but 

ay 

also (T = : we then have 4>o= (^» 2/» 2j)**» = (j) {^u l/u ^)'^j = (^j 4>ii and 



hence also S^o^=^(j] 4>i- 



Similarly in calculating the constant of -^-^S^oi we may suppose not only 
r=0, but also p = 0, we then have ^o = {^i y, 2)^ =(^) (^»?y«» ^^'"'"(l") ^*' 

and hence 54>o= (-7 ) ^ • 

• Moreover, in the equations 

ilo4>o+^o/o=ap"**> 

/ O \^ An 

writing an the first equation a = 0, we find Aq(^j ^i=:ap^^, that is -^ 
= r — J — ; and similarly writing in the second equation p = , we find 

OqI-jJ 4>2 = i3(T"*^ that is ^n= (~ J — • ^^^ *^® expression thus becomes 

\ f 1 f 8 / 

giving the equation which was to be proved. This completes the proof of the 
aflFected theorem 

^ {^7yfZ)^~^d(o ^ d^ 

012 fi <f2 

Chapter III. The Majop Function (a;, y, 2)^"'. 

Analytical Expression of the Fimction. Art. Nos. 42 to 49. 

42. The function has been defined by the conditions that the curve 
(x, y, 2)y2""*=0, shall pass through the dps, and also through the n — 2 residues 
of the parametric points 1,2: and moreover, that on writing therein (xi , ^i , Zi) 
for (sc, y, z), the function shall become =n.l"""^2. Obviously the function is 
not completely determined : calling it £i (or when required fli,) , then if fl' be 
any particular form of it, the general form is fl = fl' + (x, y, 2)'*"^012, where 

Vol. V. . 
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(x, y, zY"^ is the general minor function (viz. (a;, y, 2j)'*~'=0 is a curve passing 
through the dps): the major function thus contains y (n — l)(n — 2) — 5, =i>i 
arbitrary constants. 

Agreeing with the definition we have the before-mentioned equation 

n = i^_, (/i.l— ^2, . . . tip, ay-^ + kc. T, 

viz. from this expression for £i it appears that the curve H = meets the line 
through 1, 2 in the n — 2 residues of these points, and moreover, for (x, y, z) 
= (a^j 2/i» ^i) and therefore (p, cr, r) = (A, 0, 0), the value of fl is = n.P""^2. 
43. We can without difficulty write down an equation determining A' as a 
function (x, y, 2)**~^ which on putting therein t=0, becomes equal to the 

foregoing expression -^_^ (w.l*''"^2, . . . f][p, (T)'*""^ and which is moreover such 

that the curve Xl' = passes through the dps ; which being so, we have as 
before, fl = Xl' + (cc, y, 25)'*""^012, for the general value of fl. 

To fix the ideas, consider the particular case n = 4 , the fixed curve a 
quartic : fl', on putting therein r = , should become 

= -^ (4.P2, 6.P2», 4.12^t][p,o;)*; 

and it is to be shown that this will be the case if we determine O! a quadric 
function of (x, y, z) by the equation 

{x, y, zY , n' =0, 

l(a:i,2/i,^)^ ,4.P2 

2(aa, yi, 2i][x2, yg, z^), 6.1*2^ 

«, 6, c, /, g, h , 



where the left-hand side is a determinant of seven lines and columns, the top line 
being x*, y*, z*, 2yz, 2zx, 2xy, 11' and similarly for the second line; the third 
line is 2xyX^, ^iVi, "^z^z^, 2 (yi Zg -|- y^ Zg) , 2(22X1 + 21X8), 2(xiy2 + x^yi), 6.P2*, 
and in each of the last three lines we have six arbitrary constants followed by 
a 0. The equation is of the form D + ifn' = 0, where D is a quadric function 
(x, y, zfj and if is a constant factor. 

44. If the quartic curve has a dp, suppose at the point a, coordinates 
{xa , ya J z«) , then in order that the curve H' = may pass through the dp, we 
must for one of the last three lines substitute (x^ , y. , z^f, ; and so for any 
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other dp or dps of the quartic curve. And the conditions as to the dp or dps 
(if any) being satisfied in this manner, we may if we please, taking (a:^ , y^ , z^ 
as the coordinates of an arbitrary point ^ (not of necessity on^ the fixed curve) , 
write any line not already so expressed, of the last three lines, in the form 
{xp , jffi , z^)*, ; the efiect being to make the curve 11' = pass through the 
arbitrary point ^ . 

45. To show that the equation on putting therein r = does in fact give 

the required value, n' = ^(4.P2, 6.P2^ 4.12^f][p, a)*, =4> suppose, it is to 

be observed that efiecting a linear substitution upon the first six columns, the 
equation may be written 

(p, cr, r)* , £1! =0, 

l(pi,cri,TO» , 4.1?2 

2 (pi, <Ti,Tij[p2, (T8,T2), 6.P2* 

1(P2, ^2,^0* , 4.12« 

a', h\ (/, /, gr', A' , 

where (pi, cxi, Tj), (p2, cTg, Tg) are what (p, cr, r) become on writing therein for 
(a, y, z) the values {xi, y^ Zi) and {x^, y^, z^ respectively; viz. we have 
(pi» ^\i '^i) = (^» ^» 0); (p2, (Tg, ^2)= (0, A, 0); the equation thus is 

= 0, 



p'. 


o\ 


A 


2at, 


2Tp, 


2pcr, 


n' 


A», 


0, 


0, 


0, 


0, 


0, 


4.1»2 


0, 


0, 


0, 


0, 


0, 


2A», 


6 . 1»2» 


0, 


A», 


0, 


0, 


0, 


0, 


4.12» 


a', 


v, 


<i, 


/, 


^> 


A', 






and then by another linear substitution upon the columns, the last column can 
be changed into fl'— 4>,0,0,0,0,0,0; whence writing t = 0, the equation 
becomes 

=0, 



p'. 


a», 


0, 0, 


0, 


2p<r, fi'— * 


^•, 


0, 


0, 0, 


0, 


0, 


0, 


0, 


0, 0, 


0, 


2A», 


0. 


A», 


0, 0, 


0, 


0, 


a', 


6', 


c', /, 


^, 


A', 



= ♦>. 



^' 


> 


Z^>^ 


I> 


— ♦ 


%x 


'i 


•) 




1 » 


') 


•i 


iA^ 






•> 


A^ 







•> 



^i. 4. '^. /- Q' h. 



or if ini*t>^ of each line *uch as a, h, c, /. ^. A. we have a line (jr.. y.. 2.)* 
th«i ^e have 

Kry-M 2,)* 

a valtj^ which w 

-''j » yi • 2i ^1 r yi » 2i J^i » yi • ^i j^. • y« » 2, , 

= i^^t yt, 2, ;r^, y,, 2, X|, y,, 2, x^, y^, 2^ 

>^., y*, 2. j x^, y^, 2^ ar,, y,, 2^ x^, y^, 2, 

or n^y thin iij = 12a.l2^^.12y.a/6fy. 

47, It i/( obvioiw that the foregoing process is applicable to the general case 
of the fixed curve of the order n with <i dps, and gives always fl', by an 
er^uatjofj of the foregoing form Q + iffl'= 0, where D is a function (x, y, z)*""' 
of the r5^>ordiriate«, and if is a constant factor. Supposing that in the deter- 
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minant for fl', each of the lower lines is written in the form {x^, y„, z^)"""*, 0, the 
number of the points a is =y(n — l)(n — 2), viz. these are the h dps, and 
\ {n — l)(n — 2) — 5, =^, other points a. The general expression of if is 
M=' 12a. 12/? . . . (a**""^/(?"~l . .), viz. equating to zero a factor such as 12a, this 
expresses that the point a is on the line 12 ; but equating to zero the last factor 
^^n-3^-3 ^^ |.j^jg expresses that the several points a, viz. the dps and the p 
other points a, are on a curve of the order n — 3. 

48. Preceding the case n=4, above considered, we have, of course, the 
case n = 3, A = 0, the fixed curve a cubic; the equation for fl' is here 

X, y, 2, Q! =0, 
c»i, yi, 21, 3.P2 
a^2» 2/2) Zg, 3.12* 

^al Vai ^aJ 

giving 

1 ^, _ 122.02a + 1 2'. Oal 

«"- r2^ ' 

or if we write herein 3 for a, this is 

1 _,_1»2.023 4-12'.031 

and we have hence the general form 

ia=''^'"'^+'^'»'+jr.oi2, 

where K is an arbitrary constant. 

49. There is, however, a more simple particular solution y H' = polar 
fimction 012 (/= 0^ + 7^ + ^, then 012 = xxix^ + yj/ij/i + ^^)j which, to avoid 

a confusion of notation, we may write = 012. We at once verify this, for 

expressing the coordinates (x, y, z) in terms of (p, a, r) we have ^n'=012, 

= -^(P2.p+ 12«.(T + 123. t), which, for r = becomes = -i^ |P2.p + 12*. a}. 

We must, of course, have an identity of the form 

^ = ^'^•^^^+^^•^^^ + ^.012, 



and to find JT, writing here = 3, we have ^=iAf_, or we have the identity 
123 012 — 123 012 = 1*2.023 + 12«.031. 



:M '^TLXC: a Jhmmr mi tie Ji^em mi Tieta Functions. 

imtfif Labsr Sftatiim far tke Polar Fimetions of the Cvhic. 

z. 3ro8, aO ad §1. 



>>*. Tiifr ataaBOim. \f ^mg!fr leasn for die polar fimctions is not much 
'RniorRft .n ~iie -aMS^ yf -fae Tabic, boc ia die next following case of the quartic 
jamlr ie tia»yTi^rt widi. and I diei^dce establi^ it in the case of the 



i?5. :?L. ?i = r: J. /I. 1^. 31». 12«=i.y. *; 123 = /, 
)r "viae :^ iae -ame -trrng die es^RSBOZL for die cnbic fiinction f, in terms of 

^- ,-=.airT — l^rr — li^ -h S^ + 35|»«*+ 3/oV + 3»<n» ; 
iiL -iamiioii. -moBi. 'viinns 'F T"«»Mrf of/* maj also be written 

^. f— :2i. %■ S. •«. %. 3/. StIpVr- j^-, fw», (wt, f«», oV, <n*), 
Mwi I jom :d ix "iie seies jt eqaaooDS 

A-.'FI = •). tk. ij. t. 21. g\f, fa, pr, <t», or, <i»), 

- .J«i=,.4. fl. 2/. 0. 2/, .1 " ), 

- •J^ = ,7. 21. 2ff./.2i, 0} " ), 
A.01*=iO. k.Jlf. a. t), 

" ^ = ^L /\ i\ ^ ). 

•51. Itt wfcrWttBw w* b»w *\-012=Ap + fa+ftr, and the above-mentioned 
i^tttity 125 013 — 15 012 = 1*3.023 + 12».031 is simply hf + Ica + lr—h 

^>^i^«> LMtr SitMim Mr tikt I\A»r Jimt^KMs of the Quartic. Art. No. 52. 

$a. I writ* h*r* 

3»S. $»l. 1*2=/. y. A: 2S», 81», 12»=t, J, h; 
1*23. 12^. 123*=/. •. !•: 2»3*. 3»1», V7?=p, q, r; 
^i |N»I iW ^x^^wesi^Hi Rur th* quartic function/ in terms of p, a, t is 
A*. /*• \lko\* ^ Ajyr + 6^vV + 12ii>«aT + %V 

+ 4V+ l2»H>a*r + 12«p(rH + ig^n' + 4/aV + 6r<T»i» + iun', 

^^^ »^««^ 0* Avr /. uMfcy «fcbo be written 

M^«lU. V' V' ^^^' ^^ "'^^ ^^"•- ^^- ^'' '*-^' ^' ^*''"^ 

(j^"^' ?*»' P*^' P*^- P*^' P*^' P*^' P*^' P^' ^'^' *^'^' *^'^^' 
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and I join to it the series of equations 

A'.O'l = (0; 3^, 3/; 3r, 6/, Sq; h, 3m, 3n, g\f, fa, p*r, pj*, par, pi:*, <t', aV, ot*, t*), 
" 0*2 = (A; 3r, 3Z; 3A;, 6ni, 3«; 0, 3/ 32?, i$ " ), 

" 0»3 = 0*; 3^, 35; 3n, 6«, 3^-; / 3^,, 3i, OJ " ), 

A».0»P = (0; 2A, 2j; r, 21, gift*; pa, pr; a*, ar, < 
» 0»12 = (A; 2r, 2?; A;, 2m, nj 
" 0*13 = (y; 2?, 2j; m, 2n, ^][ 
" 0»2»=(r; 2*. 2m; 0, 2/ jp| 
" 0*23 = (?; 2m, 2n;/, 2p, q 
» 0'3«=(j;2n, 2<7;^, 2i, Of 
A.OP =(0, A,y][p,<T,T; 
» 01*2 = (A, r, ?][ 

" 0P3 = (y, Z, ?$ 
" 012» = (r, ;fc, m,l 
" 0123 = (Z, m, nl 
" 013» = {q, n, gl 
" 02^ = {h, 0, / j 
" 02»3 = (m, /, i>$ 
" 023»=(«,^, il 
" 03' = {g, i, 0$ 
which will be convenient in the sequel. 

Major Ftmction — The Fixed Curve a Gvhic. Art. No. 53. 

53. It has been already seen that a simple particular form is \ n' = 012: 
and that the general form is Q, = Q! + K.012. 

Major Ftmction — The Fixed Curve a Quartic. Art. No. 54. 

54. It is to be shown that a particular form is 

1 _ — 01».0y + 01^2. 012^ + 0^12. 1»2» 

In fact by the foregoing values of A.OP, etc., the numerator of this expression, 

multiplied by A* is = 

-{h<j+jr){lcp+/r) 

+ {hf> + ro + h){rp + Jca + mr) 

+ r{hfi^ + 2rpo' + 21^ + Axr* + ^mar + wt*) 



JJ 

V 

JJ 
11 
11 
11 
11 
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which is 

= 2Ay + 3r* pa + (hm — jk + Sh) pr 

+ 2kra' + (—/A + kl+Bmr)<jT + {—/J + /m + nr)i* 
and this for t = , becomes 

= r(2y+3rpo- + 2&T»). 
Hence for t = , we have 

ii' = -^ (4y + 6rp<T + 4&r») , that is 

= -^ {4.P2y+ 6.P2^p<T + 4.12^a*t 

and fl' is thus a form of the major function {x, y, z)a. Of course the general 
form is ii = i2'+(a:, y, z)'.012'. 

Syzygy of the Major Fvaictwn. Art. No. 55. 

55. Writing now (a, y, 2)»~* ^ n„ ; and taking on the fixed curve a new 
point 3 , consider the Uke functions Ci^ and Clgi : it is to be shown that we have 
identically 

ilM.031.012 + n3i.012.023+ft,j.023.031 — (123)y=O23.031.012{a, 2/,3)"-', 
where (a-, y, z}"-^ is a properly determined minor function. Or considering herein 
as a point on the fixed curve and writing therefore /= , the equation is 

W + ^+-^=(=^'2/.«r~'- (See footnote..) 

56. Write for a moment Z = nM. 031. 012 + ligj. 012. 023 +Iiu. 023. 031, 
then k being an arbitrary coefficient, we have X — k/^0, a curve of the 
order n, passing through the points 1, 2, 3, and also through the residues of 
2 , 3 , the residues of 3 , 1 , and the residues of 1 , 2 ; in fact at the point 1 we 
have 012 = 0, 031 = 0, and therefore X= 0; also/= 0; and therefore 1 is a 
point on the curve. Again at any residue of 2, 3 we have ii^ = 0, 023 = 0, 
and therefore X=0;also/=0; and hence the residue of 2, 3 is a point on 
the curve. 

It is nest to be shown that k can be so determined that the curve 
X — ft/=0 shall have a dp at each of the points 1, 2, 3'. Supposing this to 
be so, we have the line 23 meeting the curve X — fc/= in the points 2 and 3 , 
each counting twice, and in the n — 2 residues of 2 , 3 , that is in n + 2 points ; 
hence the curve X — k/^0 must contain as part of itself the line 23, and 

* This is Oie dlfferoiUBl ttieoKm ocaresponding to C. and O.'s integral theorem, p. 26, Tie. this is 
Stn+S^+Sct^I, ftaomot thzoe integrals of ttie third kind = an integral of the first kind. 
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similarly it must contain as part of itself each of the other lines 31 and 12, viz. 
we shall then have X — Aj/=023.031.012.(a?, y, 2)"""^; and from this equation 
observing that the curves D^ = , ftgi = , fl^ = each pass through the dps, 
it follows that the curve (a, y, «)'*""^ = also passes through the dpsj hence, k 
being found to be = (123)*, the theorem will be proved. 

57. Taking an arbitrary point a coordinates (a?., v., sj, and writing 

d. A d. 

2)= a?.^ + y. "J- + 2. J- we have to find /k, so that the curve D {X — kf) = 
shall pass through the point 1 . Observing that 2)023 = a23 , etc., we have 

1>(X— V) = ^Aw.031.012 + n«,(031.al2 + a31.0l2) 

d-a23 (12^.012 + Ha. 031) 

+ 023{n8i.al2 + nu.a31 + DOsiMi + DCl^Ml} 
-kDf, 
and, to make the curve pass through 1 , writing herein = 1 , we have 

= 123 (nk.al2 + HL.aSl) — k{pf)\ 
where the superfix (1) denotes that we are in Ci^ , £i^ and Df respectively to 
write = 1. We have aJi = n.p-^3, nig = n.l'*"^2, {Dff^n.V^^a, and 
the equation thus is 

n.l23(p-^3.al2 + p-i2.a31) — A»i.l~"-ia=0, 

But we have identically 1~-U.a23 + p-^2.a31 + l~-i3.al2 = l^-ia.l23, 
where I'^-^l, =1* is in £etct = 0; the factor l**""^a thus divides out, and the 
equation becomes A; = (123)*; viz. k having this value, the curve X — k/=:zO 
will have a dp at 1 ; and clearly by symmetry, it will also have a dp at 2 , and 
at 3 ; the theorem is thus proved. 

The Syzygy, Fixed Curve a Ovhio. Art. No. 68- 

68. The syzygy may be verified independently in the case where the fixed 
curve is a cubic. Observe that the syzygy, if satisfied for any particular form 

of H will be generally satisfied ; we may therefore take j £1^ = 012 . 

and taking to be a point on the cubic curve, we ought to have {023} + {031| 
+ { 01 2 } = a constant ; the value of this constant comes out to be = j 123 }, and 
the syzygy in its complete form thus is 

{023} + |031f + {012}={123}. 

Vol. V. 
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= ■^-- I j Ay— 67p*<TT — GmpoV — Gnpffi* } , 
or since /= , this is ^ ^ (_ g^^ _ g^^ _ g^^^ ^ 

and then integral terms which are at once deduced from the above integral terms 
of 0*12; and collecting the several terms we find 

{0*23| + {0231} + {0n2} = 

1 ( /, , mn — qk , in — oh , hm — jk\ , / , /^ — ik , In — hi , kl — fh\ 

\ p q r / ) 

which is the required result. 

Preparation for tlw Conversion — Tlie Symbol D. Art. Nos. 60 to 63. 

60. I use 3 as the symbol of a quasi-difierentiation, viz., U being any 

function of (x, y, z), d U denotes -r— into the differential - - cfo: + — dy + -j- dz ; 

in such a differential the increments dx^dy, dz do not in general present themselves 
in the combinations ydz — zdy, zdx — xdz, xdy — ydx ; but they will do so if U 
is a function of the degree zero in the coordinates x^y^z (that is, if [7 be the 
quotient of two homogeneous functions of the same degree) ; and this being so, 
we can by the equations 

ydz — zdy zdx — xdz xdy — ydx , 

^ ~ K ~ M. '~ 

dx dy dz 

get rid of the increments, and dU will denote a function of (xj y, z) derived in 
a definite manner from the function ?7; the symbol 3 will be used only in the 
case in question of a function of the degree zero. Of course 3i will denote the 
like operation in regard to {xi, yi, Zj); and so 3^, etc.; and we may for greater 

clearness write 3© in place of 3. 

P 

61. Consider then d-^i where P, Q are functions {x, y, z)^ of the same 

degree, we have 

and then 

dx^^^ dy ^^^ dz "^' m^dx^^dy^^dz ^' 
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with the like formulsa for Q. Substituting, we find 
that is 



is{^(^-«^)+^'(^-x*)+1t|-'(^-*<^)}, 



^'Q-i:^\'^~d{^'^^'^-\-^ d(x,V,«)' ~^'^^' ^' ^^' 



or saj 



^f=-;;i^-^(^'«'/) 



62. As an example consider 



The determinant is 



a{012},=-^-^,/(012,012,/). 

^O12,0iai-2,x„-^ 
-J 012, x,y,-x^„ -^ 
and the coeflScient herein of -r 012 is (z^a^ — 2;,a?i) ~ — {^y% — ^t/i) 



which is 



dsc 



dz 






= ^(^^ + ^4 + ^-|)-<^f + ^'f + ^f>=^(^^^-^-^^ 



dx • ^' dy 
and so for the other terms. 
The determinant is thus 



= 3[0'l(^i+y.|- + 4)-(«!(=^i+,.i + ^4^1iii2 



dx 



dy 



dz/J 



say this is 

= 3[0»1.ID — 0»2ID]012. 

But we have © 012 = 12*, E) 012 = 1»2 , and the determinant is then 
= 3 (0»1 , 12'— 0»2 . 1»2) ; whence finally writing d^ instead of 3 



ao{012}=— 3. 



0'1.12*— 0'2.1»2 



(012) 



» 



63. By cyclical interchange of the 0,1,2, we have 

Pim9l- q 1'2.0»2-01'.02' 

a,{012}_-3. ^^ 

02'.01»— 12».0»1. 



a,{012| = — 3. 



(012)» 
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and thence adding, we find 

(ao + ai + a0{oi2} = o, 

an important property, which joined to the equation before obtained, 

{023| + {031} + {012} = {123}, 
completes the theory of the function {012}. 

Conversion of ffie Major JFtmcticn (Interchange of Limits and Parametric 

Points). Art. No. 64. 

64. Write in general 

012 ~ ^®»"' 
§0^12 is an alternate function in regard to the points 1, 2(§o,i»= — Ooji)» ^nd 
it is in regard to the coordinates of the points 0,1,2, rational, but not integral, 
of the degrees n — 3 , , respectively : it can therefore be operated upon with 
di or 3|, but (except in the case n = 3) not with Sq • 

The conversion relates not to the general major function (cc, y, z)3Sr*> ^^^ to 
this function tmth the arbitrary constants properly determined, and consists in a 
relation between two functions Q^^i^ and Qj 45 (each of them a function of three 
out of four arbitrary points 1, 2, 4, 5 on the fixed curve), viz. the conversion is 

an equation which may be written in four different forms, viz. we may in the 
form written down interchange 1,2 and also 4,5.* 

The determination of the constants is a very peculiar one, inasmuch as it is 
not algebraical, viz. in the case of the cubic curve, about to be considered, it 

appears that Qo,u contains the term / d(ads{0S6\, which is a transcendental 

function of the coordinates of the parametric points 1 and 2 . 

ITie Conversion^ Fixed Curve a Cubic. Art. No. 65. 

65. We may write Oo.i«= {012} + K, where ^is a constant, that is, it is 
independent of the point , but depends on the parametric points 1 and 2 . I 
assume K to be properly determined, and give an h posteriori verification of the 

* The meaning of the property is better seen from the integral form : Qo.u is a function of the points 
0,1,2 and Qo^« the like function of the points 0,4,5 such that /^d<.>Qo.u = / <^6o.« » which equation 

operated upon with di d^ gives the formula of the text. And tiiere is thus the meaning (alluded to in 
the heading) that there exists for the integral of the third kind a canonical form (C. and G.'s 
endliche Normalform), such that the integral is not altered by the interchange of the limits and the 
parametric points. The expression for Qo,u mentioned further on in the text for the case, fixed 
curve a cubic, shows that in this case the oftnonioAl form of the integral of the third kind is 

y**d«[{ 012 |+(y]'d«a, { 036}-{ 128 })] . 
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Observing that we have 10^231 + {0^31| + |0*12} .= a linear function of 
(x, y, z), the linear function (cc, y, z,Y of Q^^ may be taken to be = 
©0,12 — { 0^23 \ — \ 0^31 \ — { 0^12 \ ; that is, we may assume 

§0,12= 10^2} +00,1,- ({0^23} + ]0^31| + |0«12}), 
= -|O^23[-jO^31} + 0„,^, 
where ©0^12 ^s a linear function of (x, ?/, 2), but depending also on the points 
1 and 2 , which has to be determined. We have 

Oia,i2=-5i^0^31|+aA,u, 
and thence 

c)4<2M5=-34P34KaA.«, 
giving an equation for 0, 

aA,,, - d,Q,,, = d,l4m \ - d,l P34 \; 

4 is here an arbitrary point of the quartic, and we may instead of it write , 
the equation thus becomes 

aA,i2- 906,05 = 3il 0^31 i - d,\ 1^30 \ . 
67. Of the terms on the left-hand side, the first is a linear function of 
{^j Vi ^)j or say it is an integral function 0\ and the second is a linear function 
of (xj , iji , Zi) , or say it is an integral function 1^ : the given function on the right- 
hand side must therefore admit of expression in the form 4)(0\ 1, 3) 
— 4*(1\ 0, 3), where 4)(0\ 1,3) is a known function, integral and linear as 
regards the coordinates (x, ?/, 2) of the point 0, but depending also on the points 
1,3; and 4)(1\ 0, 3) is the like known function, integral and linear as regards 
the coordinates (xi, v/i, z^ of the point 1, but depending also on the points 0,3. 
Moreover, since 2 and 5 are arbitrary points entering only on the left-hand side, 
it is clear that 9i0o,i2 must be independent of 2, and 3o©i,o5 independent of 5 

[reverting to the cubic case observe that here ©0^12 = / c7g)93|036}, whence 

9i0i,i2 = Sal 136}, and so 9o0i,o5 =93i036[, and that the corresponding equation 
thus is 93-1136}— 83 -10361 = 311 031^— ad 130 1, where the left-hand side is 

= 93! 013 \ , and the equation itself (9o + 93 + 9i)| 031 } = o] . We then have 

9i©o,i2-<?>(OS 1, 3) = 9o©i,o2 — 4>(1'. 0, 3), 
where the one side is derived from the other by the interchange of the 0, 1. 
The solution therefore is 



9i0o,i2-<?>(OM,3) = X(O,l,3), 
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a function symmetrical in regard to the points and 1 , and which, inasmuch as 
the left-hand is an integral function 0^, must itself be an integral function {0\ V), 
that is, integral and linear as regards the coordinates (x, y, z) and (»!, yi, Zi) of 
the points and 1 respectively. We thus have 

dieo^u = HO\ 1, 3) + X(07T, 3), 
and thence 

9Ai2=-4>(0\ 2, 3)-jr(07^, 3), 
viz. the second of these expressions is with its sign reversed the same function 
of 2 that the first is of 1 . 

68. It follows that taking a new symbol 7 for the variable of the definite 
integral (in the cubic case ©o^^ was independent of 0, and there was nothing to 
prevent the use of for the current point of the definite integral), we may write 

©o,i» = X'rf6),P(7, 0, 3), where d,P{l, 0, 3) = 4>(0\ 1, 3) + X(07T, 3), an 

equation which implies d^P{0,2, 3) = 4>(0\ 2,3) + X(072, 3). But the first 

of these equations in P is nothing else than the first of the equations in ©o,u. 

70. I have succeeded in finding ^{0\ 1,3), but the calculation is a very 

tedious one, and I give only the principal steps, omitting all details. We have 

to brmg d^om — d^VOS into the form ^{0\ 1,3) — ^{l\ 0,3). From the value 

p (A«io) — 01».03»+01»3.013»— 0«13.1»3» ^ ,, i. ^k ^ 

of 1 0*13}, = 01^ \*V ' ^^ ^ ^ process such as that 

of No. 62, 

a,{o*i3} = -^ I - o*3«.op— m.j 

J^ /2 . 01«[03l 01»3 — (013»)»] \ 

'^ q\ +[2.0»13.013»+1.0*3».0P3 — 3.0»P.0»8*]y/ 

J^ / 2 . 01»(— OP. 03« + 013». 01*3)^\ ) 
■^ <f \— 2.013«(— OP. 03»H- 013*. oi»3)yy ) ' 

Substituting herein the values 01^=^-^ {ha +jr)&c. we have —j- into a cubic 

function (p , or , rf, and writing down first the integral terms, and then the others, 
we have 

+ -i (- V^* + 4^Ay« - 2y»n»)] 
+ <j[/y — Jip + - {2hil— 2hn*— Bijr +jlp + ymn) 

+ ^{2gMn — 2ghH + 2hijn — 2jln*)] 
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+ r[Sjp + - {-2ghn + 2gjm-2ijl- 2jn*) 

+ -i {2fhl - 2gUj - 2gjln + 2 y »«)] 
(say this linear function of p , <t , r is = n) . 
+ ^{ p».2y»+p'<T(6y;-3%) + pV.3yj+p<TT(— 2^A+6»+pr».2^y+aT».2ty} . 

71. The expression of 9o{l*03} is deduced from this by the interchange of 
0, 1 : and I write 

ai{o»i3|— ao{i*o3}= n— • 
+ ^« [p''lp'-2y«+ p»<T(- zhq+^ji) + p'T.sy? 

+ pCT (— 2gh + QJn) + p^. 2sry + <tt*. 2iy } 
— A»{A».2(0»37— A«<t(— 3.0»2.0»3* + 6.0''3.0»23) — AV.3.0''3.0»3» 
+A(rr(— 2.03'.0'2 + 6.0«3.O23») + A<i*.2.03».0»3— <TT».2i.0'3}], where, and in 
what follows, the * denotes the function immediately to the left of it, inter- 
changing therein the 0,1. It will be observed that the n . jwo linear function of 
(p, <T, r), that is of (a, y, z), is a term of the required function ^(0\ 1, 3):* the 
remaining portion has to be reduced by means of the expressions for A*(0' 3*) etc. 
in terms of p, <t, r. 

72. We obtain a^l 0»13 ]—do{ 1»03 } =^ D — ♦ 

+ -^ {o{2/j — Zhp —Bkq + I8lm — dnr) + r(— Sgr—BJp + 9mq) } 

+ ~ { a*(12/l — 12Ien + 18m» — Qpr) + (n{Q/g — 6gk — 6ir + 18m«) + t*. Qgm } 

r 

+ J^{<T'(18/m — 9kp) + (T»r(12/w — 8ik-\- Qmp) + (T<r*(4/^ + 6m) } 

r 

The terms of the second line may be transformed as follows : 
^ {2/j — 3hj) — SJeq + 187m — 9nr) 

= i 7? (2/y — 3Ap — 3A!^ + 18Zm — 9nr) — * 
+ ^{<y%—l2/l+l2kn—l8m*+9pr)+a'e{—}/q+Sgk+{ir—\lp — 9mn)\ 
+ jTiKC— 30/m + 15;fc^) + <T»r(— 12/n + 12t;fc— 18mp) + <r^. — 9np\ 

+ ^t\a*. — l0/*+ah. — l6/p + crV. — 9^ + oi^. — Bip} 

and 

— (_ 3g,y _ sjp + 9 mj) 

VOL. V. 



178 CayleY : A Memoir cm the Abeliarrand Theta Functions. 






+ ^ { <tt(- f /^ + 3^* + 1 ir + 1 ?i) - 9w«) + T*. - e^m } 

+ ~\a*'t{-^fn + Zih) + a'r'{— 6/g— Qim) + I'. — Sgpl 

+ -^{ah. — S/p + a*t*.— 6/i + ai^. — Bip\ 

and substituting these values, the whole third line is destroyed, and we find 

+ \.^{a(2/J—3hq—Skj + l8lm—9nr) + r{—Sgr — Sjp + 9mq)}—» 

+ -^{a'{-12/m + 6hp)+<j*r{—9/n+'Iik-9tnp)+a't'{—2/g—9np)+'t'.—Sgp} 

+ ;^«{<r*.— 6/»+<T'r.— 12/^ + (i«T»(— 2/i-9p*) + ar^.— Qip}. 

And ultimately the last two lines of this expression are found to be 

= -4 { P (— 2A« + 4ym + 21*— 2qr) + <y (— 2/J + 2hp + 2kq — lOlm -i- 5nr) 

+ r(2gr + hi — jp + 7ln — 4mq) } — • . 
so that the whole is now a sum of three linear function of (p , <t , r) , ^ • . 
73. Collecting the terms, we have 



7[p1(- 



Bhn + 9Jm + 2P— 2qr) + i (ighl— Bgjr — 2hij +pp + 2jU) 



+ 4-(- V^* + ^gh'n - 2y«n») I 

+ a\\{—hp + kq — 2lm + nr)+ — {2hil— 2hn*— 3ijr -\-Jlp + 2jmn) 

+ -^ (— 2ghH + 2g7Un + 2hijn — 2y ?»») I 
+ -r I j (grr + 2hi +Jp + mq + Uln) + - {—2gkn + 2gjm — 2ijl— 2jn*) 

+ ^{2g'M-2gMJ-2gJln + 2iJ*n) I ] 

— *. 

The right-hand side depends on the points 0, 1, 3 and 2: viz. we have 
therein p = 023, A =123, etc., but the left-hand side depending on only the 
points , 1 and 3 , the right-hand side cannot really contain 2 , and it must thus 
remain unaltered, if for 2 we substitute any other point on the quartic, say 6 : 
the right-hand side may therefore be understood as a fimction of , 1 , 3 and 6 , 
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viz. p, A,/, etc., will mean 063, 163, 6^3, etc.: we have thiis4>(0\ 1, 3) = the 
above linear function with 2 thus replaced by 6 ; say 

^(0M,3) = ^[p() + <T()+T()], 

a given function of the points 0,1,3 and the arbitrary point 6 , on the quartic 
curve; we therefore write it ^{0\ 1, 3, 6). There is no obvious value for 
X(0 ,1,3) which will produce any simplification, I therefore take this function 
to be = ; and the final result is 

where ©o^i, is a function integral and linear as regards the coordinates (a, y, z) 
of the point 0, but transcendental as regards the parametric points 1,2; and 
containing besides the arbitrary points 3 , 6 , of the quartic curve, its value being 
determined by the differential formulsB 

9ieo,i,=<?>(o\ 1, 3, 6),.^A,l•=-<^(o^ 2,^3, 6), 

where <^(0^, 1 , 3 , 6) is a given function as above. I do not see the meaning of 

the very complicated linear function of (p , a, *r) , nor how to reduce it to any 

form such as the simple one 98{036}, which presents itself in the case of the 

cubic curve. 

End of Chafteb IIL 

CAHBBn>OB, England, October 5, 1882. 



On the Non-Euclidean Geometry. 

By William E. Story. 



In volume IV of this Journal, pp. 332-335, I showed how the formulae of 
any Non-Euclidean plane trigonometry could be deduced from those of the 
Euclidean spherical trigonometry, namely by the replacement of each side by a 
certain constant multiple of that side and each angle by a certain constant 
multiple of that angle. In the present paper I propose to make the corres- 
ponding deduction fof any Non-Euclideair spherical trigonometry, and inciden- 
tally to give a number of other formulae relating to distances, angles, areas and 
volumes. Some of these formulae exhibit an important principle which seems to 
me to be new, and which may be roughly expressed thus : the distance (or angle) 
between any two geometrical elements (points, planes or straight lines) is, to a constant 
factor prh, the same, in whatever vxiy it is measwred. For example, the formulae 
will show that the distance of a given point from the nearest point of a given 
plane is always proportional to the angle between the given plane and the nearest 
plane (i. e. that which makes the least angle with it) through the given point. 
Again, the least (or greatest) distance from a point of one of two given straight 
lines to a point of the other is proportional to the least (or greatest) angle which 
a plane through one of the strai^t lines makes with a plane through the other ; 
and, if the lines intersect, this is again proportional to the angle between the 
lines. A similar theorem holds for the least (or greatest) distance between a 
point and a straight line and between a plane and a straight line, etc. Such 
greatest or least distances are of such frequent occurrence that it is convenient 
to speak of them without distinguishing between greatest or least ; I therefore 
call such a distance a max.-min. distance, and later, designate a constant 
multiple of it, simply as the distance of 'two elements. 

I give also expressions for the area of any spherical polygon, the circum- 
ference and area of any circle (the former was given by Gauss), the area of the 
surface and the volume of any sphere, and show that the double plane is 
identical with a sphere of quasi-infinite radius. 
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I assume the absolute given in the form 

(1) n = a* + y + 2»- 1 = 0, 
in point-coordinates, and 

(2) X5 =^* + t;*H-t^— 1 = 
in tangential coordinates. I also write 

fl« = a?H-y? + z<— 1, ^ii =:XiXj + yiyj + ZiZj — l, 

XJu = u\ + vi + W^i — lj 'Uij = UiUj + ViVj + W^Wj—l. 

As there are three flat elements, namely the point, the plane, and the 
straight line, there are six species of distance, each having its own unitary 
constant. Throughout this paper I shall use T^ T to denote points, M, W 
planes, Z, L' straight lines, and denote the non-Euclidean distance of two 
elements by the letters which represent them bound by a vinculum. It is 
rather convenient to designate angles as "distances." Then, for instance, the 
non-Euclidean distance (angle) between the plane M and the straight line L will 

he ML. 

In accordance with the principles laid down by Dr. Klein in his paper 
"Ueber die sogenannte Nicht-Euklidische Geometrie,"* I define the distance 
between two points to be h times the natural logarithm of the anharmonic ratio 
of the points with respect to the intersections of the absolute with their junction, 
and the distance between two planes as Td times their anharmonic ratio with 
respect to the tangent planes to the absolute through their intersection. According 
to these definitions, if 

'2'=(ari, yi, Zi), T'=(ar„ y,, ssg), M=:{u^, v^, w^, if' = (t^,, t?^, w?,). 



(4) MW=y In (' ^" + ^^^— g^ ) = 2ik! cos"^ (-^^ , 

the expressions as circular functions being those which I shall generally use. 

The max.-min. distance of the point T {xi, yi, Zi) from a point of the 
plane M {itu Vi, Wi) is the max.-min. value of 

where {x^, y^ Z2) satisfy the equation itiX^ + Viy^ + WiZ^ + 1 = , 
i. e. X2, y%, Z2 are determined by the conditions that 

D^{xidx2 + yidy^ + Zidzi) — £l^{x^d^^ + y^dy^ + z^dz^ = 

♦ Math. Annalen, Vol. IV, pp. 573-625. 
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shall be satisfied by every set of values of dx%y dy^, cfe, which satisfy 

Uidx^ + Vi%» + ^i^2jjj = , 

hence £i^xi — HisCKs = TlUi , 

£lfg Zi — ilu z^ = ^Wi , 
and 

= 7i{u^X^ + Vil/i + WiZ^ + 1) = iijM — flu H- X, 

'^(^l^'l + ^lZ/l + '"?!%+ 1)=^11^8 — -fiia +^2,-1112 + ^, 

>^Un = ^%{^^\ + ^1^1 + w^Zi + 1) — iij, + ill, — X, 
t. 6. writing Mi=:UiXi + Vj^i + i/^iZj + 1 , we have 

whence 

and the max.-min. value required is 

m cos-'J^^^EEl = 2ik sin-^ f-^^) . 

Similarly the max.-min. distance between the plane 3f and a plane through 

2iJ^ sin-' (-^^) , 

as is also evident firom the symmetry of this form. These distances being always 
proportional, I take 

(5) MT=2ik!'sln-^(-^). 

On a nearer consideration of formulsB (3) and (4) , it appears that the distance 
between two points and the max.-min. distance between two planes one through 
one point and one through the other are proportional, as are also the distance 
between two planes and the max.-min. distance between a point of the one and 
a point of the other. 

If a point, plane, or straight line move continuously from a certain initial 
position to a certain final position, according to a definite law, the aggregate of 
the successive positions may be called a '* course," and the measure of the total 
motion or "length of the course" njay be defined to be the sum of the 
infinitesimal distances between successive positions of the point, plane, or straight 
line. 



Story: On the Non-Euclidean Geometry. 183 

To obtain the length of any course we must express the distance between 
the points a, y, z and x + dx, y + %, z + dzj between the planes u, v, w and 
u-^- du, V + ^v, w-^ dAJOj ov between the infinitely near positions of the straight 
line, and integrate between the two extremities of the course, taking account 
of the equation of the course. A course may be called "flat" or "doubly flat" 
according as its elements satisfy one or two linear equations. Thus a flat course 
from one point to another is a plane course, a doubly flat course from one point 
to another is a straight line, a flat course from one plane to another is an 
aggregate of positions of a plane always passing through a fixed point, and a 
doubly flat course from one plane to another is an aggregate of positions of a 
plane rotating about a fixed straight line in it. Then, as I prove below, the 
length of a course between two given points or planes is a max.~min. when the 
course is doubly flat. 

The max.-min. distance of a given point T{xi, yi, Zi) from a point of a 
given straight line L whose equation is 

A' ~ B ~ O' 

is the distance of ari , yi , 2Ji from the farthest or nearest point, say ^ , >; , ^ of the 

line. Let 

^ = x, + ^A\ y! = y, + 7iB, ^ = z,+ 7iG', 

then the condition for >l is 

l£l^+2^A'x, + By,+ C\) + ^'{A^+ B'+ G^)']{A'x^ + By^+ G'z,)d^ 

-\£iy, + Ji{Ax^ + By^+ G\)']\{Ax^ + By,+ G\) + X{A^ + B'+ C7'«)]d;i = 

for all values of d'k , and the max.-min. distance is then 

\'>/ii^iiin + 2A {A' 3^ + Byt + G%) + >l» (A« + jB" + C7«)]/ 

- 2ifc POfl-i. / [i^» + A {A% + By, + ChiJA'x, + By, + Oz,) 
i«co8 V a^^i^A>x,+By,+ CI'z,)-\-k{A<' + B'-\-Cr)\ ' 

Writing 

A!x^ + By^ + C'z^ = JV/, A'x, + By, + C%=Nt', A'*+B*+ 0'*= B*, 

the condition for X is 

^B*£l»—N^N,') = Ni'Cl^— Nt'Oj,, 

and the max.-min. distance is 



^'^ ''"^ V ii,,{Bf^ ii„- N,») 
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The max.-min. distance of T from the farthest or nearest plane through 
X is , but the max.-min. distance of L from a straight line through T, a» I shall 
show further on, is proportional to the value just obtained for the max.-min, 
distam^e of Tfrom a point of Z. I take therefore 



(6) ZT= 2«.' cos- V^^^J^giS^^ = 2*" «"-. 



X^u i^u N^' 

sj« i>« m 



ti 



» 



iV,' JVi' Bf 



V SJi,{B» iJ„— NJ*) 



= 2iF' cos-^v/^" ^" + ^" ^"~ ^^"^"^ = 2i;5/" sin-» 




VUu{U„ii„-UQ 



^n T, Nil 

2i era Ai" 

i^^' 2^," i?« 



*^i^n{lS"Sn-N^'') 






In the third and fourth of these expressions L is supposed to be given as the 
junction of (a^, y^, Zj) and (xg, ^3, 23), in the fifth and sixth by equations of the 

form ■„ := ~ = ^„ * > and in the seventh and eighth as the intersection 

of {v^, v%, tO}) and (ug, v^, 103); also 

N'; = A!'xi + ^'y, + C7"zi, ?;= xi«, + yit?, + Zi«7, + 1 , i2"»= A"»+ ^^ + C"», 

The third and fourth forms are obtained from the first and second by 

putting A'=^X3 — Xf, ff=zi/s — y,, G'=:zs — z,; the fifth and sixth are obtained 

from the first and second on eliminating A', B', G', «%, yt, z^ by means of the 

equations 

A':F:G'= B'wt — C'vt : C7"«, — Al'w^ : 4% — B\ , 

«ssr, + v,i/, + w,a, + 1 = 0, A"xt + B'y, + G\ = ; 
and the seventh and eighth are obtained from the fifth and sixth by putting 

A":B': (7"= Wj — «j:»s — »»:t08 — «'»• 
If (tf,, 17,, Wf) is the plane of 7'and L, 7*,= 0, and 

(7) Ir=2.-rsin-(;,^^) = 2i^.sin-.(-,^^V 



k 
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The max-min. distance between the plane M{uij v^ Wi) and a plane through 
the straight line L whose equation is 

u — u^ t; — V2 w — tt?j 



is 2ikl cos~^>^ 



Sl'-'n'n + JV/'^/T22- 2iVV'i^2"ryi2 



where 

iVi" = A'\ + B\ + G"w^ , N^' = A^% + B^v, + G"w^ , R^ = A^'^ + ^'« + C^'". 

If the equation of L is given in the form 

X—X2 _ y—y2 _ g— g2 
A ~ B ~ O ' 

then -4": JS": G" = Bz^— G% : G'x^ — A!z^ : A!u% — Bx^ ; 

and putting J.'% + B'vi + G'wi = iV^, t^arj + v^^ + z^^i^j^ + 1 = J^ • 

the max.-min. distance will be found to be 



ow sin-i / ^il^22 + B'Ml - 2N'^M, Nj 

If the straight line L were given as the intersection of the planes {v^jV^j w%) 
and {k^,Vs, w^) , the max.-min. distance between the plane M and a plane through 
L is the max.-min. value of 

2iA/ cos-f , gy+jgii V 

the condition for X is 

and the max.-min. distance required is 



2W C08"^V/ ^^^^"^^^^^^ 2ffi2ff 19^26 , 

The max.-min. distance between M and a point of X is , as is also the 
max.-min. distance between L and a point of M. As I shall afterwards show 
the max.-min. distance between L and a line in JIf is proportional to the above 
given max.-min. distance between M and a plane through L . I take, therefore, 






ffn Su ffis 

0*21 ffn ff» 

ffsi ^82 ffsS 



= 2tfe^ COS"^^^'''^'^+,^'r^^~?r^!^'''^^ ■ -_ - 

^ an{B^ff22-Nn VffniBf'ffn-NJ'') 



ffn ffu -^1" 

fTa ^22 ^2" 
iV/' i^," Bf^ 



VOL.V. 
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= iik" ain- yJ^S+^f - ^j^tj^ = 2it" cos- ,. - - 



ffu Mi N^ 

Nif Ni' Sf 



= 2i¥^ ^^-i/Mli^t>-_^M»i^« + MliJ^ ^ 2iAP cos-' / M» Q^ i>„ 



^n ifg ifs 
ifa i^n -^28 



ff 11(^22 ^88— X^) Vffn(ii^22i^88— i4)' 

In the fifth and sixth of these expressions L ia supposed to be given in the 
form —^ = p ^ ■ = r yS7~ » ^^^ ^^ *h® seventh and eighth expressions L is 
determined as the jmiction of (a-g, y^, Zj) and (a-g, ^g, Zg). 

The fifth and sixth are obtained from the first and second by eliminating 
^t^, Vj, t^2> ^3» ^8» ^3 ^y means of the equations 

u^oc^ + v^y^ + w?22« +1 = 0, ^^3ar, + Vgy, -f w^z^ +1 = 0, 

Au^ + ^1?, + G'w^= 0, 4^3 + Bv^ + a't(?3= 0; 

inasmuch as (?/^, ^2* ^2) ^-^d (i/g, v^y w^) are any planes through Z, it is allow- 
able to assume v, = , teg = , which simplifies the reduction. The seventh and 
eighth forms of (8) are obtained from the fifth and sixth by writing A = x^ — a,, 

B = ys — yij G' = zs—Zi. 

If 03,, y,, z, is the point in which the plane Jf is met by the line L, J[^= 0, 
and 

(9) ia = 2a".in-.(^;^^^) 

The max.-min. distance between the line L and a point of the line L'l 
where L is the junction of (a;i, i/i, Zi) and (x,, y^, z,), and L' the junction of 
(*8i ys» Zs) S'lid (a^4> ^41 24) is the max.-min. distance between L and the point 

/x^-^-Jxt y,+iy^ 2»+^\ 
\ 1 + A ' 1 + X ' 1-^xJ 

i. e. by (6) the max.-min. value of 

20'" cos-^v / P+2XQ + xm 



where 



Q = ili3ili4ilj2 + il23il24^U ^13^M"^1« ^U^hs^li i 



k 
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I also put 

d "^ H^qLl^ '**«4'^^34> P ^ "^^"^^ ■^^3'^^» 

namely A, B, a, ^, y, S are the minors of the second order formed from the 
first and second rows of the determinant 

IZrJI <^^12 "^^13 "^^14 

ilgi il22 ^hs ^hi 

•^^31 ^^ ^^ -^^34 

a^^ ^^4S ^^43 ^^44 

and B, C, a', /8', y', ^ are the minors formed from the third and fourth rows, 
i.je. this determinant, expressed as a sum of products of minors formed from the 
first two and last two rows, is 

AG + B"— ad—^^' — Yy'—hh'; 
but the determinant is evidently — A* , where 

Xl yi 2i 1 
Xi 1/t Zi 1 

{i. e. A ^ is the condition that L and L' intersect, or lie in one plane) , hence 
(10) — A»=j1C+5»— aa'— 13/3' — y/— 36'. 

Now the condition for % is 

(iisj + 2xiis4 + ^'iiJCe + ^R) — {P-\- ^^Q + ^*R)(Shi + An<») = , 

and from this follows 

and hence the max.-min. value required is 



A = 



Put 



2i¥' cos-y / ^ + ^ . 
Q + m _ Pj-XQ 



by the previous equation ; hence 






W«.—P 



-ss 



tiiu—Q 



4, 
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i. €. t is determined by the quadratic 

Ge—{S1^R + fl«P- 2£l^Q)t+PR- Q»= 0; 
but 

]l6nC6 

assB+ at^P-2£l^Q = aa' -[■ P(3' ^y/ + bh'= AG + B»+ A*, 
by (10) ; also P, Q, R may be written 

P = Ilisa — flis/ ) R = i^/^ — ■^u^ » 

hence 



PR—(^ = 



= B 



the quadratic in < then becomes 

C^— {AG+ B>+ A^)t-\- A&= , 

i. e. the max.-min. distance required is 



a Y 

/3 5 



= ^5»; 



2ild" cos-Wl= 2»F' co«-V AC+ig'+ >J'± V(^C ? + ^+ ^7-4^^t? 
^ ^ ^ ' lAC 

^ 2^C7 

^ 2^e • ' 

the symmetry of this expression shows that it is also the max.-min. distance 
between L' and a point of L. 

It is very evident, from the investigation leading to (6) , that the max.-min. 
distance between a point of L and a point of L' will be found from this 
max.-min. distance between L and a point of L by changing K'^ U) k, i. e. this 
distance is 



Similarly, if L is the intersection of the planes (t^i, Vi, w^ and (t/,, t?,, tr,) 
and L the intersection of (t^g, Vj, t(?3) and (1^4, v^, i/?^), the max.-min. distance 
between L and a plane through Z', or between Z' and a plane through L is 



Wc^ sin- W FO—g'—r'^V'(FO—g'—F'?+4F/9r' , 

270 
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where 



F = UnUM — Ul2, ff = Ul3U«4 — UuUmt /? =U33U44 — UI4, 



v = 



V^ Vi Wi — 1 

v^ v^ w^ — 1 
u^ v^ w^ — 1 

^4 ^4 ^4 1 

The max.-min. distance between a plane through L and a plane through L 
is then 



2i1(l sin- v/ fO — ff"— r'=F\/(FO — g"— r^f + ^VOV . 
^ 2V0 

The max.-min. distance between a point on L^ the junction of (xj, y^ Zi) 
and (xij y^j z^), and a plane through i^, the intersection of (wg, Vg, w^) and 
(i/4, i?4, zTi), is the max.-min. value of 



2i¥ sin 



— 1 






where JIf/'' =u^x^ + v^yi + w^Zi + l, M^"^ — u^x^ + v^y^ + w^Zi+ 1, 
but this expression is obtained from 



2ih cos 



-1 



•^18 + ^-^28 + /^-^M + '^/^•fi24 



by replacing Xlu, fl^g, H^, fl^^, ^33, 1134, 1144, A?, cos^^by if/", itf/", M^, M}"^, 
U33» U34> U44» ^'» sin""^; now the max.-min. value of the latter expression is the 
max.-min. distance between a point of the junction of {x^ yi, Zi) and (xj, y^, z^) 
and a point of the junction of (xg, y^, Zg) and (^4, y^, 24); but this distance has 
been found to be 

2iJc s^m-K/ AO-E'-J'^^/{AC^B^-J''r+4^a3^ 
^ 2A0 

where A, G, B, A are defined as above; hence the max.-min. distance between 
a point on L and a plane through L' is 

2i¥ cos- V Ao — S'— g)' =F V {Aq — 33^— ^'f + 4i^ 
= 2tF sin-^ /I^ ^' + ^'±\/{Ao + JB^+ g)y— 4^/?g' 
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where A , are defined as above, and 

SB = M^^M^ — MTM^", 



2 



— ®^ = 



I. e. 



fill iiu 


M^ Mr 




«1. 


2/1. 2l, 


1 


n,, fij, M^" M^ 




«». 


y», 2». 


1 


Mr M,'" Hss II34 




«3. 


»3i «'S.' 


1 


ifl" M^"" ills ^44 

• 




;«4 . 


©4, W4,- 


-1 




«1. yi. 2l 


, 1 








® — 


«4, «'4. W4, 


, 1 

• 

,-1 
-1 


) 







and 3) = is the condition that each of the lines L and L' should intersect the 
polar line of the other with respect to the absolute, i. e. the condition for what 
I shall afterwards call the perpendicularity of the lines. The proportionality of 
the last three distances can be best proven by expressing them in terms of the 
coordinates of the lines; X, ju, p, c are simply proportional factors, let the coor- 
dinates of L and Z' be respectively %, 61, Cu/i, gi, Aj and Oj, b^, (Hif%i 9%i ^5 
then 

^(Z/l 252 — 21^2) =i^K—^) = «l, ^{ZiX^ — XiZ^) = (l{Vi — V2) = biy 

p{y3ZA—Z3!/i) = (y{us—u^) = (^j p{Z3Xi — XsZ4)=a{Vs — V^) = b2j 

p(a^82/4 — y3aJ4)=0'(«^8 — -^^4)=^, p{x3—X^) = (y{VsW^—WsV^)=/i, 
P(yS — y4) = <y(^8^4— ^3^'4) = fl^2> P(Z3— Z4)=<y(%^4 — ^3^4) = ^; 

and 

X*^ = a? + 6i + cf— /? — gff — /if, ^pB = aiaj^ + bibi + c^c^—fi/i — gigi — hih^, 
p>(7=a| + 6| + c| — /I — gf| — A|, ^pA=ai/i + big^ + Cih^ +/i(h + 9ih + Kc%i 
f^V=/i + fl^ + '4— «i — 61— cj, (ifyg:=/i/i+gig2 + hiJH — a^(h—bibi — Ci(^, 

<^0=A + ^i+H—<4 — il — clj t^<^ =—(^iA—higi—cJi^—/i(h—gA—hic%i 

X(t93 = a^/i+big^+Cih^+f^a^+gA+Ih!^, ^<y'^='fif%+gyg%+hh—a^ai—bA—Ci<H^ 
from which follow 

(i^V = — ^^^^ f^^a: = ^^ = — ^pBj a^Q = — p*(7, [i(n^ = — ;i(T« = — ;ipA; 
hence 

(i*Avo-a*—v')=^y{AC-B'-A*), 

>}o\Aq + 5B« + 3)*) = — ^\\A C— 5» — A») , 
XV4^X»= —T^YAGB", %*a*Ao = — Jiy^C, 



k 



/ 
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and therefore 






and the proportionality of the three distances is established. I therefore take 



(11) Zr= 2iF ^^r.-'. / AC-E^-J^^^[AiJ-B^-J^f+^GJ^ 

^ 2A0 

in which the quantity under the outer radical sign may be replaced by either of 
the above given equal expressions. It is to be noticed that, on account of the 
double sign before the inner radical, there are two max.-min. distances between 
two given straight lines, corresponding, as I shall show below, to the geometrical 
fact that two straight lines can be drawn to intersect four given straight lines. 

If the straight lines L and L' intersect, A , v ^.nd 93 vanish, one of the 
values of LL' is 0, and the other is 

(12) ZZ'= 2iF sin-^^ "^^--^ = 2iA;^ cos'^ -^ = 21*^ cos"^ ~^ 



= 2ih^ cos""^ 



AC Vac \/yo 

— 3) 



V-Aq' 
now 



2i cos 



— 1 



B 



= In : = In a , say. 



VAC B^VB'—AC 

where a is easily seen to be the anharmonic ratio of L and Z' referred to the 

two tangents to the absolute from their intersection, which lie in their plane; 

namely, the above angle is evidently independent of the particular choice of the 

points 7i, 7i> ^31 ^4 in either line, hence the value of a will be unaffected by 

the assumption that 7J and 7^ coincide with the intersection of the lines ; now 

a is the ratio of the roots of the equation 

A+2^B + ^^G=0, 
and if T^ = TJ this is 

i. €. n^ (Hn + 2xni3 + ;i^n33) — {a,, + xa^sf = o , 

but this is the condition that the point {xi + 'kx^ , y^ + X^g , Zi -f /Izg) shall lie on a 
tangent from TJ to the absolute, i. e. a is the anharmonic ratio of 7i, 7J with 
respect to the intersections of the line T^T^ with the tangent cone from T^ to the 
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absolute, but this is the anharmonic ratio of the lines L and Z', to which 
reference is made above. 

We can now find the max.-min. distances, above mentioned, between a 
given straight line and the nearest or farthest line through a given point, and 
between a given straight line and the nearest or farthest line in a given plane. 
It suffices to determine the max.-min. value of (11) when L and (arg, ^g, Zg) are 
constant and (^4, ^4, Z4) variable, and when L and (t^g, Vg, w^ are constant and 
(^4, t?4, w^ variable. In the former case, evidently 



v(i - ^)-+ 



AC ^ ^ V AC J ^ AG 

is to be a max.-min. ; but there are two independent parameters involved in the 
determination of a straight line through a given point, and taking — -j-^^ and —rz^ 

AO A(j 

to be the two parameters it appears that A = or j1 6^ = , but the latter condition 
makes the max.-min. distance indeterminate, and assuming A = there is still 
a parameter to be determined, which may be done thus: because the lines 
intersect we may put x^\y^:z^:\=^XY'{'7^%iyi'\-Xy%'.Zi'\-7iZ^:\'\-^^ and the 

expression whose max.-min. value is to be determined is 2ilc^ cos""^ , -^ , for 

w AC 

which we easily find ;i = jp- , and the max.-min. value is 



9VZ.V f^r^a ^ /•^U •^+•^28 ^ ^^n ^U^ 



which is proportional to the value which would be obtained from (6) for the 
distance between the line and the point, namely by an interchange of the suffices 
1 and 3. In the same manner the proportionality of the max.-min. distance 
between a given line and a line in a given plane to the expression obtained from 
(8) for the distance between the line and the plane. 

AH the above given formulaB for distance may easily be applied to the deter- 
mination of the distance of two infinitely near elements, but the most interesting 
case of this kind, from the point of view of the Euclidean Geometry, is that 
in which the elements are points, say T{x, y, z) and T^ {x + dx, y + dy, z + dz). 
For convenience I write 



xn V^^^ ^^^^ -L^^^^i 



dy 
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then the distance is 



Q + SQ 



(13) dTT' = 2ik cos-^ vI(^+TOT^ 

neglecting higher powers of dx, dy, da. This may be put into the short 
symboUc form 

dTT— 2ik\/i(^ = 2ikV¥EU. 

Similarly the distance between the planes M(u, v, to) and ^{u -{• du, 
V + dv, w + dw) , where du, do, dw are infinitesimal, is 

(14) dMW^ IxU ^Vu**u — (au)«= 2wfe'V^lnu, 
where l^ - }- (^ du ^^-^ dm ^^ dw\ 

+ 2 ^^dwda + 2 ^dMtfe") . 

The distance between two infinitely near straight lines L and L', given by 
their coordinates (a, 6, c, /, ^, A) and {a-\- da, b + db, c-\-dc,f-\-df, gr + dg, 
h-\-dh) is obtained from (11) by substituting for j1, B, G, A their values in 
terms of line coordinates. Then 

B = A + SA, 
G=A + 2SA + ^A, 

where ^=2^^. 

O=a/+bg + ch=0, 

Now = for any line, and 280 = — 5*0 is a dififerential of the second 
order j and it will be found that 

(15) dZII = iTc" ( ^^^ ~ ^^^^"^ ^'^^^f ~ ^^^'>'^ + ^\^0T \ ^ 
when terms of a higher than the second order are neglected. 

VOI*. V. 
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The distance between any two infinitely near positions in a " course " will 
be given by (13), (14) or (15), and the "length of the course" will be obtained 
by integrating this expression between the extreme positions. It will be found 
by the usual method of the calculus of variations that the shortest course 
between any two given points or planes is "dovhly fiat^' ; the integrals in these 
cases are (3) and (4) respectively. 

The same thing may be proved thus: the condition that the sum of the 
distances of a variable point (xj, y^, %) from two fixed points {x^, y^, Zj) and 
(x,, y%, %) as determined by (3) shall be a maximum or minimum is given by 
three equations of the fourth degree in (fc,, ^,, 23), but they may be written as 
linear homogeneous equations in 

\ d^i dxi dxiJ' \ dyi' dyi' dyt/ \ 3^ ' dh' dnJ 

respectively, whose coefficients are identical; it is therefore necessary for a 
maximum or minimum that 

dSn_ dOn dS„ 
dxx dxf dz, 

dSi 3y» 9y» 

dSn a^ 3^ 

dzi dzt 8zt 

with the special form (1) of D, the constituents of either row of this determinant 
are the same linear homogeneous functions of (xi, yi, Zi), (xj, y,, %) and 
(xj, ^j, %) respectively, hence the determinant is the product of aconstant deter- 
minant and 

Xi, X„ Xf 

hence we may write 

xa=^ + (iXt, y,= ^yi + fiy%, «s=^ + /i2». 
and these substituted in the above-mentioned equations give 

;l + ^=i, 

i. e. the point (xj, y^, !Sg) lies on the jimction of (a^, y^, zj) and {x,, y^, Zf). The 
same method gives the condition for a plane moving by the shortest course 
from one position to another. This method applied to the case of the variable 



= 0: 
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Btnught line £,(03,^1^, cj, /,, ^,, ^3) moving by the shortest course from 
A{ai. h, Ci, /i, gTi, hi) to Lt(a„ 6,, c,, /„ g,, A,) gives 
-/i, -£/i. -Ai 

— /•. — ?I. — *J 
— /s. —g„ —K 



Oi, 


*. 


Cl, 


/., 


9i 


h. 


a>, 


h 


«., 


/.. 


Si 


K 


Oj, 


b. 


c.. 


/., 


9s 


Ih. 



where also 

and we may write 



a!/8+&3ff3+Cj^=0, 



oja + 61/? + Ciy — /i4> — 3ia; — ^1%^ = 0, 

a,a + 6j/? + c^y — /,^ —gtX — Aji^. = 0, 

Oga + 63/3 + Cjy — /g^. ~gsX — hi'=^^, 
/,a + ^3^ + Asy 4- Os?' + 63Z + «8+ = 0; 
and it \All be foxmd that the conditions for maximum or minimum will bo 
satisfied when a4> + i^;^ + 5^ = , 

1. e. when o-, ^, y,^, x^"^ ^^ ^^^ coordinates of a straight line, which, as is 
evident from the equations Just written, intersects Zi, and its polar with respect 
to the absolute, and Z, and its polar, and £3 and its polar. This line must then 
be one of the two straight lines which meets each of the lines i,, Z, and 
their polars, and the conditious show that it may be either. Hence, in moving 
by the shortest course from Zj to Z, , the variable line I^ and its polar con- 
tinually intersect both the straight lines intersecting Z, , Z, and both their polars. 
This may be stated, as will be shown below, in other words, thus : in passing 
hy the sharteat cov/rae from L^to L^the variable straight line La elides along the two 
common perpendicidara to Ly and L^, and is itself constancy perpendicular to the^ 
common perpendiculars. 

I now find the conditions for zero-distance or "parallelism." By (3), two 
points Ti and T^ are parallel when 

(16) nun„-nj,=o, 

t. e. when their junction is tangent to the absolute. 
By (4), two planes ifi and M^ are parallel when 

(17) UuU»-U'u=0, 

t. e. when their intersection is tangent to the absolute. 
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By (5) , a point and a plane are parallel when the poiijt lies in the plane, 
i. e. when 
(18) M^=0. 

By (6), a point 7i and a straight line given as the junction of 7J and 7^ 
are parallel when 

(19) n^i n^j n^ =o, 

"^1 ^^ "^^ 

t. e. when the plane of the point and line is tangent to the absolute. The same 
condition can be obtained more directly from (7) , which gives as the condition 
that the point 7i shall be parallel to the intersection L of the planes M^ and if 3, 
where M^ is the plane containing 7i and Z, and M^ is any other plane through i^, 

(20) T,sf^,= 0, 

where T^ is the result of substituting the coordinates of M^ in the (tangential) 
equation of 7i. Hence either 7i lies on Z, or their common plane is tangent 
to the absolute. The former is only a special case of the later when differently 
statedj thus : a point and line are parallel when it is possible to pass through 
them both a plane tangent to the absolute. 

Similarly a plane M^ and a line L given as the intersection of two planes 
J^, M^ are parallel, by (8), when 

Un Uu Uis 

U«i Uw Um =0, 

Usi Ua U38 

or, if the line L is given as the junction of T^ and Tj, where TJ is the inter- 
section of Ml and L , 

(22) itf8V^=0, 

where M^ is the result of substituting the coordinates of T^ in the equation of 
Ml) i. e. the line and plane will be parallel when they intersect on the absolute, 
or when the line lies in the plane, in which latter case they have two common 
points on the absolute. It may be remarked that the condition J<i= is equiva- 
lent to the condition 

AA! + BB+ GG'=0 

that the line 

X — a/ y — j/ z — z' 

shall be parallel in the Euclidean sense to the plane 

Ax + By-\-Gz + D=0, 



(21) 
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but in the non-Euclidean sense it is the condition that the line shall lie wholly 
in the plane. 

By (11) the two straight lines L and L are parallel only when j1 = 0, or 
t7=0, orA = 0; ifjl = 0, or 67=0, the distance LL is indeterminate, and 
the lines cannot strictly be called parallel, indeed either of these conditions 
afiects only one of the lines, it is the condition that the line in question shall 

be tangent to the absolute ; the condition A = , i. e. that the lines intersect, 

B 

makes one of the distances LL = , the other value of LL is then iiJc cos"^ -7=^ » 

and this also becomes when AC — -B*=0, which is therefore the condition 

that L and L' shall be parallel in the strictest sense ; and I shall call them parallel 

only when the two conditions are satisfied : 

(23) A = 0, AG—&=0, 

i. e. when the lines meet on the absolute. 

I pass now to the conditions for the perpcDdicularity of two elements. It 
is convenient to have a name for the circular-function involved in any distance, 
and I call it the '^arc^^ of that distance, thus from (3), etc. 

%_\ 



arc Tr= cos-^(;^^j== ) , etc. 



Writing also co. = complement, it is easily seen that if E and -E' are any 
two elements (of the same or different species) and if P is the polar of E 
(namely, P is plane, point, or straight line according as ^ is point, plane, or 
straight line) , 

(24) arc EE' = |- — arc WP= co. arc WP, 

provided the proper signs are given to the radicals involved. 

We may also speak of the anharmonic ratio involved in the measure of a 
distance as the ^^argumerU^^ of that distance (abbreviated arg.), thus 

arg. Tr= o /oi 00 ' 
then (24) may also be written 

(25) Q,rg.EE'= — — ^• 

It is evident that the two elements Ej E' are parallel when 

(26) arc EE'— or 0, i. e. arg. EW= 1 . 
I call two elements Ej E' perpendicular when 

(27) arc 11' = f , i. e. arg. 1F= — 1 . 
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The condition that two points T{xi, yi, zi) and ^{x,, y„ z,) shall be perpen- 
dicular is then 

(28) 0^=0, 

i. e. either lies on the polar plane of the other with respect to the absolute. 
Two planes M{ui , Vi , Wi) and M'{ut, «^ , to,) are perpendicular when 

(29) Ui»=0. 

i. €. either passes through the pole of the other with respect to the absolute. 

A point T{xi, yi, Zi) and a plane M(ui, Vi, Wi) are perpendicular when, 
using the notation of (5) , 

(30) ^J5n—Ml = 0, 

i. e. the point T is parallel to (at a zero-distance from) the pole of M, and M is 
parallel to the polar plane of T. 

A point T and a line L are perpendicular when, with the notation of (6) , 

£i*u£lti—2au£lu^+^^=0, or 

ir»f^— 2iVi'iVi'ftM+J^?Il„=0, or 



(31) 



7i U« ^i" 



= 0, or 






= 0; 



N'i Ni" i2"» 
or, if (uti V,, Wt) is the plane of T and L , 
,o9N J ^i(UmU88— Ut.)— ^U»= 0, or 

^ ' \ fiu(i2"*U«-^^)- J^i^U«= 0; 

«'. e. Lw parallel to the polar plane of T, and T is parallel to the polar line of L. 
A plane M and a line L are perpendicular when, with the notation of (9) , 

UiiUss— 2UuUuU»8 + Ui8U«= 0. or 

R'*XjU-2N'l N'ixj»+NrVn=0, or 



(33) 



= 0, or 



Uu -34 Mg 



= 0; 



Nit Nt' Bf* 

or, if (a*} , yi, Zf) is the intersection of M and L , 
fOA) i Uu(fl«n„-ii|»)- J^«« = 0, or 

^ ^ (Uu(i2^n„-^)-nn„=0; 

t. e. M is parallel to the polar line of L , and L is parallel to the pole of M with 
respect to the absolute. 

In the case of two lines i, Z', with the notation of (11), one value of arc 

LL! is Y when 5 = 0, and both values are — when 5 = and j1(7+ A* = 0. In 
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the fonner caae I call the lines simply '^perpendicuiar," and in the latter case 
they may be called "doubly perj>endicular.*' The condition for the perpendicu- 
larity of two lines is then 

(35) £ = [orff = 0, orB=0]. 
This condition is equivalent to 

(36) n„+»U„=0 and nu + Xfl„=0, or 

(37) n„-|-f<n„=0 and fl„ + (iX2„ = 0, 

for some values of X and //. The equations (36) imply that a certain point 
(^±^, ?L±^, ^±i^) of I lies on the polar of L', and equations (37) imply 

that a certain point f 't'^'"' , ^•+/^' , ^^±^) of Z' lies on the polar of Z, 
i.e.L intersects the polar line of Z', and Z' intersects the polar line of Z. 

[The condition for double perpendicularity of Z and Z' is 
(88) S = 0, and ^C+A'=Oi 

now, by (10), these two conditions give 

and by (36) and (37) and the former definitions of a, ^3, y, 5, a', ^', /, 5', 

a=(n„-i-xxi„)n„, a'=n„n„— n„fl„=— (n„+/in„)n„, 
/J=(nn+Wiij)n«, i3'=n„n„-n„n„=(n„+pxi„)n„, 
y = {si„ + 7i£i„)a„, y'= — j,(i2„n„— n„n„) = ;to', 
j=(n„-i-xna)fl„, *=— x(n„n„-n„n»)=>^. 
oa' + /3^' + y/ + ss- = (flu + 2;>xi„ + x'n„)(n„«' + n„/J' ) 
= n!,(Q„+ 2ma-i- ;i'n„)(n„+ 2,<n»-i- p-nj, 

,-. ,. citter r^, ?l±ia, ^) or ?a±iS., I*±i*, ^±i5) Ues on the 
absolute, and hence at least one of the lines L, Z' is parallel to the polar of the 
other.] 

If L and L' are simply perpendicular and intersect, .fi = and A = , one 
value of arc LL is ^ 9, while the other is 0. 

From these definitions of perpendicularity it follows that (he arc of the 
diBtcmce bdioeen two given planes is equal to the arc of the {non-evanescent) distance 
hetween fJie two straight lines dravm from any point of their intersection, one in each 
plane perpendicular to their intersection. This is easily proved ; let Jf(«i, ri, Wi) 
and Af'(»(j, «j, w^ be the two planes, and let Jf"(«j, v^, wg) be the plane of the 
tffo perpendiculars to which reference is made in the theorem ; then, since the 
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intersections of M and M" and of M' and if" are perpendicular to the intersection 

of if and if, 

UuUm— UiiUi8=0, 

UwUm— U«Ui3=0, 

by (35), but in general UuU» — Uu ^^^^ ^^t vanish, hence 

and the angle between MM" and MM" is, by (12), 

2tFcos-^-^4^=, 

varuffa 

which proves the theorem. 

This proof also shows that if two plounea are perpendicular to the same third 
plane, their intersection is perpendicular to thai plane and to every straight line in it. 
Similarly if two points are perpendicular to the same third point, their jwnction is 
perpendicular to that point and to every straight line through it. With these defini- 
tions it is not true that every straight line perpendicular to a given plane is 
perpendicular to every straight line in that plane, or even to every intersecting 
line in that plane ; through any given point there pass an infinite number of 
straight lines perpendicular to a given plane, namely all which pass through the 
point and lie in either of the planes tangent to the absolute through the junction 
of the point with the pole of the given plane. One of these lines, namely the 
junction of the given point with the pole of the given plane is perpendicular to 
every straight line in the plane, pt is possible that the definition of perpen- 
dicularity of a point and a plane, a point and a line, and of a plane and a line 
should be narrower than that here given ; namely, it may be that a point should 
be considered perpendicular to a given plane only when it coincides with the 
pole of the plane, instead of being simply at a zero-distance from it ; that a 
straight line should be considered perpendicular to a point only when it lies in 
the polar plane of the point ; and that a straight line should be considered 
perpendicular to a plane only when it passes through the pole of the plane. 
This narrower definition of perpendicularity will not, however, affect the further 
results of this paper.] If two straight lines are perpendicular to the same plane, 
they will not necessarily be parallel to each other ; and two planes which are 
perpendicular to the same straight line will not necessarily be parallel to each 
otner. It is also evident that two planes parallel to the same plane are not in 
general parallel to each other ; and two straight lines parallel to the same straight 
line are not necessarily parallel to each other (the odds are equal that they 
will be so). 
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If r(a, y, z), 7"(» + dai, y + dy^, z + ck^ and 7"'(a; + ixi, y + dy„ z + dz,) 
are three infinitely neax points, and on TT' and TT" a plane quadrilateral is 
constructed whose other two sides are parallel to these, it will be seen, from (13), 
(12) and (6), that 



20; 



%h 



•ah 



2tife .-^. 



TT'= -^^ii!?^Q—{d,iIf = -Q^A, TT"= -^>^Q!^,ii—{d^iif = -^^c 



sm 



{XT', TT 



Wt" 



5=V 



A C—ff 
AG 



{TT, T") = 2ilif" 






(dxi, &c., b eing infinitesimal), where TT' and TT" denote the lines TT' and TT", 
{TT', TT") is the angle between them, {TT', T") is the distance between the 
line TT' and the point T", hi£i, ^il, 5ffl, 5|X1 are what h£i and ^Ci already 
defined become on the substitution oidxx, dyi, dzi and dx^, dy^, dz, for dx , dy , dz , 
and 

^1 Sjfl = StSiD. = — [^ d«i<ix, + -^dyidyt + -^ dz^dzt 
+ ^^ (%!<&« + <fei<iy») + g^ (efeidx, + doitfe,) 
+ -^ {dxidyt + dyidoc,)j , 

A = fi5?fi — (5ia)«, c = n^fi — (5,fi)*, B = a5i5^ — Sifi^jH , 



B* — AC = 



xw?fi — (5i n)», aM»ii — 5ia5»n 



= n 



5^ 5A^ 5|n 



hence 



Tiyv 7T7W _:_ (^^'> ^^") _ (2*^)* 

yi II sm 2^^y — ^j 



TT"{TT", T')=TT*{TT', T") = ^^^^^^^ 






V 



a diSi 


dtQ 


8iii SiS 


8i3ti2 


8iS dtd^ii SiSJ 



I therefore take as the measure of the area of the infinitesimal parallelogram, 
h^ being a new constant, 



VOL.V. 
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(39) 



TrT" = da = ^^^ 







K^iii 



V 






where K^ = ,^, > and this expression for da is not altered if T" be moved to 

any other position on the side opposite TT\ provided its distance from T remain 
infinitesimal ; the areas of infinitesimal parallelograms are therefore proportional to 
the products of their bases by their altitudes, either side being taken as the base. 
The area of any figure is then measured by the integral of (39) over the whole 
figure; namely, the figure is to be considered as divided into infinitesimal 
parallelograms, and its area is the sum of the areas of these parallelograms. It 
is to be noticed that the expression in the right-hand member of (39) remains 
unaltered if T" be infinitely little displaced on any straight line, through its 
former position, intersecting TT' at a distance from T which is not infinitesimal ; 
hence for this purpose an infinitesimal parallelogram may be defined as an 
infinitesimal quadrilateral whose opposite sides intersect at distances from its 
vertices which are not infinitesimal. 

Similarly if T"' {x + dx^j y + dy^, z + dz^) be a fourth point infinitely near 

where the notation is sufficiently explained by the above definitions of 5 and 5*; 
the equation of the plane T!P ^ (^ , rj, ^ being current coordinates) is 













k 


: 


7 


^ 


1 


= 0, 










X y z 1 








dxi dyi dzi 








dx^ dy^ dz^ 




or 


u^ + vri + w^ + 1 = 0, 


where 






X y z 
dxi dyi dzi 
dxi dy^ dz^ 


t^= — 


dyi dzi 
dy% dz^ 


> 


X y z 
da-i dyi dz^ 
dsCf dyi dzf 


v=. — 


dzi dxi 
dz^ dx% 








X 

dxi a 
dxf a 


y 
^y% 


z 
dzi 
dz% 


w 


= 


^^^^ 


di 
d; 


Ki dyi 

r, dyt 


• 
> 
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whence 

X y z 

dxi dyi <hi 

doe, %, dzi 



I %i ^ |*_i_ I ^ *^ I' I I ''a'l %i I* 

I dyt dzt \ \ dzf dof \ \ da^ dy, \ 

n + 1 j,n s,a 



X y z 
dxi dyi dzi 
die, dy^ da. 



then, with the notation of (9), 



dxy dyi dzi J^ = — tZx, dy^ dz, 
dXi dyt ds^ dao, dyg (fe, 

dxi dy^ ds^ 



. (ff f>', fT'") 
^"^ 2^ =" 



dxt dy^ cbt 
dxt dy^ dxt 



VTT 



s^a sfs «,},£ [fl3!fl_(aiB)«] 

where TT' T" means the plane of T, T and T", and by (6), replacing the 
infinitesimal angle by ite sine, 

<£e, dyi dzi 

dx, dy,eb, 

TT' T", T'" = 9.rt'^ dxtdyt d^ 



hence 



TT' T" TT" sin ^ 



s,a i,),a lis 



I t^e therefore as the measure of the volume of the infinitesimal parallelopiped 
on the three edges LU, LL" and UJ", k^^ being a new constant, 



dxiOy, d^ 


dx,dy,tk, , 


die, dy, dn. 


dsci dy, (fe, 


doc, dy, da. 


dx,dy,dz. 




204 



Stoby : On the Xcn-Eudidean Geometry. 



(40) 



rrTrT":=^dv='^y^. dx, dy, dz. 



^ <foi <7y, dz^ 
= n^-ifi *f, rfy, dzg ' 
dx^ dy^ dzi 



Atj dy^ dz^ . 

where JEi= /o^r^^i' a^<i an infinitesimal parallelepiped need merely be defined 

aa an infinitesimal hexahedron whose opposite faces meet at distances from its 
vertices which are not infinitesimal It then follows that tJie volumes of infinites- 
imal parallehpipeds are proportional to the prodvLcts of their hoses by their altitudes, 
either face of each being taken as the base. The volume of any solid may be 
found by integrating (40) over the whole solid ; and for this purpose we may 
suppose the solid divided into infinitesimal parallelopipeds by planes whose 
equations are x := const., y = const., z = const., so that dyi, dz^ dxf, dz^, dx^, dy^ 
vanish, and 

(41) dv = ^^ — ^ 

The constants K^ and K^ correspond to the constant curvatures of space of 
two and three dimensions in Grauss' theory (see p. 210). 
A convenient transformation is 



(42) 
whence 



x= psin3 coso, ^ = psin3 sino, z = pcos3, 



(43) 



dy^=dfsva.% sino + pcos^ 8m(A<2^ + p sin 3^ cos o <2ui , 
(fz=e2pco8 3^ — p sin 3^ (23; 

then, with the value of £l given by (1) , 

5X1 = pdp , 5»fi = rfp^ + p»<»* + p»8in»3.d6i», 
5j5,Xl = c2pi(^ + p*<23i(23s + p^8in'3.<2bi<2ai|, 
and (13), (39) and (40) become 

(44) ds = 2ik V-d/>'-/''(l-/>'X'^+Bm'^) 

(45) da 

_ 1 /> / f^{l—ft')6m*iH,d»ida)f-d»^;f+(dp,!i9i—dp^if+f^^ 

doi (23i ddii 

(46) ■ - - 



^^ 1 /o*8in I? 

^-i5r(nr^» 



e2ps cZ3| dcd% 
dps d^z cfc)8 



which expressions may be taken either positive or negative ; and, if a solid is 
divided into infinitesimal parallelopipeds by surfaces of the systems p = const., 
3 = const, o = const., the volume of any one of these parallelopipeds is 
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, 1 f^ Bin ^ dp, d&i do). 



(47) 

corresponding to (41). 

It will be seen that the new definitions here given are extensions of Profes- 
sor Cayley's definitions of " projective " meaaurement (Sixth Memoir upon 
Qualities, PhU. Tram., voL 149, 1859) as generalized by Professor Klein {Maih. 
Aim., VoL IV). 

Application to the Sphere. 

A sphere is defined as the locus of points at a given distance (radius of 
the sphere) from a given point (centre of the sphere) ; the radius being r and 
centre (xi, ^i, zi), the condition that {x,, i/,, z,) should be a point of the sphere 
is. by (3), 

(48) i^=fiun.,cos'(-^), 
or, Bay, 

(49) lQnQ„— //ll!,= 0, 
where flu, £1„, flu are defined by (1). 

The sphere (49) will be a cone for certain values of X, fi determined by the 
equation 



= 



— jcciy,, 

— /^2l, 



— W3/11 



IQn — (jy! 






-)Sla-li 



— Wi^i. 

=iV-x)nf„ 

t. e. in general for % = and ^ := % . 

For X = the equation of the sphere is 
(60) f«,= 0, 

». e. the sphere comnste of two plama coitundent with the polar plane of the oemirre 
with respect to the ahsohte. In this case 




r^ikQ. 
A great circle on such a sphere consists of two coincident straight lines. It 
IB then evident that a plane may be considered as Jia^ a sphere of radius ikQ, 
and a straight line as half a circle of the same radius. The outside of such a 
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sphere is the portion of space included between the coincident planes, so that 
the sphere includes all space, and the outside of such a circle is the portion of 
its plane between the coincident lines, so that the circle includes the whole plane. 
I shall presently find, by this means, the length of the whole strai^t line, the 
circumference and area of the whole plane, the area of the boundary of all space, 
and the volume of all space. 

For fc = % the equation of the sphere is 

(52) . nuQ«-Qi=0, 

t. e. the sphere is the tangent cone to the absoliUe Jrom the centre. In this case 

t. e. 

(53) f = 0. 

In the general consideration of the sphere, I take, for simplicity, the centre 
as origin, and write the variables {x^ y, z) instead of {x^y y%i h)] equation (48) 
then becomes 

"=-• «<^(Ie). 

t. e. 

(54) a?+3^+z»=l-8ec»(4) = -t«ii»(|^)=^,8ay. 

With the polar system (42) , the equation of the sphere becomes 

(55) p = T. 

The form (1) of £i allows perfect fi-eedom in the choice of the origin, of one 
coordinate axis through the origin, and of one coordinate plane through this 
axis, but when the origin, axis and plane have been chosen, the whole system 
is determined. The circumference and area of any great circle of the sphere 
will be most conveniently determined by takiog this plane as the plane z = , 
t. e. the plane 3 = ^3. Then the circumference of the circle is, by (44) (putting 
p = T,3 = ia, dp=0,c» = 0), 

(56) a^=±2i&;^^^/db = zb4tA:0^^^==zb4iiQ 



the latter of which expressions was given hj Grauss ; and the area of the cirde 
is, by (45) (putting^==|8, d(h=<^» <23i=0, d%==0, dp,==0, d3»=0, (ia»=<2u), 
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r S0 



(") ^-=-iXX^=-|(vfe-0 



The area of the surface of the sphere of radius r is, by (45) (putting 
p = r, dpi= 0, d^i = ci^, c?Oi = 0, c?p3 = 0, d3,= 0, db|= cfe)) 



(68) &-= ± ^^^fjjin »,»*,= =F f sm'(^) 







= ±|;(S.^-6--)"i 



and the volume of the sphere is, by (47) (putting (2pi=(2p, dS^^:=,d^^ do^^ch), 

(«') "^ = ^ kfJJ.^^^ = ^ % [| - - (I)] 



From (57) and (58) follows 

(60) /y? = ^;, 

i. e. the area of tJie surface of a sphere equals the area of a circle of twice the radius ^ 
which corresponds to the theorem of the Euclidean geometry, commonly stated 
thus : the area of the surface of a sphere equals four times the area of a circle of 
the same radius. 

Formulaa (56), (57), (58) and (59) applied to the case in which r = iA;9 give 

29 49 9' 

(61) ^uQ = ^ihQ , ^a0 = ^ ' Siu^ = -^ » 7^0 = -^ » 

whence the length of the whole straight line is 2iA;d, the area of the whole plane is 

29 .49 . 9' 

-v^ > the area of the surfojce of all spojce is -j^ > and the volume of all space is -^ • 

In the Euclidean geometry ^ = — -pi ^ = ^ t and Jc is infinite (see 
Professor Klein's paper, Math. Annalen, Vol. IV, p. 592, lines 3,4, where c has 
the same meaning as A; in the present paper) , hence tt is infinitesimal, 

(62) Gir=2df, A^= 8f», >S'i: = 49r», Fr=y0P, 
the ordinary formulje. 
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Before considering the areas of figures drawn on a sphere, it will be conve- 
nient to obtain the formulae of non-Euclidean spherical trigonometry, A 
spherical triangle is a figure on the sphere bounded by three arcs of great circles 
(intersections of the sphere with planes through the centre). The angle between 
any two such arcs may be measured by the distance (angle) between their 
planes or by the distance (angle) between the tangents to them at their inter- 
section ; the angles of the triangle measured in the second way I call a, ^, y, 
then it may easily be proved that the angles measured in the first way will be 
jf^jf— jf_ ' "___ 

■p-a, -j^^, tvyi *^® lengths of the sides or bounding arcs opposite a, /?, y I 

call respectively a, h, c. 

I,begin with the case of a right triangle (a right angle is the angle between 
perpendicular lines) ; let y be the right angle, i. «. y = ik'^ 9 , take the centre of 
the sphere as origin, the radius to the angle / as asis of x, the plane of the side 
a as the plane ^ = (i. e. u = 0) , then the plane of the side b will be the plane 
2 = 0(i. e. 3 = j9). For the radius to the angle ]3, then, o = 0, 3 = Si, say, 
and for the radius to the angle a,&=y0, tj:=tJi, say. Then, by (44) 
ia 
a=:p2A;^^=^y(i3 = ±2iftsin(^).(^0-Si), 
«i 

ft= q: 2k-j==^ / (fc)= ± 2iifcsinr— Yc*,; 



the plane of c, the hypothenuse of the triangle, has the equation 
I sin 3 cos a sin 3 sin o cos 3 = , 

cosui sinui 

I sin^ cos^ 

which may also be written 

8in(oi — c») = tan3i sinoi cot 3, 

from which follows 

vl — (tan'(!'i8m*tt»i+l)o(w'd' 
and then, by (44) , 

i3 i9 



= ±2ik sin (k^l) cos"' (sin 3i cos «,) ; 
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the pUmes of a, b, c are 

y^O, z^O, — xcos^i sin 01+ y cos Si cosui + z sinSi 8in«i=: 0, 
respectively, hence by (4), 

F" = 2i^ °°^"'(v^3^4 ^^4"!BmO = ^^ tan-'(cot3. coseco,), 

'^ 7J O'lj —if COa(?i C08W, \ „.,, , , ,. c , 

^3=2'^ 008 '(;^;^5==5_^) = 2*tan-(tanS,tan<.,), 

t. c a= 2t&^tan~^{cotSi cosecui), ^= 2iA'tan~'(8ec3itaDOi). 

From these values of. a, 6, c, a, ^ follow 






(i)J l2a,i„(|j) 



^'^(sj)/ i^'^d*), 



<Jv). 




where^the ambiguous signs in the right-hand members have been bo determined 
that for small values of a and h, c shall be small, and for a small positive value 
of b and values of a and ^ less than ik'^Q, a shall have a small positive value. 
Now these three formula are what the corresponding formulsB of the 
Euclidean trigonometry for the sphere of radius unity become when for each 
side is substituted that side divided by 2tA;sinh^ jand for each angle is sub- 
stituted that angle divided by 2ik^ ; and it is possible to obtain the formulae for 
any spherical triangle whatever, by dividing it into two right triangles, from the 
formulaB just written ; hence the formvlm for (he non-Euclidean trigonometry on a 
sphere of radAua f are obtained from the formulcB of the ordinary spherical 
trigmometry by enhstituttng for each side that side divided by 2ik sinf^j and for 
each angle tJiat angle divided by 2ift'. 

The area of the right triangle above considered is, by (46) (putting () = t, 
d^^=db, <^ui=0, d^t=^< d6»,= tiu) 
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where the lower limit of 3 is 

\tan i/i sin Wi/ \ v 1 + tan' </i sin* Wi — oob' {cdi — a>)/ 

i. e. 

1 . g/ r \ /* siD(a)i — a))da} 

if, \2ik/J \/l + tan*«?i sin'oii — co8'(a;i — w) 



~ ^ :^, ®"^\2iJfeA*^^" VVT+ten«(>i sin^oi— oos'^— «>)/ Jo 
= q= ^ 8in*r 2^ jftan""^ (cot 3i cosec (Ji) — tan"^ (cot 3i cot Oi) J 

— JL • if ^ \f ^ -X- ^ ^^ 

~ "^ Zj ®^^ V2tJfeA2tF "^ 2iJfe^ 2 y 

-^z'/^'^U-ifeA 2iF ^;- 

Now any spherical oblique triangle whose angles are a, /3, y can be divided 
into two spherical right triangles the sum of whose angles is a + i^+y + 2iA;^9, 
and the sum of the areas of these right triangles, as determined by the formula 
just written, i. e. the area of the oblique triangle, is 

i. e. the area of any spherical triangle on a sphere of radices r is -^ am*( — j times 

the excess of the sum of its angles divided by 2ik^ over 9. For the plane r=iA;9, 
and the area is 

This expression shows that the Euclidean area of any triangle on a sphere of 
radius unity bears the constant ratio E^ to the non-Euclidean area of the plane 
triangle having the same angles (when A;^= — Ji), which is a proof, different 
from that given by Professor Klein {Maih. Ann., Vol. IV, p. 619), that the plane 
non-Euclidean geometry is identical with the Euclidean geometry on a surface 
of constant curvature K^ ; and this proof proceeds directly from Gauss' definition 
of curvature. 

These formulae can evidently be extended to a spherical polygon of any 

number of sides; the area of a spherical polygon of n sides is -jr sin*r^j times 
the excess of the sum of its angles divided by 2ik^ over (n — 2) 9 . 



Story: On the Nan-BucUdean Geometry. 211 

The area of a conic may be found in a similar manner, namely, taking the 
plane of the conic as the plane 2=0, and any two sides of that triangle which 
is self-conjugate with respect to the conic and also with respect to the section of 
the absolute by the plane 2 = as the axes of xojidy, fi=:a:^ + y* — 1 and 
the equation of the conic is 

where (± j», 0) and (0,±q) are the intersections of the curve with the axes of 
X and y . If now di a and ± b are the distances of these intersections from the 
origin, by (3), 

and the equation of the conic is 

^^ + -^ + 1 = 0. 



'-■(4) >^iP 



or the coordinates of any point of it may be written 

x:=:p coBti/ = i tanT— J cos'J', y=^q ®"^'*^~* ^^^C^Sy ^^^'^^ 
and the area of the conic is, by (39) (putting 2=0, d<Ci=: dx, dyi= 0, da^=: 0, 
dy%=dy) 



1 /• /* dxdy 4 /•r y ny= 

kJ J {l—a?—y')i~Kj L(l— aj»)VT=I^=7Jy=: 



9 



dx 



= K,^ (m) <^^ (^) **° (m)/ 








b-^-m^-^Wi^-^]'^^ 



'(ky 



Ft 



4t /^x^sna cnadna sn'u du 4i -_ . v 





where am u, modulua x, and parameter a are defined thus : 

amw = ^, x'=Vl^r?=_J^, — x»sn*a=-sin»C^), 

\2tifcy 
Fi is the complete elliptic integral of the first kind, and Yii{u, a) is the complete 
elliptic integral of the third kind in Jacobi's notation. 

Baltdiobb, December^ 1882. 



On Cubic Curves 

By F. Franklin. 



The following discussion of some points in the theory of cubics is given on 
account of the method by which the results are deduced; most, if not all, of 
the theorems obtained are known. I take the system of cubics Qi? + j^+ 2? 
+ &lxi/z = 0, and obtain easily and consecutively a number of results, some 
relating to single cubics and some to the system, from the consideration that 
the mixed polars of a pair of points with respect to all the cubics pass through 
a fixed point, and that the polar lines and polar conies of a point likewise pass 
through one and four fixed points respectively. These facts are obvious, since 
the equations of these polar derivatives contain linearly a single indeterminate, I. 

The system of cubics, the system of mixed polars of a given pair of points, 
1 and 2, the system of polar conies of a given point, the system of polar lines 
of a given point, are given by the equations 

(1) a^+y«+23+6%2 = 

(2) XiX^x + yiy^y + ZiZ^z + l{(yiZ^ + y^Zi)x + {ziX^ + ZiXi)y + {xiy^ + x^yi)z] = 

(3) XiQi? + yit^ +Zi^+ 2l{xiyz + y^zx + z^xy) — 

(4) a^a + 2/iy + 2?2 + 2Z(yi2ia; + z^x^y + x^y^z) = • 

Through every point in the plane (not a common point of the system in 
question) there passes one and only one member of each of the above systems. 
It is to be remembered that the mixed polar of two points is the polar line of 
either with respect to the polar conic of the other ; and it is plain that if the 
mixed polar of A and B with respect to any cubic passes through 67, the mixed 
polar of A and G passes through B^ and in particular that if 67 is the fixed 
point on the mixed polars of A and £, J? is the fixed point on the mixed polars 
of A and G. 

First let us inquire whether the fixed point on the mixed polars of a pair of 
points, 1 and 2, lies upon the line joining 1 and 2. The necessary and sufficient 
condition that it should, is that when the mixed polar is made to pass through 1 , 
it shall also pafis through 2 . 
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(5) 



= 



= (aa+.Vi+2i)a^»2»— i4+yt+4)^i'^- 



Putting in equation (2) for x, y, z successively x^, y-i, Zi and j^, y», Zj, we 
obtain 

«!»» + yiy% + 4z»+ ^Kt/iZiXf + ZiJCiy, + x^yiz,) — 

which are to be satisfied by the same value of I. Hence the required condition 
is 

But this is obviously also the condition that the two points shall lie on the 
same cubic of the system. Hence, in order that the fixed point on the mixed 
polar of 1 and 2 should be on their function, it is necessary and suflBcient that the 
points 1 and 2 lie on the same cubic of the system. But if 3 is the fixed point 
on the mixed polars of 1 and .2, 2 is the fixed point on the mixed polars of 
1 and 3 ; hence, by what has just been proved, 3 also is on the same cubic as 1 ; 
therefore 3 is the connective of 1 and 2. 

It follows from the above, that the connective of two given points, 1 and 2 , 
is the common intersection of the lines 

XiQc^x + t/iy^y + ZiZiZ= (a) 

{yi^+y%zi)x + {zix^ + z%xi)y + {xiyi + x^yi)z = {b) 

(yih— y»«i)» + {zix%—z%xi)y + (xiy^—x^yi)z=0, (c) 

the last of these being the junction of 1 and 2. Or, taking the sum and 

difference of (b) and (c) , the connective is the common intersection of the lines 

Xix^x + yiy^y + z^z^z — (a') 

yih^ + '&\x^y + x^y^z = {bl) 

From (y) and ((/) we obtain for the coordinates of the connective 

^ y.^ ^-. ^y. =aiy,z,-4y^z.:iAz.x,-iA^x,:^^y,-4x^y^. 

y%zi z^xi x^yi 

which are the values given by Professor Sylvester, Amer. Jov/r. Math. Vol. Ill, 

p. 62 ; while from (a) and (c) we obtain the values given by Cauchy, viz : 

^i^ yiy% «i25» 
(yi^) {^^) i^yi) 

When 1 and 2 coincide, their connective becomes the tangential, and 

equations (a) and (b) become 

^x + y{y + 4z=0 

yiZiX + z^x^y + Xiy^z — 



ic:y:2 = 
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whence 

a;:y:2 = xi(yf — z;):yi(25 — a5):zx(a5 — yj). 

We have found that if two points lie on the same cubic, the fixed point on 
their mixed polars is their connective ; and thus (since when the two points 
coincide; the mixed polar becomes the polar line) that the fixed point on the 
polar lines of a given point is the tangential of that point. The four fixed 
points on the polar conies of a given point are evidently points which have the 
given point for the fixed point on their polar lines ; therefore by what precedes, 
they are on the cubic on which the given point lies, and have the given point 
for their tangential. In particular, it may be noted that the degenerate polar 
conies of a point are the three pairs of lines obtained by joining the four anti- 
tangentials of the point. 

The condition that two points shall have the s^me tangential (which includes 
the condition that they shall lie on the same cubic) is the simultaneous satis- 
fiability of the four equations 

«?« + yjy + 2^2 = 0, yiZiX + ZiXiy + x^y^z — ; 

aja + yi y + 2?z = 0, y^z^x + z^x^y + x^y^z — 0. 
Combining the first equations of these pairs, we find 

x:y:z = (yiZ^){t/iZi+ y^zi):{zix^){zix^+ ZiX^):{QCiy^){^^ 
and combining the second equations 

x:y:z = {yiz^)xix^:{zix^)yiy^:{xiy^)ziz^] 
and thus the condition that two points shall have a common tangential, t. e. that 
they shall be ^ corresponding " points in Maclaurin's sense, is 

^^'yiy%'^^=yA + y%s^:ZiXi + Zj^Xi:xiy^ + Xtyi. 
But this is also the condition that the mixed polar of the two points with 
respect to every cubic of the system shall be a fixed line ; t. e. that the polar of 
either with respect to the system of polar conies of the other shall be a fixed 
line ; so that each is one of the three double points in the system of polar conies 
of the other. Hence we have the theorem that if two points, 1 and 2 , have the 
same tangential, each is the double point of a polar conic of the other, and 
conversely. Moreover, if 3 and 4 are the other two anti-tangentials of the 
tangential of 1 , they are the other two double points of the system of polar 
conies of 1 , and the polar of 2 with respect to any of these conies is 34 ; but 
we have seen that this polar, being the mixed polar of 1 and 2 , passes through 
their connective : whence the theorem that if 1234 be the anti-tangentials of any 
point on the cubic, 12 and 34 intersect on the cubic. Of the four points, any 
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two are a pair of corresponding points, and the other two may be called the 
complementary pair of corresponding points ; and we have found that the 
junction of a pair of corresponding points is the mixed polar of the comple- 
mentary pair, and that the junctions of two complementary pairs constitute the 
polar conic, with respect to some cubic, of the common tangential of the four 
points. Hence any centre of the quadrangle 1234 is the double point of a polar 
conic of the common tangential, so that the three centres and the common 
tangential form again a system of corresponding points. — It is to be observed 
that we have now a special geometrical interpretation of the equations 

Xix^x + t/iy^y + Ziz^z = 0, {t/iz^ + ygZ^x + (zior, + z^x^)!/ + {x^y^ + x^y^)z = 
in the case when 1 and 2 are corresponding points (and when consequently 
these two lines coincide) ; namely, if 3 and 4 are the complementary pair of 
corresponding points, the above is the equation of 34, the line which, with 12, 
forms one of the degenerate polar conies of the common tangential. 

We have found the necessary and suflScient condition that the mixed polar 
of a pair of points with respect to some cubic of the system should be the line 
joining the points to be that the two points lie on the same cubic ; but the alge- 
braical expression of this condition, viz. the coexistence of equations (5), is the 
same as that of the condition that each point should be, with respect to some 
cubic of the system, an intersection of the polar line and polar conic of the 
other ; hence we see that the intersections of the polar line and polar conic of a 
point with respect to any cubic of the system lie on the cubic passing through 
the point. Thus, then, denoting by A the cubic passing through 1 and by X a 
variable cubic of the system, we have found that of the six intersections with A 
of the polar conic of 1 with respect to X, four are fixed and two variable ; of 
the three intersections with A of the polar line of 1 with respect to X, one is 
fixed and two variable ; and the two variable intersections of the polar conic 
coincide with the two variable intersections of the polar line. 

We have just found that the intersections of the polar line and polar conic 
of a point with respect to any cubic of the system lie on the cubic passing 
through the point ; or in other words that the contacts of tangents drawn from a 
point to any of its polar conies lie on the cubic passing through the point. But 
the system of polar conies of a point with respect to the cubics is simply a 
system of conies through four fixed points ; starting from such a system, then, 
instead of from the system of cubics, we may state some of the foregoing 
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results as follows : given a system of conies through four fixed points, the 

locus of the points of contact of tangents to these conies from any point P is a 

cubic which passes through P, through the four fixed points, and through the 

three centres of the complete quadrangle formed by these four points ; the 

tangents to this cubic at the four fixed points pass through P, and the tangents 

at the three centres and at P meet in a point on the cubic. 

To find the locus directly, take for the triangle of reference that formed by 

the three centres of the quadrangle ; then the equation of the system may be 

taken to be 

a? — y' + 2.{a?—i?)=0, 

and the polars of any point a , /3 , y are 

ax — i^y + Jl(aa; — yz) = . 

It may be noted in passing that tlie fixed point on these lines — which we 
have seen, is the tangential of a, /?, y with respect to the cubic locus sought — is 
111 

a ^ r 

Eliminating X between the above two equations, we find for the locus of 
the points of contact of tangents from a, /?, y to the conies, 

a? — y* ^ — 2? 
ax — (3y ax — yz 
i. e. the cubic 

^{fiy — y^) + y*(y25 — ax) + ^{ax — fii/)=o. 

For this cubic, we have 

S= — {a' + fi^+y^)+^y + fa' + a^l3' 

r= — 4{2(a« + /?« + y«) + 12a*/?/-3(^y+/?y^ + yV + yV + a*/?» + a^^^^ 
The discriminant is T^+Q4tS^. Writing a*, ^, y^=f,g, h and observing that 

where p is one of the imaginary cube roots of unity, we have 
- S'= (/+ pg + p*hy{/+ p*g + phy 

= !/•+ fl^+ A'+ 6/gh + Spig^h + n*f+f*g) + 3p»(flrA« + Jif + fcy)\ 

whence 



= 0, 
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Also, 

Hence 



1 1 


1 


/ 9 


h 


f 9" 


7t» 



s 



r* + 64^''= — 16. 27 (/;i—^A* + /iy—A/»+/»^— //)»=— 16.27 

= -16.27(^-70»(A-/y(/-^)»=-16.27C5«-y7(y*-a7(a'-/?')'. 
Hence, in order that the cubic shall have a double point, it is necessary 

and suflBcient that /?*= y* or y*= a^ or a*= /?^, i. e. that the point a, /?, y lie 

on one of the lines yzt^z^ zzhx, ajdby; that is, on one of the degenerate conies 

of the system. But when /? = y, the equation of the cubic becomes 

{y — z)[l3{a? + yz) — ax{y + 2)} = 0, 

and similarly for the other cases ; hence the cubic cannot have a double point 

without breaking up into a straight line and a conic. 

The discriminant of ^{^ + yz) — aa; (y + z) is i/? (a* — ^) , which vanishes 
when /?=0or/3=i:a; in the latter case P is one of the four base-points, in 
the former case it is one of the three centres ; these, then, are the only positions 
of P which give rise to a cubic consisting of three straight lines. 

It was obvious geometrically that if P were taken on one of the degenerate 
conies, that branch of the degenerate conic on which it lay would be part of the 
locus, which would thus consist of a straight line and a conic ; and that if P 
were one of the four base-points or one of the three centres the locus would 
consist of three straight lines ; the algebraic investigation has served to show 
that these are the only cases of singularity in the cubic. 



vouv. 



On the Solution of the Differential Equation of Sources, 

By J. Hammond. 



1. Let 

where the general term is a^+i-A(wAaoaj^+ rxOiaj^^i)^ 

and the last term is {«m+i(wm^^m+ ^m^^m-i) — ^m^^li 

be a particular solution of the differential equation 

Then the coefficients of (1) are found from the equations 

2m + 1 = Uj 

2fnui = 221, + 2r, 
(2f?i — l)ti,= 3iij + r, 
(2f?i — 2)ti,= 4u4 + ^4 



(2f?i + 1 — X)u^={2. + l)u^+i + r^+i 
(m + 2) w^_i= mu^ + r« 

(2f?i — l)«,= 2r, 
(2f?i — 2)r,= 3r4 



(m + 2)r,_i= (m — l)r. 
(m + l)r« = 2mtD^ 
The general solution of (4) is 



where c is independent of X. 

Assume in (3) 

_ {2m + 2—iy2m + S—i) . . . (2m + l) 



u,= jj a. 



(3) 



{2m + l-X)v, = Xv,^^ ) (4) 



(2m + 2— ;iX2f» + 3— ;i) ...2m ,-. 

^^-' (;i-T)l ^ (5) 




or 
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then (2m + l)ax= (2m + l)ax+i + c 

To determine c and cf we have, since 

^ , - , (2m + l)2m ^ , 2m(2m + l)/, 2c \ 

The other constant c must be determined by means of the equations 
{m + l)u^=v)^, {m+l)v^=2mw^, which give v^ = 2mw^ 

(m + 2)...2m ^ /, cm \ {m + 2) . . . {2m + l) 

^^_jjj c-zm|^i 2m + l>/ ml 

reducing to c = 2 (2m + 1 — cm) or c =: 2. 

Hence the coefficients of cji^+i are 

Wi=2m + 1 r,= 2.2m 

_ (2m + l)2m ^, 4 \ ^^ 2m(2m-l) 

'^- — iT2 — l^-2M^; '''-''• 1:2 — 

_(2m + l)2m(2m — 1)/- 6 \ _q 2m(2m— l)(2m— 2) 

'^- 1X3 1.^ ~ aH=T/ ""*" 1:2:3: 

_ (2m + l)2m(2m— l)(2m— 2) /, _ 8 \ 

^^~ 1.2.3.4 \ 2m + iy 

2m(2m — 1) .. .(m+1) 

tT-. ; • 

"* ml 

Now since Vj, Vs* ^4f • • • ^m ^^^ double the coefficients of x^ a?, a?, . . . af*~^ 
respectively in (1 + x)*"*, and w^ = the coefficient of the middle term, if Q^ 
denote the quadrinvariant of the 2m*®, we have 

Cim+i = «o^«m+i — 2aiQ,,^ (6) 

where Pim+i satisfies a similar differential equation to (2). 

For if we call the operator of (2) 3, we have 3CSh»+i = 0, SQf^^^Oj and 
the result of operating on (6) with S is 

2. The system of simultaneous equations 



Oq 2ai Sos * * 'wo^j^i 

are satisfied by 2; = const. 

JT= clqCi^ — 0^ = const. 

Cs = OoOs — SooaiO) + 2al = const. 



(7) 



Qsm ^^ const., OSi„»+i = const., . . . 
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For if we multiply both numerator and denominator of the first two 
fractions by -i— . — respectively and add, each fraction = -^ ; the first three 

fractions giving in like manner -z--, and so on for Q^^, C^^^u . . . 
Thus the general solution of (2) is 

the last letter being Q^ or Cj^ according as n is even or odd. 

In proceeding from (7) to (8) any other set of n — 1 particular solutions of 
(2) might have been used instead of J7, G^, Q^, C^ , . . . ; and the result would 
have been a perfectly general solution, provided all the letters o^, aj, a,, 03, . . . a« 
were involved in the set chosen. But since H, G^, Q4, Ci, . . . are groimd- 
sources, and ground-sources too of lower degree than any other set, (8) is the 
simplest possible form of the general solution of (2) . 

For all weights, up to 10 inclusive, we have 
Z7=ao 

Gs = ala^ — 3aoai a, + 2aJ 

Qi = ao«4 — 4aia8 + 3a| 

G^^=c4a^ — 5(^aia^ + 2aQa^a^-\- Sala^ — Qa^a^ 

Qs= «o«6— SaiOj + 15a,a4— lOoJ 

Cj=aoa7 — 7aoaiae + 9ao«2«6+ I2a\a^ — ba^a^a^ — 30aia^a^+ 20ai(4 

Qb= o^a^ — SaiOy + 28a,ae — 660305 + 35oJ 

(79= 0J09 — 9aoOi08 + 20oo0207 + 16G^07 — 28oo030e — 56oiOsOe 

+ I400O4O5+ II201O3O5 — 70oi<4 

Qi^zn. OoOio — lOoiO, + 45o20g — I2O03O7 + 210o4Oe — 12605, 
where 17 is the source of the Quantic (o©, o^, o,, 03, . . . a^Xj y)*, JTthat of its 
Hessian, G^ a ground-source for the Cubic and all higher Quantics, Q^ for the 
Quartic and all higher Quantics; and generally ft„» is a ground-source (the 
Quadrinvariant) for the 2m** and for all higher Quantics, the source of a 
covariant, O^m+iis ^ groimd-source for the (2m + 1)** and all higher Quantics. 
3. A glance at the first terms of U, H, C3, ©4, C5, . . . as written above, 
will suflfice to show that none of the powers or products of these quantities is a 
linear function of any of the rest, and that the number of linearly independent 
compounds, of degree = weight = w , that can be formed of them is equal to 
the number of terms, of degree = weight = w, that can be formed of the letters 
<^3 <hi <h9 ' ' ' ^u alone. But these terms are equal in number to the linearly 
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independent sources of degree = weight = t^; for the general function of degree 
= weight = w may be formed by multiplying the general function of degree 
= weight = t«7 — 1 by ai and adding on those terms that can be formed, of 
degree = weight = w, with all the letters except ai. 

Hence all the sources of degree = weight = w are linear functions of the 
compounds of Uy H, Cs, Q4, O^j, . . . ; and if w? >► 3 there can be no ground- 
source whose degree and weight are equal. 

Or if S denote a source of degree (i and weight w, 

SU^-'^ = ^{U, H, Gs, Q,, C,,...) (9) 

where ^ is rational, integral, and homogeneous, of degree =: weight = w. 

Thus in the case t«? = 9 , 
STP''^ = a^H'C,+ a,Cl'\- TP{a,HG,Q,+ a.H' C,) 

+ TI,{a, Q, G, + a, G, Q, + a,HG,) + a, U' G, (10) 

where aj, a^, as, . . . are arbitrary constants. 

When the order of the Quantic (n) is not less than w^ the last suffix in (9) 
is w ; but if n<iwj every letter whose suffix is greater than n must be struck 
out. Thus in the case of the Octavic the term containing G^ disappears from (10) , 
and in the case of the Quartic (10) becomes STP^'' =■ {aiIP'\- ol^G\'\- a^TPHQ^G^, 
and every source of weight 9 for either the Quartic or Cubic contains (73 as a 
factor. 

When the arbitrary constants that occur in (9) are so chosen that S, or one 
or more of its factors, is a ground-source distinct from H, G^^ §4, C5, . . . the 
result is a syzygant. The total number of such syzygants is the total number 
of ground-sources of weight w + the total number of compounds formed by 
multiplying together ground-sources of inferior weight, rejecting those that are 
made up of jff, G^, §4, (^5, . . . only ; or it is the total number of compounds of 
degree = weight = w minus the number of linearly independent sources. In 
all cases where syzygants of other forms occur they are deducible from syzygants 
of this form and the same weight. No syzygant of weight 2m contains either 
Q%m or <^2m-i> a^d no syzygant of weight 2m -f- 1 contains either Ci^j+i or Q^^. 

The first example of a syzygant occurs when t(? = 6 , in which case 

TTP= TPHQ^—iH^— G\ (11) 

where T is the cubinvariant of the Quartic and a groimd-source for all higher 
Quantics. The corresponding syzygant for the Cubic, viz. 

TP^ — ^H^—G\ = Q 
is deduced from this as follows: we retain only the last two terms of (11) 1 as 



222 Hajocond : On the Sciutien of the Differential Equation of Sources. 

being the only terms corresponding to the Cubic, and noticing that the rejected 
terms are divisible by IP we replace them by a single term IP A . Hence A , 
the Discriminant of the Cubic is a Special Form ; i. e. it is a groundform for the 
Cubic, but not for any higher Quantic. By this method we are enabled to detect 
Special Forms whenever they exist. 

When tr = 7 there is only one syzygant, viz. after reduction by dividing out 
a factor IP, we have 

UP = HC^-C^Q, (12) 

where P is of degree 4, and a ground-source for the Quintic and all higher 
Quantics. There are obviously no Special Forms of weight 7. For the Quintic 
and Sextic there is only one ground-source of weight 7, viz. P (source of the 
covariant 4.6 for the Quintic, 4.10 for the Sextic, and 4.4iil — 14 for the n**); 
the Septimic and all higher Quantics have also the ground-source (7, of weight 7, 
(source of 3 . 3n — 14 for the n^) . It may also be noticed that the order of 
the groundform P is higher than that of any other groimdform of the fourth 
degree, and that H and C^ are the highest ordered quadratic and cubic forms 
respectively ; for example H, G^ and P are the sources of 2.16, 3.24, and 4.26 
respectively for the Decimic. 

4. Those syzygants in which /S^ is a compound are formed immediately from 
the syzygants of inferior weight Thus in the case tr = 9 the only compounds, 
formed by multiplying together groimd-sources of inferior weight, are, besides 
the powers and products of JT, O',, O41 • • • ^s^ ^^^ -flP; and from (11) and 
(12) we obtain immediately 

C^TTP= XPEG^Q^—^E}G^— G\ 
HPTJ—E^G^—HG^Q^ 
To find the other syzygants we must determine the arbitrary constants in (10) so 
that S may be a ground-source, distinct from G^ . Hence ccs = and 
STP-''-a^mG^^'a^G\^-TP{a^HG^q^^'a^B:'G^^'U\a^Q^G^^ 
Now since iS' is a ground-source f£ <C 9 , and the above relation can only be iden- 
tical when both sides are divisible by TJ, which can only happen when (Zi = ia^ and 
STP-^ = a^{^B}-V (75) a,+ ?P(a,JT(7,g4+a4^^5)+ TJ^ifHQ^G^^'O^G^Q^'^a^HG:). 
The right-hand side of this when divided by IP consists of compound terms, so 
that /t£ < 7 and both sides must be divisible by IT' if /S is to be a ground-source. 

For this it is necessary that o^ + a, + ai=- 0, whence 

^IP-''=a,(41P+ G\— IP HQ:^ G^+ a^V^ H{HG^- GM 

+ U^{(HQ^G,+a.G,Q.'\-a,HG,). 



\ (13) 




} 
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Or reducing by means of (13) 

SW'-=za,HP-oi,GsT+U{a,Q,G,+ a,GsQ, + a,HG,) (14) 

With the values 

3r=ao(a,a4 — a|) — (afa4 — 2aia^a2+ (4) 

P = aKa^a^ — a^a^) — ao(af ag + 2(iia^a^ — ioial + alas) + 3ai(aja4 — 2aia2as + a|) 
and those of H, (73, ... we are able to determine the arbitrary constants of (14) 
so that the right-hand side is divisible by aj ; when 

3a4 = 2a2 = 6/3 
/3 = — 6a5 = 6(a(, + o^) 
orif /3 = 6y, a5= — y, a^=^y — 07, (14) becomes 

SU'-- = y{U{GsQ,-Q,G,) + 12HP-l8G,T\ + a,U{HG,-GsQ,). 

Now suppose 

SlP=U{GsQ,-Q,G,) + 12HP-18GsT 

S'U=HG,-G,Q, 

where by actual calculation 

S=^a\{a^a^ — a^a^ — aQ{^ai0^a^ + 2aia^a^—^a!^a^ — boiaX + VJa^a^a^ — ^a^ 

+ 2ai {a\ a^ — Za^ aia^-\- aia^a^-\' 3a| a^ — 202^3) 

aS^' = c^ (02 ^7 — «3<X6) — ao(^i^"l"4%^<^6 — ^OLi<h^ — ^d^a^-^- 2Qa^a^a^ — lOaf) 

-\-bai{a\a^ — 3010205+ O1O3O4 + 3o|o4 — 202O3). 
Hence 

2S' — 5S=UR, 
where 

5 = Oo(2o207 — 70305 + 60405) 

— (201O7 — laiO^a^ — 22oi0305 + 27o|o5 + 25aioJ — 4502O3O4 + 2O03) 
And finally 

lPB=2{HG,— GsQ,)—&US, 

showing that R and S are ground-sources. 

When written in their standard form, the syzygants which give R and S are 
SIP=U'{GsQ,-Q,G,)+QlPH{2HG,-6GsQ,) + l8Gs{Gl + iH^) 1 
RU'=U\2HG-7GsQ,+5Q,G,)-S0lPH{2HG,-5GsQ,)-90Gs{Gl+iW) ] ^^' 
and, by the method of the preceding article, either of these will give the same 
Special Torm A for the Quintic, which is the source of the covariant 5 . 7 and is 
given by the syzygant 

U'A= V'H{2HG,-5G,Q,) + SGs{Gl + 4:£n). 

The second equation of (15) gives no Special Form for the Sextic, for if we 

write 

U'{A- 7GsQ, + 5Q, G,) — &c. = we have U'{A — 2G^ Q,) = 5SIP, or 

ji = 2 Cj Q^+6SU which is a compound form. 

It need hardly be noticed that the value of A given above is there given in 

its simplest form, whereas the rejection of the terms containing S and Q^ in the 
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first equation of (15) and those containing li, Q^. and C\ in the second, would 
give two sources which though different are not really distinct from A. 

The complete list of ground-sources of weight 9 is: for the Quintic A, source 
of the CO variant 5.7; for the Sextic and all higher Quantics S, source of 4.6 
for the Sextic, 4.4n — 18 for the n** ; for the Septimic and all higher Quantics R, 
source of 3.3 for the Septimic, 3.3n — 18 for the n**; for the Xonic and all 
higher Quantics C\, source of 3. 9 for the Xonic, 3.3ii — 18 for the n^ . These 
results agree with Prof. Sylvester s Tables of Groundforms (American Journal, 
Vol. II. p. 223-251). 

The syzygants (15) when reduced to their lowest terms become 

SU'= U{C\Q,- Q,C\) + \2HP-\9>C^T 
Ra+bSU=2{HC\- C,Q,) 
of which the first is a ground-syzygant for the Sextic and all higher Quantics, 
and the second is a ground-syzygant for the Septimic and all higher Quantics. 
These with the special ground-syzygant for the Quintic 

UA = 2HP — 3C^T 
form a complete set of ground-syzygants of weight 9 for all Quantics. 

6. If in equation (6) we write for an instant Oo=0 we have 



I (16) 



whence it is easy to deduce 

with many other relations of like nature. 

The expressions on the left-hand are of frequent occurrence in syzygants ; 
the particular case w =1 gives (71 + 4jEr'=: IP A, for weight 8 there is a syzy- 
gant of the form C^C^ + 4iH^Q^= U{*), and for weight 10 one of the form 
01+ 4iHQi= ?7(*) ; other examples are easily found. 

In the actual calculation of ground-sources equation (6) is sometimes useful ; 
thus the relations C^^i=ao F,„+i— 2ai Q^ and (7,^+1= a© "^^jp+i — 2ai Q^ give 
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and the advantage consists in this that Fj^+i has only m +1 terms, whilst G^^i 

has 2m + 1 terms. 

Thus in calculating the ground-source P of weight 7 from the syzygant 

PU=HG^—C^Q, 
we have 

P = BV^— V^Q^= {Offli— ai){affl^— 3aia^+ 2a^) — {a^— «i«t)(aoa4— iai(h+ 3a|) 
the expanded value is given already. 

It may be noticed that Q^ and V^^i may be expressed as the sum of 
determinants of the form (a^ag — ^p-^-i ^q-i) J ^^^ 

Qs= (aotte— OiOj) — 6{ai(h — <h<^i) + I0{a^a^— oj) 
C8=(«o«8 — «i«7) — 7(^107— a, ae) + 21 (a, ae—Ogag) — 35 (ogag—aj) 
Qio= («o«io — fliffj)— 8(0109— 0,0^) + 36(0,08— OgO,)— 84(0307— a4ae) + 126(a4ae — of)' 

the coefficients of the determinants in Q^ being those of the binomial expansion 
of (1 + x)^-\ 

To express T^+i in this way, observe that if {aj,a^ — «j>+i«g-i) = {pi q) 

^(2>.?)=|ixt,_x^ + ?«,_,^ + (i> + l)a,^ + (?-l)a,_,^[(^,j) 

and the coefficients of F^+i are found from the differential equation 

oVf^^i = 2Qf^. 
The values obtained are 

F8=Oo08 OiO, 

^6= (^^5 — <h^i) — 2(0^04 — a^a^) 

Vi= (00O7— OiOe) — 4(oiOe— a^a^) + 5(0,0,— 0,04) 

7,= (00O9— dio^) — 6 {aiO^ — a^dT) + 14 {a^a^ — a^a^ — 1 4 (ojO, — O4O5) 

and the coefficients are not Binomial Coefficients. 

Disproof op Pbop. Sylvester's Fundamental Postulate. 

The development of the G. F. for the Binary Septimic is 
l + oa;^+o»(a?+x«+a^«+cci*) + o«(a:'+a:*^+a:^ + 2a^ + a^*+. •.) 
+ a\. ..+»•+ ...) + o'^(... +4x" +...)+ ... 
whence we see that there are four linearly independent covariants of deg-order 
(5.13), and exactly 4 compound covariants of the same deg-order, viz. 

(1.7)(4.6), (2.2)(3.11), (2.6)(3.7), (2.10)(3.3). 
Or with the notation of the present paper, using jP'to denote the co variant (4.6) 

UF, Q,G,, Q^C,, HB. 

vouv. 
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If then the Fundamental Postulate is universally true, the Binary Septimic has 
neither a groundform nor a syzygant of deg-order (5.13). 

But among other relations it has been proved in the preceding article that 

where obviously (*) is a source of degree 4 and weight 2m + 2p + l, or what 
is the same thing a co variant of deg-order (4 . 4n — 4m — 4/> — 2) for the n**. 

In particular if w = 7, m = 3, 2? = 2 ; (*) is of deg-order (4.6), and since 
there is only one such covariant, viz. F, we have 

Thus the number of linearly independent compounds is reduced to 3 , and 
a groundform of deg-order (5.13) is necessary to make up the required number 
of independent forms, i. e, the Binary Septimic has both a groundform and a 
syzygant of deg-order (5.13). 

Let denote the source of the new groundform (5.13), then the values of 
F and © are found to be 
F=al{a^aT—a^a^) 

— aQ{4:aia^a^ — Sala^-\- 2aia^a^-\- 2a^a^a^ — Qciial + ^ci^a^a^ — lOala^ + SasaJ) 

+ 20aia^a^ — 16aiC^a^ — ISala^a^ — 24:a^a^a2a^ + 27ala^ + 45aia,aJ 

— lOuiala^ — 45a|a3a4+ 20a,a8 
= al{a^a^a^ — 3a|a5 + 2a^al) 

— ao(^i^4^6 — 14:aia2a^a^ + 9a|a5 + llaiO^a* + UioIci^a — lAc^a^a^ + 60203) 

— Oi(8ofoga5 — 6010I05 — 901O4 + I601O8O3O4 — 3o|o4 + 2o|o3 — Sajol). 
The compound sources of the same degree-order are 

UF=al{a^a^ — a^a^) — o5(4oi0307 — 3o|o7+ &c.) + Oo(20oi030e . . .) 
HB= Oo(2o2 07 — 70^0305 + 5020405) 

— Oo(4oi0207 — 7oi030e — laio\a^ + 501O4O5 — 2201O2O3O5 + 27o|o5 

+ 250XO2O4 — 450I03O4 + 20020!) 
+ of (2o|o7 — 7oi020e — 2201O3O5 + 2702O5 + 25oio| — 4502O3O4 + 20o|) 
C-j §4= O0O4O7 — Oo(4ai0307 — 30I07 + 701O4O5 — 9020405 + 503O4) 

+ Oo(28oi030e — 2I010I05 — 3601O2O3O5 + I201O4O5 + 2702O5 — 3O01O2O4 

+ 4O01O3O4 — 15o|a804) 

48OiO3O5+36OiO2O5+120ofO2O3O4 — 90oiofo4 — 80oiG^ + 60oiO2e4 

0'6$6= «o«6«6— aJ(5oi04 0e— 2o203 0e + 6oio| — I502O4O5+ IO0I05) 

+ Oo(8oJosOj — 601O2OJ + 30ofo4O5 — I201O2O3O5 — 7501O2O4 + 3OO2O3O4 

+ 50010I04 — 20020S) 

— 48010305 + 36o'o|o5 + 120of O2O3O4 — 9O01O2O4 — 8O01O3 + 6O01O2OS. 
Whence it is easy to verify the relation 

G,Q,-G,Q,= UF 
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and to see that , HR , CiQ^, C^ Qf , are not connected by any ayzygy , or that 
© which is a ground-source for the Quintic and Sextic is also a ground-source 
for the Septimic. 
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The arrangement of this table is by the weight of sources, given in the 
weight column ; the table ^ves a complete list of groundforms of all weights up 
to 10, those with names and the syzygants are given in the present paper, the 
rest are copied from Prof. Sylvester's tables. 

To embrace all Prof. Sylvester's results it would be necessary to continue 
the above table to weight 85. 

Invariants are enclosed in dark lines to catch the eye. 
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On Division of Series. 

By Revd. John Hagex, S. J., CdUge of the Sacred Heart, Prairie Du Chien, Wis. 



If the series l/x^7f is divided by the series 25^ ac', the quotient will be a 
series whose coefficients may be expressed in determinant form in the foUowing 
manner : 

ot ^t . . . ! 

. «T 3r Hr—l • • • A 

This proposition may be proved either directly, by performing the indicated 

division, or indirectly by applying the method of indeterminate coefficients. In 

the first case the following formula will be found which may serve as a definition 

of the above determinant : 

A,+i=/3iA,-/3oA;+i (1) 

where iX^-i denotes a determinant of the above form whose last line begins 

with a, 4.1, but in which the line beginning with a, is wanting ; in the second case 

we assume the quotient to be ^yr^^, and multiplying it by the divisor find the 

identical equation Xa^af^X^^^y^'^^. Then changing the index r by the 

formula <r + t = o we have the equation 

p = M = #=0 

from which may be deduced the following two 



#=# #=# 



Writing these systems in the following waj : 



= /3.+iyo + ^-n + . . . + /Jjy- + i^oy.+i etc.. 
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and remembering that for the solution with regard to y^ we need only the first r 
equations, the following equation results : 





..0 
...0 


/3r /^r-l 


...0 

.../?o 



/^o 



tto 






Oo 


i^o ... 





Oi 


i^i ... 





ttr- 


-1 Pr — \ • • 


./?o 


ttr 


/3. .. 


.A 



Pt— 1 Pt— 8 • • • ttx— 1 

Pt ^'t— 1 . . • a^ 
as stated in the proposition. When o ^r, we have of course a^= 0. 

In case the two given series are finite, the quotient will be a Recurring 
Series, i. e. beginning from a certain index each determinant may be expressed 
as a linear function of a constant number of preceding determinants. This 
linear function is represented in the second formula of (2), which, after substi- 
tuting the value of y, reads as follows : 



<f=# 



^(-l)'|3,|3o'A._,= 0, (o>r). 



<f=0 



The preceding results may be applied also to multiple series. If the 
dividend is a multiple sum with the general term ap „...;^, the division may be 
performed upon any of the indices, say the second, x ; and we shall have 



• • • ^^P.«...A 



p « 



9 pr K 61+^ 



«P.O...A *0 



a 



'p,l. ..A 



a 



'/t^r , . , k 



hi 



If the divisor is a multiple sum 22 . . . 26^,^...^, it may be reduced to a 
simple sum by putting 2 . . . 26^,^...x= /3^, whereupon it admits at once of 
being operated upon by the formula above obtained. 



8ur le Developpement des Fonctions Bationelles. 



By the Revd. Fa! de Bruxo. 



Les belles transformations donnees ^ ce sujet par M. Sylvester dans N^ 20 
des Johns Hopkins University CirctJars ont 6veille en moi Pidte de donner 
explicitement le coefficient de a:' dans le d^veloppement d'une fonction rationelle 
^(ar) selon les puissances ascendantes de ar, travail qui dans la formule de 
M. Sylvester restendt encore k faire car ces les racines seulement qui y figurent. 
Soit 

le coefficient de x' dans le d^veloppement de ^(x) selon les puissances ascen- 
dantes de X sera le determinant 

Oo ... 

Oj Oq ... 

Ot Oi Of ... 

Of Of cti ... 



(2) 



or 



+1 



«4 



a,_i, «,_», a,_s, a,_4 • • • «« 
fl^ fl^-i ap_, <;i^_, . . .Oi 

Solent en effet a, ^, y . . .lea racines de 

(3) a^x-+a._i«— »+...+ a,= 0, 

on aura 

(4) 






et en prennant le logarithme 



a^{a—x){^—x){r—x) . . . 



log^(x) = nm — nloga^ — loga/?y . . . +2—^ 

De \k on tire 

^. . 1 ^'^^ 
4>(x)=: — e^d» . 
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Pour arriver maintenant au d6veloppement du second membre nous aurons 
recoups k un th6orfeme tr6s utile que nous avons donne pour la premiere fois en 
1855 dans les Annalea de Tortolini et qui se trouve reproduit dans notre Th^rie 
des formes binaires. Voici le th6orfeme. 

SaU une foncticn 

on aura 

' {h){h) ' ' ' {kp) ' \l J \1.2J' -\1.2. ..pj 

sous les conditions 

p = Jci+2k^+ . . . +pkj, 
(i)=1.2.3 ...i. 
Supposons pour rentrer dans notre cas que 



«-. 



alors on aura 



/{y) = ^, y = 2^x', 



*-P 9 



= 2 



(i>) 



{hYh) • • • {K) 

Ainsi le coefficient de x' en ^ (x) sera 

1 ^_ 1 ,!=.'x' 1 « 1 



y._ 1 jfrfx* 1 ^ 

Di — e^ p = — 2 



CfycfK'f)*- ■ • 



(¥)"(^)"Cf)'" • • {ft 



1.2.3.. .jp^* Oo ^ " Oo (^X^) . . . (*p) \ 1 / \z/\tj/ \jp 

Or sans rep6ter ici ce que nous avons dit dans notre TMorie des formes binaires 
k page 157 le second membre pent etre r6duit k un determinant et Ton a 

«_i — 1 

«-.2 *-i — 2 . . • . 

S 3 S ^ ^—1 """ " ••••%/ 

s 4 S g ^—% ^ 1 • • • U 



coeflBcient de a;^ = — 

Oo 



S^p 5_(j,_i), 5_(j,_2) ...... ^ 



.— 1 



Cela seules constitue d6ji une belle propri6t6 de ce coeflBicient. Mais ensuite 
par une analyse semblable ^ celle employee page 65 du meme ouvrage on 
arriverait h, trouver que ce determinant n'est autre chose que 

ai Oo 

a, Oi Oq 

<h (h ^ ^ 



a. 



P+i 



dp^l Oi>— 8 ^«-3 ^p — 4 



. . • 



a. 



^p— 1 ^i> — 8 ^p— 3 



«0 
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Fa! de BauNO : Sw le Dhehppement dee FoncHms Bationelks. 



Je croie que c'est IS, un r^sultat simple et 616gant, sur lequel on s'arretera 
d^ormais dans le developpement des fonctions. 

Si la fonctiou rationelle avait la forme — il eat Evident gu'il suffirait de 



multiplier les coefficients de a?!^a? . . . x*" par ceux respectivement de - 



w 



. a? que nous avons apprls a calculer tout ^ I'heure pour 






trouver le coefficient g6n6rale de x^ correspondant au d^veloppement de 
C'est pour cela que noue sommes restreints a considfirer seulement la fonctiou 
/ ^ 1 



" at-\-(hx-\-<h^-\-. 



Turin, 10 Janvier, I 




Tables of Generating Functions, Reduced and Represen- 
tative for certain Ternary ^sterns of Binary Forms, 

Bt J. J. Stltestee. 



The annexed tables have been calculated under my directions by Messrs. 
Durfee and Ely, out of the fund placed at my disposition by the British Asso- 
ciation for the Advancement of Science in the year 1881. Subsequent investi- 
gation will be necessary in order to ascertain whether there exist or not extra 
tabular groundforms which escape the operation of tamisage. 

G..F. it will be understood stands for the words Generating Function. 

System op Two Quadbatics and One Qdabtic. 
G. F. for invariants, redticed form. 

Denominator : (1 — J»)(l — |£J»)(1 — t?)(l — (?)(1 — 6/?)(l — bd) 
(1 — j3(i)(l — J»cQ(l— /i»(i). 
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G. F. for invarianU, representative form. 

Denominator : (1 - J»)(l — ^■)(1 — <?)(! _ d»)(l — 6^)(1 _ ff^f 
(1 -/? <?)(!— ydXl — fP<J). 
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Sybtbm op Quadratic, Cdbio, and QoABTia 
(?. F.for invariants, reduced form. 

Denomimitor : (1 — ^Xl - <f)(l — <?)(! — <P)(1 - ^Kl — »V) 
(1 — M)(l — lfdXl — ifd){l— o'<?)(l — (fd) 
(1 — <!•<?). 



Bepreaentaiive for certain Ternary Systems of Binary Forme. 
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Stltssteb : Tablee of Cfenerutmg Functioiu, Reduced and 



O, F. for invariants, representative form. 

Denominator : (1 — ^Xl — c'Xl — <?)(! — <P)(1 — WKl — i'c'Xl - 
(1 — *>d)(l — c'li'Xl — (Jd-Xl — .jicfKl — ""liO 
Numentor : 
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BepresentcUive for certain Ternary Sj/etems of Binary Forms. 
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Stbtem of One Quadratic and Two Qdabticb. 

(?. F. for invariants, reditced form. 

Denominator : (1 — 6»)(1 — 5»)(1 — f,^){l -~ t?)(l - <P){1 ~ b6){l — 6»5) 
(1 — 6(£)(1 — 6*d)(l - U){\ - i?d){l — y^) 
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SrvrtSTtu. : T'Men *,/ Offwvntinq F^ndtiom. Baimnxd aad 



Xamerator : 
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RepresentaHve for certain Ternary Systems of Binary Forms. 



O. F. for invariants, representative form. 

Denominator : (1 — 6»)(1 — h*){\ — h*){\ —(?)(! — f?)(l — i»i*)(l — i»3) 
(1 — 6»(?)(1 — yrf)(l — W)(l — 5'd)(l — (?5). 
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System of Three Quabtigb. 



O. t\ for invariants, reduced /orm. 
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RepreaenUUive for certain Ternary Systems of Binary Forma. 
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Numerator — Continued : 
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Sepresentaiive /orm same as reduced form. 
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A Constructive theory of Partitions, arranged in three 
Acts, an Interact and an Exodion. 

Bt J, J. SiLVESTEa, with Insertions by Dr. P, Feanklin. 



Act I. On Paetitions Reqabded as Entities. 
. . . eeeming parted, 
• But yet a union in partition. 

Twdfth^ight. 

■ (1) In the Dew method<of partitions it is essential to consider a partition as 
a definite thing, which end is attained by regularization of the successioD of its parts 
according to some prescribed law. The simplest law for the purpose is that the 
arrangement of the parts shall be according to their order of magnitude. A 
leading idea of the method is that of correspondpQce between different complete 
systems of partitions regularized in the manner aforesaid. The perception of the 
correspondence is in many cases greatly facilitated by means of a graphical 
method of representation, which also serves per se as an instrument of transfor- 
mation. 

(2) The most obvious mode of graphically representing a partition is by 
means of a network or web formed by two systems of parallel lines or filaments. 
Any coDtinuoufi portion of such web will serve to represent a partition, asex gr. 
the graph 



will represent the partition 3 5 5 4 <1 of 20 by reading off the successive numbers 
of nodes parallel to the horizontal lines of the web. This, however, is not a 
regularized partition ; the partition will be represented in its regularized form by 
such a graph as the following : 




252 Stlyesteb : A Ccmtmctive theory of Pariitions, 

which corresponcb to the order 5 5 4 3 3, but it may be represented much 
more advantageously by the figure 



• 



which is a portion of the web bounded by lines of nodes belonging to the two 
systems of parallel filaments. Any such portion becomes then subject to the 
important condition that the two transverse parallel readings will each give a 
regularized partition, one being in the present example 5 5 4 3 3, and the 
other 5 5 5 3 2. Any such graph as this will be termed a regular partition- 
graph, and the two partitions which it represents will be said to be conjugate 
to one another. The mere conception of a regular graph serves at once by 
effecting an interchange (so to say) between the warp and the woof, through 
the principle of correspondence, to establish a well-known fundamental theorem 
of reciprocity. In the last figure, the extent* of (meaning the number of nodes 
contained by) the uppermost horizontal line or filament is the maximum magni- 
tude of any element (or part) of the partition, and the extent of the first vertical 
line is the number of the parts. Hence, every regularized partition beginning 
with i and containing j parts is conjugate to another beginning with j and 
containing i parts. The content of the graph (t. e. the sum of the parts) of the 
partition is the same in both cases (it will sometimes be convenient to speak of 
the partible number as the content of the elements of the partition). From the 
above correspondence it is clear that if two complete partition-systems be formed 
with the same content in one of which the largest part is % and the number of 
parts/, and in the other the largest part is/ and the number of the parts t, the 
order {i, e. the number of partitions) of the first system will be identical with 
the order of the second : so that calling the content n , it follows that n — % may 
be decomposed in as many ways into/ — 1 parts as n — J into i — 1 parts. 

(3) This, however, is not the usual nor the ttiore convenient mode of 
expressing the reciprocity in question. We may, for the two partition systems 
spoken of, substitute two others of larger inclusion, taking for the first, all 
partitions of n in which no one part is greater than % , and the number of parts 
is not greater than j {i. e. is/ or fewer), and for the second system, one subject 
to the same conditions as just stated, but with i and/ (as before) interchanged: 
it is obvious that each regularized partition of one system will be conjugate to 

* Extent may be used to denote the number of nodes on a line or column or angle of a graph ; 
earUent the number of nodes in the graph itself ; but I have by inadvertence in what foUows frequently 
applied content alike to designate areal and linear numerosity. 



arranged in three Acta, an iTiteract and an EaxxUon. 253 

one regularized partition of the other Bystem, and accordingly the order of the 
two Bystems will be the same." 

(4) When 1 = Qo it follows from the general theorem of reciprocity last 
established, that the number of partitions of n into / parte or fewer will be the 
same as the number of ways of composing n with the integers 1 , 2, . . . j, and is 
therefore the coeflScient of x* in the expaneion of z z — -j z — -j • 

Thus, then, we can at once 6nd the general term in j 



" (1— aXl —axXl—aa?) ad mf. 
expanded according to ascending powers of a, for, if the above fraction be 
regarded as the product of an infinite number of infinite series arising fi'om the 

^pansion of the several factors l -- . z > z -5 > ... it will readily be 

seen that the coefficient of x'a' will be the number of ways in which n can be 
resolved intoy parts or fewer, i. e. by what has been just shown Is the coefiicient 

of aii" in z z -j i — -J 1 and this being true for all values of n, it follows 

that the entire coefficient of a' ia the fraction last written developed in ascending 
powers of X so that 



(l_oXl— OirXl— oir*)...odin/. ' ^ l—a; ^ l_a,.l — (c» ^ l—x.l—3^.l—i? '" 
as is well known. 

The general term in .-, it; ; n n w also well known to be 

^ (1 — a)(i — or) . . . (1 — ax') 

1— x* + M »*+*. . . 1 x*+^ 

; — '-^ , " ' i ai, or in other words, the number of ways of resol- 

1 3!.l — X*. . . 1 — x' ■' 

ving n into J parts none greater than i is the coefficient of x" in the fraction 
, ' ■■ . ' " ' — -j 1 which (denoting 1 — ai* by (5)) is the same as 

nvvt pi 7i\i9\ — Pi ' ^^^ fiimishes, if I am not mistaken, Euler's proof of 
the theorem of reciprocity already established by means of the correspondence 
of conjugate partitions. 

(6) [It may be as well to advert here to the practical method of obtaining the 
conjugate to a given partition. For this purpose it is only necessary to call Oj 
the number of parts in the given partition not less than i; Oj, a,, ag . . . at . . . 
continued to infinity (or which comes to the same thing until i is equal to the 
maximum part), will be the required conjugate.] 

* Tba above proof of tiie theorem of reciprooi^ ia due to Dr. Ferrers, the present head of Oonville 
and Caios' College, Cambridge. It poBseBses the double merit of having set the first example of 
graphical conatruotion and of putting into salient relief the principle of correspcmdenoe, applied to the 
theoTf of partitions. It was never made public b^ its author, bat first promulgated by myself in the 
Lofid. end Edin. PhO. Mag. for 1858. 




#jn«r4//n hj ^^iw: 'tr^jirrk*r>tT* tiatju'A jt hie: v> Mr. J. Jraaklia *j£ r^ ^rAam 
H^, M it v^(^. inri^t^cu&sai v!C3P(Ksi The Thei^Rxa jA oe sazSaasA bt 

ftnrf.^rra/6r *re lirair^ Vr ^Jie i:r«: 5 ^t' 'JiittnL 5 -eliLX la-j xinLier not ejjaee»feig 
>. v> tha^t rn &^, 'Jr^^ tr^b^r*::! v^ -.e sr:T*j*i ^ycrting v ihift rfew. a* only due 
4rzrr*ntt#i: ^a**^ of - tcj^ a/h: li.^k Ir. "int iga^ v. iik zitTr aaii luice zeoisnl one widi 
wfe:/A iuk iAA ^^rj^jA *xjk ^xjk^-.rj 'A fArirdi-^ci*. The aiedu^i wiH be masc ea&if 
nu^i^^r^/^A 07 n>i::afc£i« of ac ^T^rriple '-r two : :he pr>:'f sni case j> be mads rf 
the 'toMtrutti/vc irill ?ie ;efT.*ti towari ^Jjt -Kyi of 'Jie AiX- 

Wnc^ dr^im rijft in^efinl^ft fAT^i/Cd of !•> zlto 4 »5r few«r parti, or ay 
rafijer inv^ 4 f*flfcr*, iwnoiiz wh:*:ii Kroi* *r% a*i:sLi«f:-Ie : ifaey will be 

.5 - -S - •> - 
0.4.1.0 

'S.a.2.0 

o . '> . 1 . 1 
5 2.2.1 

4-4.2.0 

4-4.1.1 

4-3.5.0 

4.3.2.1 

4.2-2- 2 

3.3.3.1 

3.3.2.2 
Tbe partitions to which (1) ts prefixed are those in which the jSmi ejootm^ L e. 
thf: excfim of the first (the dominaat) part orer the next is ico yreai (meaning 
ip^^t^r than i, here 5) ; those to which (2) is prefixed are those in which after 
th^ fjatch rnsLfked with ( 1 ) are remoTed. the second excessw 1. ^. the exces of the 
fimt orer the third element is ''too great ^: those to which (3) is prefixed are 
t^i^i^ ifj which after the batches marked (1) and (2) are remored^ the third 
^xfyfsm Im ''Upff great/' and lastly those (only one as it happens) marked with/ 
(here 4) are tfao^ in which, so to say, the ah^uie esxesa of the dominant, 1. e. its 
actual ralfje is '' too great, '^ t. e. exceeding 1 (here 5) ; the partitions that are left 



I 


10. <>.•>.•.► 


I 


!>. !.•>.'> 


I 


•.2.0.0 


I 


A. 1.1.0 


'9 


T.5.0.0 


2 


7.2. 1.0 


I 


7.1.1.1 


.•2. 


6.4.0.0 


■-'. 


«.3.1.0 


■%: 


6.2.2.0 


.4. 


6.2.1.1 



* Vm a irfadkaliMi of fht ooDiCnictiTe mediod i^pliad to thk and an aHied Ifaeonm, aae pu M8 ef waq. 
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over will be the partitions of n (here 10) into 4 parts, none exceeding i (here 5) 
in magnitude. 

It is easy to see from this how to constrvet the partitions which are to be 
eliminated from the indefinite partitions of the n (10) into 4 {j) parts so as to 
obtain the quaternary partitions in which no part superior to 5 (i) appears. 
To obtain the first batch we must subtract i+ 1 (6) from n (10) and form the 
system of indefinite partitions of 4 into four parts, viz : 

4.0.0.0 

3.1.0.0 

2.2.0.0 

2.1.1.0 

1.1.1.0 
and adding to each of these 6.0.0.0 (term-to-term addition) batch (1) will be 
obtained. 

To obtain the second batch, form the quaternary partitions of n — {i + 2), 
i. e. 3, viz: 3.0.0.0 

2.1.0.0 

1.1.1.0 
[but omit those in which the first excess is "too great " (greater than i) ; here 
there are none such to be omitted] and bring the second element into the first 
place : thus we shall obtain the system 

3 

12 

1110 
The augments of those obtained by adding 6.1.0.0 to each of them will 
reproduce batch (2). 

Again, form the quaternary partition-system of ^n — (t + 3) , rejecting all 
those (here there are none such) in which the second excess is **too great." We 
thus obtain 2 

110 
and now bringing the third element in each of these into the first place so as to 
obtain 2 

110 
The augments of these last partitions obtained by adding 6 . 1 . 1 . to each of them 
will give the third batch, and finally taking the quaternary partition-system to 
n — (^*+y)i i. e. 1, rejecting (if there should be any such) those in which the 
third excess is **too great," we obtain 1.0.0.0, and bringing the fourth element 
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to the fiiat place 80 as to get 0.1.0.0, and adding 6.1.1.1, the fourth batch 
6.2.1.1 18 reconatmcted. 

Aa another example take n= 15, f = 3, /= 3. 



The 



ternary partitions of 15 are 



15.0.0 


(1) 


9.4.2 (1) 


14.1.0 


(1) 


9.3.3 (1) 


13.1.1 


(1) 


8.7.0 (2) 


13.3.0 


(1) 


8.6.1 (2) 


13.2.1 


(1) 


8.5.2 (2) 


11.4.0 


(1) 


8.4.3 (2) 


11.3.1 


fl) 


7.7.1 (2) 


10.5.0 


a) 


7.6.2 (2) 


10.4.1 


(1) 


7.5.3 (2) 


10.3.2 


(1) 


7.4.4 (3) 


9.6.0 


(2) 


6.6.3 (3) 


9.5.1 


(1) 


6.5.4 (3) 

5.5.5 (3) 



There are, of course, no 
partitions left in which no 
part exceeds 3, as the maxi- 
mum content subject to that 
condition would be only 9. 



J 

The partitions marked (1) (2) (3) are those in which the first, second and 
absolute excess respectively exceed 3. 

1*, The indefinite ternary partitions of 15 — 4 or 11 augmented by 4.0.0 
will obviously reproduce the system of partitions marked (1). 

2*. Taking the indefinite ternary partitions of 10 in which the first excess 
ami those of 9 in which the second excess does not exceed 3 , we shall obtain 

6.4.0 and 5.2.2 



whidli by mt^tiuitasia become 



6.3.1 


4.4.1 


6.2.2 


4.3.2 


5.5.0 


3.3.3 


5.4.1 




5.3.2 




4.4.2 




4.3.3 




4.6.0 


2.5.2 


3.6.1 


1.4.4 


2.6.2 


2.4.3 


5.5.0 


3.3.3 


4.5.1 




3.6.2 




4.4.2 




8.4.8 
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and adding to each term of these two groups 4.1.0 and 4.1.1 respectively, the 
systems of partitions marked (2) and (3) respectively result. 

(7) It may, I think, be desirable to give here my own construction for the 
case of repeated partitions, which, having regard to its features of resemblance to 
the one preceding, it is proper to state preceded it in the date of its discovery 
and promulgation. The problem which I propose to myself is to construct a 
system of portions of a given number into parte, limited in number and magni- 
tude by means of partitions of iteelf and other numbers into parte limited in 
number but not in magnitude. 

As before, let i be the limit of magnitude, j the number of parte (zeros 
admissible), and n the partible number ; form a square matrix of the J^^ order 
in which the diagonals are all i + 1 , the elemente below the diagonal all of them 
unity, and those above the diagonal all of them zeros, say Mi. 

From this matrix construct M^ M^, M^, . . , Mj, such that the lines in M^ 
{q being any integer from 1 to j inclusive) are the sums of those in Mi , added 
(term-to-term) q and q together. 

Let (r, q) be the r*^ line in M^ and [r, q"] the sum of the numbers which it 
contains. 

Form the complete system of the partitions of n — [r, q"] into/ parte, and 
to each such add (term-to-term) (r, q). 

In this way, by giving r all possible values we shall obtain a system of 
partitions of n into j parte corresponding to M^, which may be called P^. I say 
that Pi — P2+ ^3 • • • + ( — y^^Pj will ^^ ^^^ complete system of partitions of 
n into y parte in which one element at least exceeds i ; where it is to be observed 
that having regard to the eflfect of the — and + signs (which are used here to 
indicate the addition and subtraction, or say rather the ad-duction and sub- 
duction not of numbers but of things), each such partition will occur once and 
once only, so that calling P the complete system of indefinite partitions of n 
into/ parte, the complete system of partitions of n intoy parte in which no part 
exceeds i in magnitude will be 

p-Pi + p,...+{-YPj* 

(8) This construction, which I will illustrate by two examples, proceeds upon 
the fact which, although confirmed by a multitude of instances, remains to be proved, 

*It must, however, be understood that the same partition is liable to appear in more than one, and 
not ezclusiyely in its regularized phase, or as it may be expressed, the regularized partition undergoes 
metastaais. 

Vol. v. 
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that if kf, k^. . . , k^ be anj partition of n into J pans and the number of 
mwqual fOLrXJi greater than t be u . then the nmnber of times in which this parti- 

tion, in iti regular or any other phaae. appears m P, is * — ^/-^ ^-^ — ^ 

Hfiterpreted to mean 1 when q = o i. and oonseqiientlT its total number of 
appearances in P — /*, + P, . , . b (1 — ly. L e,is 0. 

From this it follows that the total number of partitions of n into / parts 
none exceeding t in magnitude will be C — Ci + C, . . . where C, is the sum of 
the number of wajs in which the various numbers nj. n,. n, . . . can be decom- 
posed into J paLTtB, the numbers above named being n diminished by the sums of 
the quantities t + 1 , t + 2, . . . . i +j added g and q together, and is therefore 

the coefficient of x* in . ,' " , and consequently the number of 

partitions of n into j parts none exceeding i in magnitude will be the coefficient 

of Tf" m -5 ; ; as was to be shown. 

1 XA JT . . . 1 — z^ 

(9) As a first example let t=2, y=3, n= 12. the matrices and the 
paLTlitifmB corresponding to their several lines will be as underwritten; the 
indefinite partitions of the reduced contents are written opposite to the respective 
matrix lines to which they correspond, and their augments found by adding each 
such line to the corresponding partition system are written immediately under 
theuL The zeros are omitted for the sake of brevity. 

3X1,0 

1.1,3 

4A0 
4.1.3 
2.4.3 



6.4.3 



» 


8.1 


7.2 


7.1.1 


6J3 


6.2.1 


5.4 


5.3.1 


5.2.2 


4.4.1 


4A2 3.3.3 


12 


11.1 


10.2 


10.1.1 


9.3 


9.-2.1 


8.4 


8A1 


8.-2.2 


9.4.1 


7A2 6A3 


8 


7.1 


6.2 


6.1.1 


5.3 


5.2.1 


4.4 


4A1 


4.2.2 


3.3.2 




9.3 


8.4 


7.6 


7.4.1 


6.6 


6.5.1 


5.7 


5.6.1 


5.5.2 


4.6.2 




7 


6.1 


5.2 


5.1.1 


4.3 


4.2.1 


3.3.1 


3.2.2 








«.1.3 


7.2.3 


6.3.3 


6.2.4 


5.4.3 


5JSA 


4.4.4 


4.3.5 








6 


4.1 


3.2 


3.1.1 


2.2.1 














».3 


8.4 


7.5 


7.4-1 


6.5.1 














4 


3.1 


2.2 


2.1.1 
















8.1.3 


7.2.3 


6.3.3 


6.2.4 
















3 


2.1 


1.1.1 


















5.4^ 


4.5.3 


3.5.4 




















5.4.3 

In 6.3.3 there are two unlike elements greater than 2 ; accordingly 6.3.3 
occurs 2 times in P| and 1 time in P|. 
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In 7.3.2 there are again two unlike elements greater than 2 , and 7.3.2, 
7.2.3 (the metastatic equivalent to the former) are found in Pj and 7.2.3 in P^. 
Again, in 5.4.3 there are 3 unlike elements greater than 2, and we find 

5.4.3 5.3.4 4.3.5 in P^ 

5.4.3 4.5.3 3.5.4 ** P, 

5.4.3 " Pa 

and such terms as 8.1 7.1.1 4.4.1 3.3.3 in which there is only one distinct 

element greater than 2 is found 1 time only in Pj and not at all in Pj or Pg. 

As another example let n = 1 2 , i = 4 , y = 3 , then a similarly constructed 
table to the foregoing will be as follows, in which, however, all matrices or lines 
of matrices which have a sum too large to give rise to partition systems are 

omitted. 

5.1.1 
10.1.1 
4.1.1 
5.6.1 
3.1.1 



5.0.0.0 


7 
12 


6.1 
11.1 


5.2 
10.2 


1.6.0.0 


6 
7.5 


6.1 
6.6 


4.2 
5.7 


1.1.6.0 


6 
6.1.5 


4.1 

6.2.5 


3.2 
4.3.6 


1.1.1.6 


4 
5.1.1.6 


3.1 
4.2 


1.5 


6.5.0.0 


1 
7.5 






6.1.5.0 



6.1.5 







4.3 


4.2.1 


3.3.1 


3.2.2 


9.3 


9.2.1 


8.3.1 


8.2.2 


3.3 


3.2.1 


2.2.2 




4.8 


4.7.1 


3.7.2 




2.2.1 









.7.5 and 6.5.1 are the only two partitions of 12 into 3 parts in which there are 
two unlike parts greater than 4 ; each of these accordingly is found twice (in one 
or another phase) in Pi and once in P,. Every other partition of 12 into 3 
parts in which one of them at least is greater than 4 will be found exclusively 
and only once in Pg. 

(10) The two expansions for (1 — a^){l — a^) . . . ( 1 — ax*) and its reciprocal 
may readily be obtained from one another by the method of correspondence. 

The coeflficient of x'^a^ in the former is the number of partitions of n into 
J unequal^ and in the latter into / equal w urvequal parts none greater than i or 
less than imity. The correspondence to be established has been given by Euler 
for the case of i=:oo (Ccwitw. Arith., 1849, Tom. 1, p. 88), and is probably known 
for the general case, but as coming strictly within the purview of the essay, 
seems to deserve mention here. 
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If A^y A-,, A:^, . . . , A) be a partition of n into j equal or unequal parts 
written in ascending order, none exceeding t, on adding to it 0, 1, 2 ... (y — 1) 

it becomes a partition of n + into j parts none exceeding » +y — 1, and 

conversely if ?.i, >^, . . . , X^ be a partition of n + into / unequal parts 

none exceeding t+j — 1, written in ascending order, on subtracting from it 
0, 1 , 2 . . . (y — 1) it becomes a partition of n into equal or unequal (say rela- 
tively independent) parts none exceeding i. 

Hence the complete system of partitions of n into j unlike parts none 
exceeding i has a one-to-one correspondence with the complete system of the 

partitions of n — —i^ i^ito / parts none exceeding i — y + 1. Consequently 

the coefficient of a^ in the expansion of (1 — ax) . . . (1 — ax*) may be found 
from that of a^ in the expansion of its reciprocal by changing t into i — j + 1 

and introducing the factor x * 

(11) The expansion of the reciprocal may of course be found algebraically from 

the multiplication of the expansion which has been given oij rp: r — ,^ ^. 

by (1 — a), or immediately by the correspondence between partitions into an 
exact number y of parts limited not to exceed i, and partitions into j or fewer 
parts so limited. 

By subtracting a unit from each term of A^i, A^, . . . , A;^ a partition of n 

■f 

where no Ic exceeds % results, a partition g^i, g^,, . . . qj, a partition of n — j where 

1 
no a exceeds i — 1 . Hence the coefficient of a^ in :; ; -^ -^ may 

^ 1 — aa,\ — aar...l — oar '^ 

\ 

be found from that in ^ . by introducing the factor x^ and 

1 — a.l — ax . . . 1 — oar '' 

changing i into i — 1 , so that choosing for the former, the alternative form 

l_aj>+i.l_a>^+«...l_a>^+< 1— a;>+M— x^+»...l— a^+*-i , 

= -. the latter becomes — -= z -T—y — ar » 

1 — x.\ — ar...l — of 1 — x.\ — or. . .1 — «•""* 

and consequently the coefficient of a^ in 1 — oar.l — oic*. . . 1 — ox* will be 

1— a^-4-M — ar^-ft l_g< P^ 

1 — xA — a:*....l — x*""*^ 

(12) Before quitting this part of the subject it is desirable to make mention 
of Dr. F. Franklin's remarkable method of proving Euler's celebrated expansion of 
(1 — x)(l — x*)(l — 7?) ... ad inf. by the method of correspondence. This has 
been given by Dr. Franklin himself in the Comptes Rendus of the Institut (1880), 
and by myself in some detail in the last February Number of the J. H. U. 
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Circular. The method is in its essence absolutely independent of graphical 
considerations, but as it becomes somewhat easier to apprehend by means of 
graphical description and nomenclature, I shall avail myself here of graphical 
terminology to express it. 

If a regular graph represent a partition with unequal elements, the lines of 
magnitude must continually increase or decrease. Let the annexed figures be 
such graphs written in ascending order from above downwards. 



(B) 



• • « 

• • • « • 

• * * • • 

« • • • « « * 



(^) 



iO) 



In A and B the graphs may be transformed without altering their content 
or regularity by removing the nodes at the summit and substituting for them a 
new slope line at the base. In G the slope line at the base may be removed 
and made to form a new summit ; the graphs so transformed will be as follows : 



(^) 



* « • 

• « • • • • * 

• • • 

• • • • • • • 



{A') 



{C) 



A' and B may be said to be derived from ^, J5 by a process of contraction, 
and (7 from C by one of protraction. 

Protraction could not now be applied to A and Jff, nor contraction to O 
without destroying the regularity of the graph ; but the inverse processes may 
of course be applied, viz. of protraction to j4' and B and contraction to C", so 
as to bring back the original graph A, B, G. 

In general (but as will be seen not universally), it is obvious that when the 
number of nodes in the summit is inferior or equal to the number in the base- 
slope, contraction may be applied, and when superior to that number, protraction : 
each process alike will alter the number of parts from even to odd or from odd 
to even, so that barring the exceptional cases which remain to be considered 
where neither protraction nor contraction is feasible, there will be a one-to-one 
correspondence between the partitions of n into an odd number and the parti- 
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lions of n into an even number of onrepeated parts : the exceptional cases are 
those shown below where the summit meets the base-slope line, and contains 
either the same number or one more than the number of nodes in that line ; in 
which case neither protraction nor contraction will be possible, as seen in the 
annexed figures which are written in regular order of succession, but may be 
indefinitely continued : 



for the contraction process which aught {ex yrJ), according to the general rule, to 
be applicable to the last of the above graphs, cannot be applied to it, because on 
removing the nodes in the slope line and laying them on the summit, in the 
very act of so doing the summit undergoes the loss of a node and is thereby 
incapacitated to be surmounted by the nodes in the slope, which will have not 
now a less, but the same number of nodes as itself; and in like manner, in the 
last graph but one, the nodes in the summit cannot be removed and a slope line 
be added on containing the same number of nodes without the transformed 
graph ceasing to be regidar, in fact it would take the form 



and so the last graph transformed according to rule would become : 



• • • • 

• • • • 



which, althou^ regular, would cease to represent a partition into unlike numbers. 
The excepted cases then or unconjugate partitions are those where the 
ntmiber of parts being j, the successive parts form one or the other of the two 
arithmetical series 

y. y+i»y+2, .. . 2y— i ory+i,y+2, ... 2y, 

in which cases the contents are and ^ respectively, and consequently 

since in the product of 1 — xA — a^. 1 — x' . . . the coeflScient of x* is the 
number of ways of composing n with an even less the number of ways of com- 
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posing it with an odd number of parte, the product will be completely repre- 
sented by / ( — yx a .* 

(13) It has been well remarked by Prof. Cay ley that barring the uncon- 
jugate partitions, the rest really constitute 4 classes, which using c and x to 
signify contractile and extensile and e and o to signify of-an-even or of-an-odd 
order, may be denoted by c.e c.o 

x.e x,o 
Hence as each c.e is conjugate to an x,o and vice versa, and each c.o to an 
X. e and vice versa, the theorem established really splite up into two, one aflSrming 
that the number of contractile partitions of an odd order is the same as the 
number of extensile ones of an even order, the other that the number of 
contractiles of an even is equal to the number of extensiles of an odd order. 
It might possibly be worth while to investigate the difference between the 
number of partitions which each set of one couple and the number of partitions 
which each set of the sub-contrary couple contain : the sete which belong to the 
same couple and contain the same number of partitions being those both of whose 
characters are dissimilar. 

(14) There are one or two other simple cases of correspondence which are 

interesting, inasmuch as the construction employed to effect the correspondence 

involves the operations of division and multiplication, which have not occurred 

previously. 

lifx={\—x){\—7?){\ — 7?){\ — x'){\—a?). .. 

and q>x = (1 + x){l + a?){l + a?){l + x*)(l + x^) . . . 

/x.^=: 1, 

from which we obtain ^= l//x and/x= 1/^. 

The latter of these equations has been noticed by Euler as involving the 
elegant theorem that a number may be partitioned in as many ways into only- 
once-occurring odd-or-even integers as into any-number-of-times-occurring only- 
odd integers. 

The second, which I think he does not dwell upon, expresses that the differ- 
ence between the number of partitions with an even number of parte and that 

* Another proof of this theorem, deduced as an immediate algebraical consequence of a more 
general one, obtained by graphical dissection, will 'be given in Act 2 ; and in the Exodion I furnish 
a purely arithmetical proof by the method of correspondence of Jacobins series for (Idbo;^'"^) 
(Idba?*"^"*)!!— a*'*)(ldb«^'*~'^)(ldb«^'* + '*)(l — a?***) . . . (which includes Euler's theorem as a par- 
ticular case.) I prove this theorem in a more extended sense than was probably intended by its 
immortal author, inasmuch as I regard m and n as absolutely general symbols. 
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of partitions with an odd number of parts of the same number n is the same as 
the number of partitions of n into exclusively odd numbers [such difference 
being in favor of the partitions of even or of odd order, according as the 
partible number is even or odd]. 

This latter theorem brings out a point of analogy between repetitional and 
non-repetitional partition systems which appears to me worthy of notice. 

Any one of the former contains a class of what may be termed singular 
partitions, in the sense that they are their own associates, or more briefly, sd/- 
conjugaie in respect to the Ferrers transformation. Any one system of the latter 
may also be said to contain a set of singular partitions (0 or 1 in number) in the 
sense of being unconjugate in respect to the Franklin process of transformation. 
Since then in this case the difference between the number of partitions of an odd 
and those of an even order of the same number is equal to the number (1 or 0) 
of singular partitions of that number, so we might anticipate as not improbable 
that the like difference for the repetitional partitions of a number should be 
equal to the number of singular partitions of that number — and such is actually 
the case ; for it will be shown in a future section that the number of self-conju- 
gate partitions of a number is the same as the number of ways in which it can 
be composed with odd integers. 

(15) The correspondence indicated by the equation 4)x= l//x can be estab- 
lished as follows : 

Let 2\Z, 2^m, 2^7^, . . . be any partition of unrepeated general numbers, 
where Z, wi , n . . . are any odd integers not exceeding unity ; and let U^^ in 
general denote q parts k, then without changing its content the above partition 
can be converted into Z^*^\ m^^^, w^*"^, . . • which consists exclusively of odd num- 
bers. 

It will of course be understood that the original partition may contain any 
the same odd number as I multiplied by different powers 2^, 2^\ 2^". . . of 2, with 
the sole restriction that the X, X', X". . • must be all imequal. 

Conversely, any such partitions as Z^*"^, m^'^^j n^"^ may be converted back into 
one and only one partition of the former kind. For there will be one and but 
one way of resolving a into the sum of powers of 2 [the zero power not 
excluded] , and supposing a to be equal to 2^ + 2^' + 2^" + . . . l^''^ may be replaced 
by 2^Z, 2^7, 2^'7, and the same process of conversion may be simultaneously 
applied to each of the other products m^^^ n^"^, . . . 



.^ 
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Hence each partition of either one kind is conjugate to one of the other, and 
the number of partitions in the two systems will be the same, as was to be shown. 

(16) But we have here another example of the fact that the theory of corres- 
pondence reaches far deeper than that of mere numerical congruity with which 
it is associated as the substance with the shadow. For a correspondence exists 
of a much more refined nature than that above demonstrated between the two 
systems, and which, moreover (it is important to notice) does not bring the same 
individuals into correlation as does the former method. 

The partition system made up of unrepeated general numbers may be 
divided into groups of the first, second, . . . i'^. . . class respectively, those of the 
i*^ class containing i distinct sequences of consecutive numbers having no term 
in common, with the imderstanding that no two sequences must form part of a 
single sequence (so that the diflFerence of the largest term of one sequence and 
the smallest one of the next largest must diflFer by more than a single unit), and 
that a single number unpreceded and imfollowed by a consecutive number is to 
count as a sequence. 

The partition system, made up of repeatable odd numbers may, in like 
manner, be resolved into groups of the Ist, 2nd, . . . i'^, . . . class respectively, 
those of the i'^ class containing i distinct numbers ; and the new theorem of 
correspondence is that there is a correlation between the numbers of the i*^ class 
of one system and the i*^ class of the other ; so that the number of partitions in 
a class of the same name must be the same to whichever system it belongs, and 
thus Euler's theorem becomes a corollary to this deeper-reaching one, obtained 
from it by adding together the numbers of partitions in all the several classes in 
the one system and in the other. 

(17) As regards the first class, the theorem amounts to the statement that 
the number of single sequences of consecutive numbers into which n may be 
resolved is equal to the number of odd factors which n contains; so that if 
JV= 2^Z*!?n^7^^ . . where Z, m, w, . . . are odd numbers iVcan be represented by 
the sum of {X + l){[i + l){v + 1) . . . such sequences ; thus ex gr. if iV= 15 = 3.5 
we have 1 + 2 + 3 + 4 + 5 = 4+5+6 = 7 + 8= 15, so 30 =4 + 5 + 6 
+ 7 + 8 = 6 + 7 + 8 + 9 = 9+ 10+ 11. If N= 27 = 3», 27 = 2 + 3 + 4 
+ 5 + 6 + 7 = 8 + 9+ 10 =13 +14. If iV=45, 45=1+2+3+ .. . 
+ 9=5 + 6 + 7 + 8+9 + 10 = 7 + 8 + 9+ 10+ 11 = 14 +15 + 16 = 22 
+ 23 . So too if iV is a prime number it can only be resolved into the two 

JV 1 JV-L 1 

sequences — ^ 1 ^ — and N. More generally N can be resolved into as 

voii. V. 
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many different sets of t distinct sequences as there are solutions in positive 
integers of the equation 2 (xji/i + Xfjff + . . - + x^y,) + Xj + a:^ + . . . + 5t| = 3^, 
of the truth of which remarkable theorem, in its general form, I have for the 
present only obtained empirical evidence, but may possibly be able to discover 
the proof in time to annex it in the form of a note at the end, so as not to keep 
the press waiting.* 

(18) The proof for the case of the first class and the mode of establishing 
the correspondence between the partitions of this class of the two kinds is not &r 
to seek. I use as previously d^^ to signify a repeated b times. 

Consider then any sequence of consecutive numbers for the cases where the 
number of terms is odd and where it is even, separately calling s the sum of the 
first and last term, and i the number of terms, where t is odd, so that s is even, 
the sequence may be replaced by t («^, and where i is even (so that 8 is odd) by «vt). 
Hence each partition of the first class of the first kind may be transformed into 
one of the first class of the second kind. 

It is necessary to show the converse of this, which may be done as follows : 
Let X'^ be any partition of the second kind so that X is necessarily odd. I say 
that this must be transformable into one or the other (but not into both) 
of two sequences, viz. one of X terms of which the sum of the first and last is 
2(1 , the other of which the sum of the first and last terms is X and the number of 
terms 2(i. The former supposition is admissible if 2(i is equal to or greater than 
X + 1, inadmissible if 2(i is less than X + 1. The second supposition is admis- 
sible if ^ is equal to or greater than 2(i+ 1, inadmissible if X is less than 2(1+1. 

The two conditions of admissibility coexisting would imply that 2[i is equal 
to or greater than 2fe + 2 ; the two conditions of inadmissibility the one that 2(1 
is equal to or less than X — 1 , the other that X equal to or less than 2(1 — 1 , t. c. 
X — 1 equal to or less than 2(1 — 2 , which are inconsistent. Hence one of the 
two transformations is always possible and the other impossible to be effected ; 
which proves the correlation that was to be established. A single example will 
serve to show that this correspondence is entirely different from that offered by 
the first and (so to say) grosser method; suppose i\r= 15, then 1.2.3.4.6 will 
be a partition of the first kind and will be counted by the new rule into 6.6.6, 
whereas, by the former rule, it would be inverted into 1 . 1 . 1 . 3 . 1 . 1 . 1 . 1 . 6 , i. e. 
into 1^ 3 . 6 belonging to the third class instead of to the first. 

*A complete proof of the general theorem wiU be given in the Sd Act. 
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(19) I will now pass on to the conjugate theorem corresponding to 

It may be well here to recall that this identity essentially depends upon the 
identity 1 — x= 1/(1 +x){l +^){1 + a;*) . . . which, interpreted,* signifies that 
any number greater than unity may be made up in as many ways with an odd 
as with an even number of points restricted to the geometrical progression 
1, 2, 4, 8 . . . This maybe called, for brevity, a geometric partition. The 
correspondence to which this^points is itself worthy of notice — one mode of 
establishing it would be to proceed to decompose N into such parts in regular 
dictionary order — it would easily be seen that each pair of partitions thus 
deduced would be of contrary parities, but it wpuld not be easy, or at all events 
evident how to determine at once the conjugate to a given partition by 
reference to this principle ; but if we observe that it is possible to pass from the 
geometric partitions of n immediately to those of n+ 1 by the addition of a 
unit to each of the former, and consequently to those of n + 2 from the partitions 

oi E — 1 E — - — 1 E — ^r — > ... 2 , 1 by an obvious process of doubling and 

adding complementary ones, another rule or law of correspondence, which 
proves itself as soon as stated (and is not identical in effect with that supplied 
by the dictionary-order methed), looms into the field of vision, than which 
nothing can be simpler. Hence we may derive a transcendental equation in 
differences for u^, the number of geometric partitions (with radix 2) to n, viz. 
to find the conjugate of any geometric partition, look at its greatest part — if it 
is repeated add two of them together : if it is unrepeated split it into two equal 
parts; these processes are obviously reversible, just as in Dr. Franklin's method 
of correspondence for the pentagonal-series-theorem, and is equally open to the 
remark made thereon by Prof. Cayley ; that is to say, there will be four classes, 
extensile even, extensile odd, contractile even and fintractile odd, and the 
number of partitions in any class will be the same as in the class in which both 
its characters are reversed. The application of this transformation to the con- 
struction indicated by the equation /x= \/^x will be obvious. Let any parti- 
tion containing only unrepeated numbers consist of odd numbers ^ , g' , r , . . . < , 
each multiplied by one or more powers of 2 ; form batches of these terms which 
have the same greatest odd divisor (i>, 5f, r, . . . ^) and arrange those batches in 
a line according to the order of magnitude of />, g, r, . . . <. Then we may 

* JuBt so the equation 1/1 — a? = (1 -f- a?)(l -f- a!:*)(l -h fic*) . . . teaches that there is one and only one 
way of effecting the unrepetitional geometric partition of any number— a theorem which has been 
applied^in the preceding theory. 
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agree to proceed either from left to right or from right to left in reading off the 
batches, and that convention being established once for all, as soon as a batch is 
reached which does not consist of a single odd term, if it contain one term 
larger than all the rest that term is to be split into two equal parts, but if it 
contain two terms not less than any others in the batch, those two are to be 
amalgamated into one. In this way the order of a partition consisting of terms 
not all of them distinct odd numbers, will have its parity (quality of being odd 
or even) reversed, and it is obvious that if A has been under the operation of 
the rule converted into B , B hy the operation of the same rule will be con- 
verted back into A . Hence it follows that (making abstraction of the partitions 
consisting exclusively of unrepeated odd numbers) all the rest will be separable 
into as many contractile of an odd as into extensile of an even order, and into 
as many extensile of an odd as into contractile of an even order, so that the 
difference between the entire number of the partitions of N into an odd and 
those of an even order of repeatable numbers (odd or even) will be the number 
of partitions of N into unrepeated odd numbers, and >^^ those of an odd or of 
an even order will be in the majority according as N itself is odd or even.* 

It will be convenient to interpolate here Dr. F. Franklin's constructive proof 
of the theorems referred to in page 254 of what precedes, as there will be 
frequent occasion to refer to them in what follows. The theory is thus made 
completely self-contained. I give the proofs in the author's own words, which 
I think cannot be bettered. 

(20) Constructive Proof of the Formula for Partitions into Repeatable Parts, 
limited in Number and Magnitude. The partitions herein spoken of are always 
partitions into a fixed number, j, of parts, written in descending order. 

* Dr. F. Franklin has remarked that ''the theorem admits of the foUowing extensions,'' whioh the 
method employed in the text naturally suggests, and '' which are very easily obtained either by the 
constructiTe proof or by generating functions" : 

1. The number of ways in which w can be made up of any number of odd and k distinct even 
parts is equal to the number of ways in which it can be made up of any number of unrepeated and h 
distinct repeated parts. 

2. The number of ways in which w can be made up of parts not divisible by m is equal to the 
number of ways in which it can be made up of parts not occurring as many as m times. 

8. The number of ways in which w can be made up of an infinite number of parts not divisible by 
m, together with h parts divisible by m, is equal to the number of ways in which it can be made up of 
an indefinite number of parts occurring less than m times, together with k parts occurring m or more 
times. (8) of course comprehends (1) and (2) as special cases. 

Dr. Franklin adds, ''another extension is naturaUy contained in the mode of proof, whioh it is 
perhaps not worth while to state." See Johns Hopkins Circular for March, 18S8. 
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Take any partition of w in which the first excess is greater than i ; subtract- 
ing i + 1 from the first part we get a partition of w — (i + 1); and conversely if 
to the first part in a partition of tc — (i + 1) we add i + 1 we get a partition of 
w in which the first excess is greater than i* Hence the number of partitions 
of w in which the first excess is greater than i is equal to the whole number of 
partitions of w — (i + 1); so that if the generating function for the partitions of 
w is /(a), that for those partitions in which the first excess is not greater than i is 
(1 — x*'^^)/{x) . Confining ourselves now to this class of partitions, consider any 
one of them in which the second excess is greater than i ; subtracting i + 1 from 
the first part and 1 from the next, and putting the reduced first part into the 
second place we have a partition ofw — (t + 2) in which the first excess is not 
greater than i ; and conversely if in any partition of tc — {i + 2) in which the 
first excess is not greater than i, we add i + 1 to the second part and 1 to the 
first part and transfer the augmented second part to the first place, we get a 
partition of w in which the first excess is not greater than i and the second 
excess is greater than i . Hence the generating function for those partitions in 
which the second excess is not greater than i is (1 — a;*+^)(l — ic*'^*)/(a:). 
Considering now exclusively the partitions last mentioned, any one of them in 
which the third excess is greater than i may be converted into a partition of 
w — (t + 3) in which the second excess is not greater than t , by subtracting i + 1 
from the first part, 1 from the second part, and 1 from the third part, and 
removing the reduced first part to the third place, and, as before, by the reverse 
operation, the latter class of partitions are converted into the former. Hence 
the generating function for the partitions in which the third excess is not greater 
than i is (1 — x*+^)(l — x^'^^Xl — x^'^^)/{x). So in like manner, the generating 
functions for the partitions in which the J^^ excess is not greater than i is 

(l-x<+i)(l — x*+»)(l — a:<+') . . . {\ — x*-^')/{x)i 
and for the partitions in which thej^ or absolute excess is not greater than i, 
that is in which tjie greatest part does not exceed i, the generating function is 

(1— x<+^)(l-x<+«)(l— x*+«). . . (1 — a:<+0/(x). 

(21) Constructive Proof of the Formula for Partitions into Unrepeated Parts , 
limited in Number* and Magnitvde. All the partitions to be considered consist of 
a fixed number, y, of unrepeated parts, written in descending order. 

* The first excess signifies the excess of the largest part over the next largest ; the second excess the 
excess of the largest over the next part but one, and so on. 
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Take any partition of tr in which the first excesB is greater than t + 1 ; 
subtracting i+ 1 from the first part we get a partition of k? — (t + 1); con- 
versely, if to the first part in any portion of ir — (i + 1) we add i + 1 , we get a 
partition of w in which the first excess is greater than i + 1 ; hence the number 
of partitions of tr in which the first excess is greater than t + 1 is equal to the 
whole number of partitions of ur — (i+ 1); so that, if the generating function 
for all the partitions is ^{x), the generating function for partitions whose first 
excess is not greater than i + 1 is (1 — qi^'*'^)^{x). Considering now only par- 
titions subject to this condition, if in any such partition of tr the second excess 
is greater than t + 2 , we obtain by subtracting t + 2 from the first part and 
removing the part so diminished to the second place a partition of tr — (1 + 2) 
subject to the condition ; and conversely from any partition of tr — (1 + 2) in 
which the first excess is not greater than i + 1 , we obtain, by adding t + 2 to 
the second part and removing the augmented part to the first place, a partition 
of tr, in which the first excess is not greater than i + 1 and the second excess is 
greater than t + 2 ; hence the generating function for the partitions in which the 
second excess is not greater than i + 2 (which restriction includes the condition 
that the first excess is not greater than t+ 1) is (1 — x'"*"^)(l — a:'+*)^(x). 
Confining ourselves now to this class of partitions, and taking any partition of 
w in which the third excess is greater than t + 3 , we obtain, by subtracting 
1 + 3 from the first part and removing the diminished part to the third place, a 
partition of tr — (t + 3) belonging to the class now under consideration ; and 
reversely. Hence the number of partitions in which the third excess is not 
greater than i + 3 is given by the generating function (1 — x*+*)(l — x*+*) 
(1 — x'+')^(x). Proceeding in this manner, we have finally that the generating 
function giving the number of partitions into / unrepeated parts, in which Hie 
absolute excess, i. e. the magnitude of the greatest part, is not greater than t +y, 
is (1 — x'+^Kl — x'+^Kl — x'+') . . . (l-x'+O^Ca?)- 

For example, if tr = 18 , y = 3 , » = 4 , the partitions 
15,2,1 14,3,1 13,4,1 13,3,2 12,5,1 12,4,2 11,5,2 11,4,3 
in which the first excess is greater than 6 , becomes by subtraction of 5 from 
their first part, 

10,2,1 9,3,1 8,4,1 8,3,2 7,5,1 7,4,2 6,5,2 6,4,3 
which are all the partitions of 13 ; the partitions 

11.6,1 10,7,1 10,6,2 10,5,3 9,8,1 9,7,2 
in which the first excess is not greater than 5 , but the second excess is greater 
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than 6 become, by the subtraction of 6 from the first part and its removal to 
the second place, 

6,5,1 7,4,1 6,4,2 5,4,3 8,3,1 7,3,2 
which are all the partitions of 12 whose* first excess is not greater than 5 ; the 
partitions 9, 6, 3 9, 5, 4 8, 7, 3 8,6,4 

in which the second excess is not greater than 6, but the third excess (the greatest 
part) is greater than 7 , become, by the subtraction of 7 from the first part and 
its removal to the last place, 

6, 3, 2 5, 4, 2 7, 3, 1 6, 4, 1 
which are all partitions of 1 1 whose second excess is not greater than 6. The 
only remaining partition of 18 is 7, 6, 5. 

INTERA.CT. 

Notes on certain Generating FunctioTis and their Properties, 

(22) (A) It may be as well to reproduce here (so as to keep the whole subject 
together) the entire proof of the well-known expansions of 1 + oaj . 1 + oa:*. 1 
4 aa?. . . (1 + aaj*)and the reciprocal of 1 — a.l — occ.l — a^a?. 1 — aoc^.. . 1 — oaj*, 
which appeared in j^rt in the Johns Hopkins Circular for February last. This 
is, I think, distinguishable from the ordinary proofs as being, so to say, classical 
in form (using the word in an algebraical sense), inasmuch as it establishes the 
identity of two rational integral functions, one explicitly, the other implicitly 
given, by comparison of their zeros. 

1®. Let the coeflBcient of a^ in the expansion of (1 +ajx){\ + oa:*) . . • (1 + oaj*) 

say F{xj a) be called J^ and r-^ :; ' ' * ; be called X.. 

Jg, being the sum of they, any combinations of x, a*, ... a* will necessarily 

contain a4+«+ ..+^^ i ^ 3. 2 and will be of the degree i+(i — 1) + . . . 

+ (t — y + 1) in X, and therefore of the same degree as X^x » . 

All the linear factors of Xj are obviously of the form x — p , where x — p 

is a primitive factor of some binomial expression of — 1 : the number of times 

• . • . 

that any x — p occurs in Xj will obviously be equal to E E- E — - 

which is either 1 or 0. Now consider jP(p, a) the value of F{xj a) when x 
becomes p. Let i.= At + 5 where 5 < r, then jF(p, a) = (1 i a)* multiplied by 

h linear functions of a , and consequently if j^iTdr-^- 5', where S' < r , tT. vanishes 

. . . . 

when S'>S, in which case E^ — J&— — ^^^^ = 1. 
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Hence an j linear ^LCtor x — p of X^ possesses the two-fold property of 
being unrepeated and of being contained in J^. Hence J, must contain 

Xjx ^ and being of the same degree as it is in x must bear to it a constant 
ratio, which, by making x = 1, is seen" to be the coefficient of a^ in (1 — a)*, 

[i. e. ratio of — \. no- — 1 to the product of the fi:'actions in their 

X • ^miS • • • J J 

1 ^ 1 a^— 1 1 2j<— >+i 

vanishing state » . > • • • i — - — -j — i i. c. is a ratio of equality, so 

that j; = X^x » . Q. E. D. 

(23) Again let JE} and J, now stand for ^j — ^ — -^ and the 

coefficient of a^ in the reciprocal of 1 — a.l — ax . . . 1 — ox* (say F^^^ „) ) which 
latter is the sum of homogeneous products of the/^ order of 1 , x, x*, . . . x* and 
is therefore of the degree ij which is also the degree (as is obvious) of X; in x. 
For like reason as in what precedes x — p any linear factor of x^ — 1 is contained 

1 or times in Xi according as E *-^—E - — E^ = 1 or 0. 

T T T 

Let the minimum negative residue of t — 1 to modulus r be — S , -^( p , a) 
may be expressed as the product of h linear functions of a, divided by a power 
of 1 — a^j and the only power of a (say a*) which appears in its development 
will accordingly be those for which the residue of Q in respect to r is 0, 1, 2, ... 3, 

and consequently if a* appears in the development E — E ^— = o, 

T T T 

or conversely if x — p is a factor of X^ so that E — E E — -=> 1, J, 

vanishes. Hence .7, contains each linear factor of X^ , and these being simple, 
contains Xj itself, and on account of their degrees in x being the same must bear 

to it a ratio independent of x, which, by making x = 1 [so that the things to be 

compared are the coefficient of aj in — r^^ and the product of the vanishing 

fractions -z » -:j — -j- > • • • > — y is readily seen to be a ratio of 

equality, so that J,= X;. Q. E. D. 

(24) (B) On ihe General Term in the Oenerating FtmcUan to Partitions into parts Umiied 
V in wumber and magnitude, by Db. F. Franklin. 

To prove that the coefficient of a^ in the development of 

1 . (i_aji+i)(i_a.i+»)...(i_j^+i) 



(1— a)(l— aa;Xl— aa^ • • .(1— a**) (1— a!)(l— «») . . . {1—zf) 
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I showed that the number of partitions of w into i or fewer parts, subject to the 
condition that the first excess (the excess of the first part over the second) is not 

greater than y, is the coeflBcient of x"^ in rj rrz — ;;^r tz ^> and in general 

that the number of partitions in which the r* excess (the excess of the first part 
over the (r — l)**") is not greater than/, is the coefficient in 

(l—xJ+^)(l—x>+*) . . . (1— g^+'-) 
(l_a;)(l_a;») . . . (l—x*) 

If we look at the question reversely, namely, if the coefficient of a-* in 

(l_a!/+i)(l_x^+») . . . (1— «>+*) 



being known to be 



{l—aXl—ax){l—aa?) . . . (1— ax') ^ -- -^ (i_a;)(l_a:») . . . (1 — x*) 

we ask what is the significance of the fractions 



} . • . 



^l — x){l—v^) . . . {1—af) {l—xXl—x") . . . (l—a^) 

the answer is immediately given by the generating function itself. For 

1— a;i+^ 1 l—xJ+^ 

(l_a-)(l_aj») . . . {1—af) ~ {l—a?){l—af') . . . {l—x") ' 1—x 

= (^i—a?){l—:^)...{l—x') V^' ^^ "^^ ^^ {l—a){l-ax)) 

= C0. of a m (i_a)(l_aa:){l— a;«)(l— a^) . . . {I— of) ' 

But the coefficient of a^x"^ in the last written fraction is obviously the 
number of ways in which w can be composed of the numbers 1, 2, 3, ... i, 
using not more than y I's. And the number of I's in a given partition is equal 
to the excess of the first part over the second part in its conjugate. In like 
manner, 

^ — \- — -J—!- -^ '^ = CO. of a^ m 

(1 X){\ 7?) . . . (1 X^) 



(1— a)(l— oar) . . . (1 — aaf)(l— af +i) • . . {\—2f) ' 

and the coefficient of a^x^ in the fraction on the right is the number of ways in 
which w can be composed of the parts 1 , 2 , 3 , . •. . t , not more than j of the 
parts being as small as r. But the number of I's in a given partition is equal to 
the excess of the first part over the second in its conjugate ; the number of 2'8 
to the excess of the second part over the third, and so on. Hence the number 
of I's plus tte number of 2's . . . plus the number of r's in a given partition is 
equal to the excess of the first part over the r^^ part in its conjugate ; and we 

Vol. V. 
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have thus proved that the coefficient of o^ in the development of 

(l_a;>+iXl — a;-^+») . . . (j— a;/4-r) 
(\—x)(\—7?)...{\—af) 

may be indifferently regarded as the number of partitions of w into parts none 
greater than i and not more that j of them as small as r or as the number of 
partitions of w into j or fewer parts, the excess of the first part over the r"* part 
being as small asj*. These results may obviously be extended by introducing 
the a in non-consecutive factors of the product (1 — x)(l — «*) . . . (1 — x% 

(25) (C) On the theorem of one-to-one and cUias-to-class correspondence between partitions 
of n into tmeven cund Us partitions into wneqwd parts, by Db. F. Fbanklin. 

The number of partitions of w into k distinct odd numbers, each repeated 
an indefinite number of times, is evidently the coefficient of a*a^ in the 
development of 

+ «l^.)('+'T^)0+''l^)- 

It is not easy to form the generating function for the number of partitions 
containing k sequences, but it is plain that the number of partitions of w con- 
taining one sequence is the coefficient of x^ in Si + S^ + S^ + . . . ^ where 

Si=X +0? +7? +0^ +0^ + ...=^r^^ 

1 — X 

S^=a? +0^ +x' +0^ +^+--- = i^ 



1—a? 
/S'4=V«+ a:^*+ x^«+ x»+ a^+ . . . = j^ 

S,= x'' + a?'+7?'+a?'+a?'+... = ^r 
and in general 

^n(n 4-1) 

*' " * " 1 — aj* 

So much of Prof. Sylvester's theorem as relates to a single sequence follows 

from inspection of the above scheme. For /Si = :j ; adding to S^ the first 

X X 

a? 
term of S^ , we get :j — -^ ; adding to S^ the first term of /Si and the second term 

of /S'j, we get :j — -^; adding to Sj^^i the first term of S^, the second term of 

^(m-i)j the third term of /Si(^_,), . . . and the m^ term of /Si, we get ^ ^jm+i J 
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Let the above figure be any such graph ; it may be dissected into a square 
(which may contain one or any greater square number) of say i* nodes, and two 

perfectly similar appended graphs, each having the content — ^ — » ^^^ subject to 

the sole condition that the number of its lines (or columns), i. e. that the number 
(or magnitude) of the parts in the partition which it represents shall be i or less ; 

such number is the coefficient of a; * in :; z = . which is the same 

1 — xA — or, . . 1 — or 



X*' 



as tJiat of X-*" in i_^,i_^, , , i_^. or of a- in i_^,i_^, , , i_^ ' 

Hence giving i all possible values we see that the coefficient of «* in the 

infinite series 1 + ^^ + ^_^ ^_^, + TZr^T^^Tl^^ + • ' ' ^^^^ ^'^' 
ber of self-conjugate partitions of n, or which is the same thing of symmetrical 
groups whose content is n. 

(28) But any such graph in which there is a square of i* nodes with its two 
appendices may be dissected in another manner into i angles or bends, each 
containing any continually decreasing odd number of nodes, and vice versa^ any 
set of equilateral angles of nodes continually decreasing in number (which 
condition is necessary in order that the lower lines and posterior columns may 
not protrude beyond the upper lines and anterior columns) when fitted into one 
another in the order of their magnitudes will form a regular graph. Thus the 
actual figure (where there is a square of 9 nodes) formed by the intersections of 
the lines and columns may be dissected into 3 angles containing respectively 
15, 7, 3 nodes ; and so in general the number of ways in which n can be made 
up of odd and unrepeated parts will be the same as the number of ways in 

which — jr^ can be partitioned into not more than / parts ; hence we see that the 

X^ 

coefficients of od^a^ in (1 + aa:)(l — aar')(l — axf) . . . and in . ^ — ,^ 

are the same, so that the continued product above written is equal to 

X x^* 

^'^T^:^^'^'"'^ l—X^.l — a?...l—a?^^^'^' •• 

as is well knoivn. 

(29) In like manner if the expansion in a series of ascending powers of a of 
the finite continued product (1 + ax){l +(ia?). . .(1 +(ioi?*^^) be required, the coeffi- 
cient of af* in the coefficient of c^ will be the number of ways in which n can be 
made up withy of the unrepeated numbers 1 , 3 , . . . 2i — 1 , and as 2i — 1 is the 
niunber of nodes in an equilateral angle whose nodes contain i nodes, it follows 

that this coefficient will be the niunber of ways in which ^ can be composed 
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with parts none exceeding i — j in magnitude, and will therefore be the same as 

the coefficient of x ' in \. — -^ ^ t » ^^^ consequently the 

finite continued product above written is equal to 

(30) If it be required to ascertain how many self-conjugate partitions of n 
there are containing exactly i parts, this may be found by giving j all possible 

values and making pj equal to the number of ways in which "^ can be com- 

posed withy or fewer parts the greatest of which is i — y, i, e. n — j^ + 2j — 2i/2 
with y — i or fewer parts none greater than i — y, so that pj will be the coeffi- 
cient of n-P^ii^U/i ' l—X*^^'^^.l—X*-J + ^. . . l — X^-^ ^ 

^n J +V W/» in __ QY of 

X ^~^ X • X, ^~^ IC • • • X "~"~ X 

aj* in ' ^ _lU^-2 ar^'"*-^"^**; the sum of the values of pj 

for all values of j will be the number required : this number, therefore, writing 
0) for 2i — 1 , will be the coefficient of a" in 

1 ir« + l 1 ir*» + l 1 ir^ + S 1 /r» + l 1 ir« + 3 1 ir" + 5 

1 4. ^ ^ y**-t ^ ^ -^ ^ 3."+^ 4- ^ *^ ^ .1— or-r ^^ 

^^ l—x" ^^ i—xA — x' ^ ^ l—a^.l—ai'.l — a^ ^ 

the coefficient of the outstanding factor in the if^ term after the first in this 
series being a**"^^*"^^' we may suppose q the least integer number not less than 
1 + Vn — a>, and then the subsequent term to the (? + !)*** being inoperative 
may be neglected. 

(31) In order to see how any self-conjugate graph may be recovered, so 
to say, from the corresponding partition consisting of unrepeated odd numbers, 
consider the diagrammatic case of the partition 17, 9, 6, 1 represented by the 
angles of the graph below written 



• • • • « 

• « « • 
« « « 



the number of angles is the number of the given parts, L c. is 4 , and the first 
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• 

four lines of the graph will be obtained by adding 0, 1 , 2, 3 to the major half 
(meaning the integer next above the half) of 17 , 9, 5, 1 , i.e. will be 9, 6, 6, 4, 
the total number of lines will be the major half of the highest term (17) and the 
remaining lines will have the same contents, viz. 3, 2, 1, 1, 1 as the columns of 
the graph found by subtracting 4 (the number of the parts) from the numbers 
last found, i. e. will be the lines of the graph which is conjugate to 5, 2, 1. 
And so in general the self-conjugate graph corresponding to any partition of 
unrepeated odd numbers qi, q^, - - > qj will be found by the following rule : 

Let P be the system of partitions ki, k^, . . . kj, ia which any term k^ is the 
major half of q^ augmented by d — 1 , and P another system of A/, Itf^f . . . Jtfj, 
obtained by subtracting j from each term in P, then P and the conjugate to P 
will be the self-conjugate partition corresponding to the given q partition. Thus 
as an example, 19, 11, 7, 5 being given, P, P will be 19, 7, 6, 6; 6, 3, 2, 2 
respectively, and the self-conjugate system required will be 10, 7, 6, 6, 4, 4, 2, 
2,1. Of course P might also be obtained by taking the minor halves of the 
given parts in inverse (ascending) order and subtracting from them the 
numbers 0,1,2,... respectively. 

To pass from a given self-conjugate to the corresponding xmrepeated odd 
numbers-partition is a much simpler process, the rule being to take the numbers 
in descending order and from their doubles subtract the successive odd numbers 
in the natural scale until the point is reached at which the difference is about to 
become negative ; thus the partition 6 6 5 4 3 2 is self-conjugate, and the 
correspondent to it is 1 1 9 5 1 . 

(32) The expansion of the reciprocal to (1 — (ix){l — cux?) ... (1 — oas**"^) 
may be read off with the same facility as the direct product. In this case we are 
concerned with partitions of odd numbers capable of being repeated in the same 
partition ; now, therefore, if we use the same method of equilateral angles as 
before, and fit them into one another in regular order of magnitude, it will no 
longer be the case that their sum will form a regular graph, for if there be 6 
parts alike, each line and column which ranges with either side of any (but the 
first one) of these will jut out one step beyond the anterior line and column 
(respectively), so that the line joining the extremities of the lines or columns will 
be parallel to the axis of symmetry. The figure then corresponding to i odd parts 
can no longer be dissected into a square of nodes and two equal regular graphs, 
but it may be dissected into a line of nodes lying in the axis of symmetry, and 



\ 
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the other that it must contain j — 6 parts none exceeding 6 in magnitude, as 
seen in the following diagrams : 



• ****• *** 

XX XXX 

XX XXX 

X XX 

X X 

• • « « « « 

* « * * * * 
« • * « * 

XXX 
XXX 



X 
X 

in all of which the partible number is 26, andy and 6 are 7 and 3 respectively. 

Now the number of such distributions is the coefficient of 

1 1 



x^-'^aJ-' 



■ ■ ■ ■ ■■ ■■ - ■ ■ II I I ■ I I « ■- - ■ — — .1 ■■■■I— ^.M -■■ — 

1 — xA — a?. . . 1 — x^ 1 — (IX. 1 — aa?. . . 1 — ax^ 
x^ a* 



1 — x.l — x*. . . 1 — x^ 1 — axA — OiB*. . . 1 — ax^ 
and consequently giving 6 all values from 1 to oo , the proposed equation is 
verified. 

(34) It may be desired to apply the same method to obtain a similar develop- 
ment for the reciprocal of the limited product (1 — ax)(l — aa?) ... (1 — ax*) ; the 
construction will be the same as in the last case ; the distribution into two groups 
can be made as before ; the second group will remain subject to the same con- 
dition as in the preceding case (seeing that the number of parts being less than 
j — 6 will necessarily be less than i — d, for j cannot exceed i), but the first 
group will be subject to the condition of being partitioned not now into an 
unlimited but into i — 6 (or fewer) parts none exceeding d in magnitude, and the 
number of such distributions into the two groups will accordingly become the 
coefficient of af*"**a-'~* in 

l_a^-^+i.l— a^-^+«. , . l_a;i i^_^ 

1 — x.l — a?. . . 1 — a^ 1 — ax.l — aa?. . . 1 — aa^ 

in the last written fraction multiplied by x^.a', so that the required expansion 

will be 

, 1 — xf xa 1 — xf.l — re*-* a^cf 

1 -|- -z • -z — h 



1 — X 1 — ax 1 — x.l — a? 1 — ax.l — aa? 

1 — x.l — a?.l — a? 1 — ax.l — aa?.l — oaf 



arranged in three Acta^ an Interact and an Exodion. 
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(35) It is interesting to investigate what will be the form of the mixed 
development resulting from an application of the same method to the direct 
product 1 + ox. 1 + aa? . . . 1 + ojx* . 

For greater clearness I shall first suppose i infinitely great. Consider the diagram : 






* 






* 
* 



In the above graph j and 6 used in the same sense as ante are 5 and 3 
respectively, so that there is a square of 9 points ; an appendage to the right 
of and another appendage below the square, which I shall call the lateral and 
subjacent appendages respectively. The content of the graph being 25 — 9 , 
there are 16 points to be distributed between these two appendages. What now 
are the conditions of the distribution of the n — 0* points between them ? 

I say that there will be two sorts of such distribution — one in which the 
lateral appendage will consist of 6 unrepeated parts none of them zero, as in the 
graph above, and the subjacent appendage of ^' — 6 unrepeated parts, limited not 
to exceed 6 in magnitude, and another sort as in the graph below written. ' 





















in which the j^^ line of the lateral appendage is missing, and consequently the 
subjacent graph will consist of y — 6 unrepeated parts limited not to exceed 
6 — 1 in magnitude, for there could not be a part so great as 6 without the last 
line of the square having the same content as the first line of the subjacent 
appendage. 

It should be observed that only the la^t admissible line of the lateral appen- 
dage can be wanting, for if more than this were wanting, two lines of the square 
would belong to the graph, and consequently there would be two equal parts d. 

Hence there are two kinds of association of the appendages, one leading to 
a distribution of n — 0* between one group of 6 imrepeated but unlimited parts, 
and another of y — 6 unrepeated parts limited not to exceed ; the other to a 
distribution of n — 0* between one group of 6 — 1 unrepeated but unlimited 
parts, and another of y — 6 unrepeated parts limited not to exceed 6 — 1. 

The number of distributions of the first kind is the coeflBcient of 

e^ + 

. (1 + aa:)(l + oo:*) . . . (1 + ax') 



x^-'^.a^"' in 



X 2 



X "^^ 27 . JL . 'J/ • • . X "'^~~ it? 



Vol. v. 
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•«— • 



theotherof a!»-»'.a^-*in- — " * -^-- • (l+aa;)(l+aa»). . .(l+aa;*-»)j 

hence the sum of the distributions of the two kinds is the coefficient of the same 



argument in 

fizz* 

X 2 



A ^"^^ JC • X ^"^^ •£/ • • • X *~~~ tJu 



\x\l + ax')-\-{l — 7f)\\l-\-axA-\-a^. . .l + ax*-')J, 



»...0f x-a^u^x ^ ( r-x.W...l-:r'-i -l^^) 

and consequently we obtain the equation 

1 + ax.l + a^A + aa?. . . =1 + —^ xa + -^ ^ ^ , a^a^+ . . . 

1 — X 1 — x.l — ar 

-| ! ! ! ! X * a^+ . . . 

X ^^"~ X m X ^^"~ iC7 • • • X "^~" X • X ~~~" H/ 

and thus by a very unexpected route we arrive at a proof of Euler's celebrated 
pentagonal-number theorem ; for in making a = — 1 the above equation becomes 

1 — X A— 0^.1 — 0?... = l — {l + x)x + {l +a?)a^...+{— y{l-{-x^)x^^+... 

Such is one of the fruite among a multitude arising out of Mr. Durfee's 
evftr-memorable example of the dissection of a graph (in the case of a symmet- 
rical one) into a square, and two regular graph appendages. 

Even the trifling algebraical operation above employed to arrive at the 
result might have been spared by expressing the continued product as the sum of 
the two series (which flow immediately from the graphical dissection process), 
left uncombined, viz. 

^^ 1—x'^''^ 1 — x.l — x'^'^^ l-xA-x^A-^a? ^« + --' 
together with +xa + -^^ — x^a^ + -^ ' . a^a^+ . . . 

X "^"~ X X ~~'~ X • ±. """• X 

which for a = — 1 unite into the single series 1 — x — x^ + x'^H-a;^ — a^ — a" etc. 

(36) I will now proceed to find the expression in a mixed series of the 
limited product 1 + ctxA + aa?. . .(1 + ctx*). 

In each of the two systems of distribution (as shown already in the theory 
of the reciprocal of such product) the second group will remain unaffected by 
the new limitation, but the first group will now consist of partitions (limited in 
number as before), but in magnitude instead of being unlimited, limited not to 
exceed (i — d), so that we will have to take the coefficient of a;'*~**.a-^~* in the 
sum of 

X » iLxA—a?//.l — a^ .{i + ax){l + aa?) . . . {1 + ax') BJid 



arranged i/a three Acts, an Interact and an Eocodion. 
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X 



2 

X "^"~ •€/ • X ~^~ 'Ji • • • X ~^~ •*/ 

This will be the same as the coefficient of x^a^ in 



. (1 + ax){\ + aa») . . . (1 + aa?-'^). 



3«> — « 



X 



^a'(l + oa;)(l + aa») . . . (l + oa;*-^) 



1 — »«-M — x<-*-^ . . 1 — »<-»*+» 

X ~^~ •!/ • X ^~"~ 3/ • • • X ~~^ Jc/ • X *~"^ •€/' 

\l — x'+ (1 — «:'-»•+ i)(a:'+ aa'OI 



X 



where the quantity within the final bracket is equal to 1 — x^'^^a- 
Hence the required series is 

_ • X "^"~ it/ , X ■■^~' 3/ • X ~~^ •!/ X — • \ K • 

H i :^-^ 171-^^ :i — . l + «x.l+aaj*..r^*a^+ ' • • f 



i 



X • X. "^~~ «{/ • X ~^~ •(/ 



H 'l — ^a 1— T^ • l + «^-l + «^-> + ^-a^®«^+ • • • f 

the indices in the outstanding powers of x being the pentagonal numbers in the 
first, and the triangular numbers trebled, in the second of the above series. 

In obtaining in the preceding articles mixed series for continued products, 
it will be noticed that the graphical method has been employed, not to exhibit 
correspondence, but as an instrument of transformation. The graphs are virtually 
segregated into classes, and the number of them contained in each class sepa- 
rately determined. (The magnitude of the square in the Durfee-dissection 
serves as the basis of the classification.) 

(37) Now let us consider the famous double product of 
(1 + ax\\ + o^){\ + GKC^) . . . by (1 + a-^a:)(l + a" V)(l + a~ V) . . . 
Here it will be expedient to introduce a new term and to explain the meaning 
of a bi-partition and a system of parallel bi-partitions of a number. The former 
indicates that the elements are to be distributed into two groups, say into a left 
and right-hand group : the latter that the number of the elements (on one, say) 
on the left-hand side of each bi-partition of the system is to be equal or exceed 
by a constant difference the number (on the other, say) on the right-hand side of 
the same bi-partition. If we use dots, regularly spaced, to represent the 
elements (themselves numbers and not units), we get a figure or pair of figures 
such as the following : 



****** «*«* 

*•*••• **«• 

• **** «*•* 

♦ * * • • • 



% 
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for which the corresponding lines of the contour are respectively parallel — hence 
the name. When the number of elements on the two sides are identical, I call 
the system an equi-bi-partition-system — in the general case, a parallel bi-parti- 
tion-system to a constant difference j\ where J is the excess of the number of 
elements in the left-hand over that in the right-hand part of any of the bi-par- 
titions. 

(38) Consider now the given double product — it is obvious that it may be 
expanded in terms of paired powers a^ + a~'^ of a, and the coeflBcient of x" in 
the term not involving a will evidently be the number of equi-bi-partitions of 
n that can be formed with unrepeated odd numbers ; and so the coefficient 
of x" associated with a-^ or a"-' will be the number of parallel bi-partitions of n 
to the constant difference j that can be so formed. 

1*. For the equi-bi-partitions; suppose /i, /» . . . /<, ^, X, . . . ^ is an equi- 
bi-partition, all the elements being odd and unrepeated ; take successive angles 
whose (say horizontal and vertical) sides are the major halves of /j, Xi; 4, A) . . .; 
/, , ?., ; these angles will fit on to one another so as to form a regular graph by 
reason of the relations 

Conversely any regular graph may be resolved into angles whose horizontal 
sides shall be the major halves of one set of odd numbers, and their vertical sides 
of the major halves of another set of as many odd numbers, and these two sets 
of odd numbers will each form a decreasing series ; hence there is a one-to-one 
conjugate correspondence between any bi-partition of n written in regular order, 

and the totality of regular graphs whose content is -^, so that the number of 

— 1 

the equi-bi-partitions of n will be the coefficient of x • in 




^>i 



1 — x.l — a?.l — of • » • ' 

i. e. of x" in :j — -^— — -j- — -^ which fraction is therefore equal to the totality 

of the terms not involving a. 

(39) Next for the coefficient of a^. 

Let Zi, ?,,... Ij, Ij^ij ?^+i, . . . h+9] ^j ^, ' ' ' ^$ be an equi-parallel 
bi-partition to the difference j (with the elements on each side written in 
descending order) with the equi-bi-partition Ij^i^ lj+%, . . . h+»i ^i ^» • • • ^•^ 
form a graph, as in the preceding case ; say for distinctness, with major halves 
of the I series horizontal and of the X series vertical ; over the highest horizontal 
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^^ ±1 • i'i- !l! ^1 1 h — 1 3 /l_0 5 i(2 j 1) , 

line the successive quantities* ^ ^ » ^— ^ — » ^— ^ — » • • • -^^ — ^ may be 

laid so as to form a regular graph of which the content will be — ~ • 

•9 

Conversely every regular graph whose content is — ^ will correspond to a 

parallel bi-partition of unrepeated odd numbers to a difference j ; to obtain the 
bi-partition the first j lines of the graph must be abstracted,f and the graph 
thus diminished resolved into angles ; the doubles of the contents of each vertical 
side of these angles diminished by unity will constitute the right-hand side of 
the bi-partition, and the doubles of the contents of each horizontal side preceded 
by the doubles of the lines of the abstracted portion of the graph increased by 
1 , 3 , 5 , . . . 2y — 1 respectively, will form the left-hand portion. Hence the 

number of such bi-partitions will be the number of ways of resolving — ^ 

into unrestricted parts, i. e. will be the coeflBcient of a" in - — -5— ^ — -g x^, 

and this being true for all values of n andy, we see that the double product in 
question will be identical with the infinite series 

j-^^-l^-^f— { 1 + x(a + a-») + a;V + «-*) + a^(a»+a-'')+ . . .} 

(40) To expand the limited double product 
(1 + ax){l + aa?)...{l + a^*-^) into {l+a-^x){l + a'^x) . . . (1 + a-V*~i) 
the procedure and reasoning will be precisely the same as in the extreme case 
of i infinite, the only difference being that the elements of the bi-partition 
instead of being unlimited odd numbers will be limited not to exceed 2i — 1 . 
In the case of y = the equi-bi-partition will furnish a series of nodal angles 
in which neither side can exceed the major half of 2i — 1, i. e. i, and the 
coefficient of x"" in the term not containing any power of a will consequently be 
the number of ways in which n can be divided into parts limited as well in 
number as in magnitude not to exceed i, and will therefore be the same as the 

1 a;< + i.l a:<+8. . . 1 a?* 

coefficient of a* in the development of — z ^j — -^ — '-^ — -j — » or which is 

1 ar^^ + i.l aj** + *. . . 1 a:** 

the same thing, of a;~ in the development of — J ^ . ' '_L^ — ' *^^ 

when the bi-partition system has a constant difference y, the corresponding 
graph will be of the same form, except that it will be overlaid with j lines, 
obtained as in the preceding case by subtracting 1 , 3 , . . . 2y — 1 from the first 
y left-hand elements, and taking the halves of the remainders ; the graphs thus 

* Any number of these quantities may happen to become zero. 

t If the actual number of horizontal lines in the graph is less than j, it must be made to count as j , 
by understanding lines of zero content to be supplied underneath the graph. 
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n p 

formed will be subject to the condition of having a content — ^ > and parts 

limited not to exceed i — j in magnitude nor i+y in number [i — j in magni- 
tude because the topmost line cannot exceed o ^^ ^^ content ; i +j 

in number because without reckoning the j superimposed lines the subjacent 
portion of the graph cannot contain more than i lines]. The converse that out 
of every regular graph fulfilling these conditions may be spelled out a parallel 
bi-partition with a difference y, and containing only unrepeated odd numbers 
limited not to exceed 2i — 1 in magnitude may be shown as in the preceding 
case. Hence the coefficient of x'* in the coefficient of a^ + ar^ in the expansion, 

is the number of ways of resolving — ^ into parts none exceeding i — y in 

magnitude nor i+y in number, i. e. is the coefficient of aj'* in 

1— of^.l— a:*. . . 1— ar^'-»^ ^ * 

Hence by the process of reasoning which has been so often applied, we see that 
the finite double product 

l+axA + axx? . . . \+a:x?'^^ into \ + a-^x.\ +ar^7? . . . l+a-V^^ 

Compare Hermite, Note sur les fonctions elliptiques, p. 35, where Cauchy's 
miethod is given of arriving at this and the preceding identity. 

Act III. On the onb-to-one and class-to-class Correspondence between 
Partitions into Uneven and Partitions into Unequal Parts. 

. . . mazes intricate, 
Eccentric, intervolved, yet regular 
Then most, when most irregular they seem. 

Paradise Lost, V. 622. 

(41) It has been already shown that any partition of n into unequal parts may 
be converted into a partition consisting of odd numbers equal or unequal by, first, 
expressing any even part by its longest odd divisor, say its nucleus and a power 
of 2, and, second, adding together the powers of 2 belonging to the same nucleus, 
there will result a sum of odd nuclei, each occurring one or more times ; a like 
process is obviously applicable to convert a partition in which any number 
occurs 1, 2, ... or (r — 1) times into one in which only numbers not divisible 
by r occur with unrestricted liberty of recurrence. The nuclei will here be 
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numbers not divisible by r multiplied by powers of r, and by adding together 
the powers of r belonging to the same nucleus there results a series of nuclei, 
each occurring one or more times. Conversely when the nuclei and the number 
of occurrences of each are given, there being only one way in which any such 
number can be expressed in the scale whose radix is r , it follows that there is 
but one partition of the previous kind in which one of the latter kind can 
originate, and there is thus a one-to-one correspondence, and consequently 
equality of content between the two systems of partitions. 

(42) To return to the case of r = 2, with which alone we shall be here occupied, 
we see that the number of parts in the unequal partition which corresponds after 
this fashion with a partition made up of given odd numbers depends on the sum 
of the places occupied when the number of occurrences of each of the odd 
numbers is expressed in the notation of dual arithmetic. Such correspondence 
then is eminently arithmetical and transcendental in its nature, depending as it 
does on the forms of the numbers of repetitions of each dififerent integer with 
reference to the number 2. 

Very different is the kind of correspondence which we are now about to 
consider between the self-same two systems, as well in its nature, which is 
essentially graphical, as in its operation, which is to bring into correspondence 
the two systems, not as wholes but as separated each of th^m into distinct classes ; 
and it is a striking fact that the pairs arithmetically and graphically associated 
will be entirely different, thus evidencing that correspondence is rather a creation 
of the mind than a property inherent in the things associated.* 

(43) I shall call the totality of the partitions of n consisting of odd numbers 
the U, and that consisting of imequal niunbers the V system. 

1®. I say that any U may be converted into a F by the following rule : 
Let each part of the given U be converted into an equilateral bend, and these 
bends fitted into another as was done in the problem of converting the reciprocal 
of (1 — aa;)(l — aa?){l — aa?) . . . into an infinite series considered in the 
preceding section. We thus form what may be called a bent graph. Then, as 
there shown, such graph may be dissected into a diagonal line of points and two 
precisely similar regular graphs. The graph compounded of the diagonal and one 
of these, it is obvious, will also be a regular, and I shall call it the major com- 
ponent of the bent graph ; the remaining portion may be called the minor com- 
ponent. Bach of these graphs will be bounded by lines inclined to each other 

* Just 80 it IB possible for two triangles to stand in a treble perspective relation to each other, as I 
have had previous occasion to notice in this Journal. 
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at an angle one-half of that contained between the original bounding lines, and 
each may be regarded as made up of bends fitting into one another. The 
contents of these bends taken in alternate succession, commencing with the 
major graph, will form a series of continually decreasing numbers, that is to say, 
a V partition* As an example let 1 1 1 1 9 5 5 5 be the given U partition, 
this gives rise to the graph 



A 
A' 



« 
« 






« 






B 







Reading off the bends on the major and minor graphs alternately, commencing 
with BAD^ CAE respectively, there results the regularized partition into 
unequal numbers 111098 6 2. 

(44) The application of the rule is facilitated to the eye by at once con- 
structing a graph, the number of points in whose horizontal lines are the major 
halves of the given parts, and construing this to signify two graphs, one the 
graph actually writteu down, the other the same graph with its first column 
omitted ; for instance in the case before us the graph will be* 












If we call the lines and columns in the directions of the lines and columns of 
the Durfee-square appurtenant to the graph, OiO, ... cr^, aio^ ... a< [f (here 3) 
being the extent of the side of the square] , the partition given by the rule 
will be Oj + Oi — l,aiH-a, — 2,a,H-a, — 3,0^+ Os — 4, 03+ Os — 5, . . . 

. . . [a<_i + a<_i— (2i— 1)] , [a<_i + a< — 2i], [a^—%\ , 
and inasmuch as ai= or ]>a,= or ]>aj . . . and 04= or ]>a,= or ]>as. . . the 

* This may be regarded as a parallel-ruler form of dislocation of the figure produced by making the 
portion to the right of the diagonal of larger asterisks revolve about that diagonal until it coincides with 
the portion to the left of the diagonal ; the graph thus formed (merely as a matter of convenience to the 
eye) may be then made to revolve about an axis perpendicular to the plane, so as to bring the diagonal 
out of its oblique into the more usual horizontal position. All this trouble of description might have 
been saved by b^inning not with a bent graph but with a graph formed with strctight lines of points 
written BymmetriedUy under each other, which is made possible by the fact of there being an odd 
number of points in each line. The graph so formed then resolves itself naturally into a major and 
minor regular graph. 
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above series is necessarily made up of continually decreasing numbers, at all 
events until the the last term is reached. But this term will form no exception, for 
the fact of i being the content of the side of the square belonging to the transverse 
graph tti, O) . . . , a^, a<^.i . . . implies that a<= or ]>i, hence (a<_iH- a< — 2i) 
— (a, — i) = (a<_i — at) + a<— i> 0. 

In the above example the side of the square niu:leus in the original total 
graph was supposed to be the same for the major and minor graphs of which it 
is composed. If we suppose that graph to contain only i nodes in the t^^ line, 
then the side of the square to the minor graph which it contains will be i — 1, 
and the number of parts given by the angular readings of the two graphs 
combined will be 2i — 1 instead of 2f , as «c gf. if the 3d line in the graph above 
written be 3 instead of 5, the resulting partition will be 11 10 9 8 2, but we 
may, if we please, regard this aslll098 20 and the last term will then 
still be a< — t, and the general expression will remain imchanged from what it 
was before. 

Next I proceed to the converse of what has been established, viz. that every 
U may be transformed by the rule into a F, and shall show that any V may be 
derived from some one (and only one) U. 

Whether the number of effective parts in the given Fbe odd or even, we 
may always suppose it to be even by supplying a zero part if necessary, and 
may call the parts Zi, Xi, 4) ^ • • • > ^<» '^i- Suppose that it is capable of being 
derived from a certain U: form with the parts of Z7 a graph expressed in the 
usual way by equilateral bends or elbows, then the side of the square appurtenant 
to the regular grapli formed by the major half of this, say (r, must have for 
content the given number i. 

Let «! , a^ . . . tti , ttj , Oj . . . tti , be the contents of the first i rows and first i 
columns respectively of (r, then the equations to be satisfied are 
Oi+oci — l = ?i, Oj+otj — 3=4» (h"^ oLz — 5=?3...,a< + a< — (2i — 1)=: l^ 
ai + Oj — 2 = ylj , a, + a3 — 4 = Xg, 03 + a4 — 6 = JI3 . . . , a< — i = >l< . 

Hence ai — 02= /l< — 4 — 1 ^ — <h^^^ — h — 1... 

tti — 0^2^ ?i — Xi — 1 oCjj — OLs-^ h — ^ — !• • • 

at__i — a,= li^i — X<_i — 1 a<= Z< — X<+ * — 1 
and for all values of 0, ?» ]> X^ > Z^^-i. 

Hence au a,^ . . . at are all positive, and ai, 03 . . . a< are all at least equal 
to i. There will therefore be one and only one graph G satisfying the required 

Vol. V. 
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conditions, namely a graph the contents of whose lines are 

[where Ai, A^, . . . A^. — i is the conjugate partition to ai — i, a, — i, a< — i] ; 

the partition CTwill be found by subtracting imity from the doubles of each of 
those parts. Thus then it has been shown that every U will give rise to some 
one F, and every V be derived from a determinate ?7; hence there must exist 
a one-to-one correspondence between the U and F system. In a certain sense 
it is a work of supererogation to show that there is a [7 corresponding to each F; 
it would have been sufficient to infer from the linear form of the equations that 
there could not be more than one U transformable into a F; for each U being 
associated with a distinct F it would follow that there could be no F's not 
associated with a U, since otherwise there would be more F's than CT's, which 
we know aliunde is impossible. 

As an example of what precedes let the partible number be 12. The U 
system computed exhaustively will be 

11.1 9.3 9.1^ 7.5 7.3.1* 7.1^^ 5M* 5.3.1* 5.3M 5.1^ 3* 3ll' 3M« 3.1' 1" 
Underneath of these partitions I will write the major component graph, and 
underneath this again the corresponding F; we shall thus have the table 



11.1 



9.3 






• * * * * 



9.P 

• * • * « 



7.5 



♦ ♦ ♦ • 
« * • 



* 



7,5 



5M» 

* * « 

* « * 



5.3.1^ 

* * * 

8.3.1 



6.5.1 
5.3M 

« • * 



8.4 
5.1' 3* 



m • * 



i-y 






5.4.2.1 
3M« 

(.)3 

7.3.2 



7.3.1* 

• * « * 



7.4.1 
3M« 

6 



7.1* 



* • * 



9.3 
3.1» 



(•) 



« « 



(•)• 



1» 



9.2.1 11.1 



12 



6.3.2.1 8.3.1 6.4.2 10.2 5.4.3 

Thus we obtain for the V system : 
7.5 6.5.1 8.4 5.4.2.1 7.4.1 9.3 6.3.2.1 8.3.1 6.4.2 10.2 5.4.3 7.3.2 9.2.1 11.1 12 
which are all the ways in which 12 can be broken up into unequal parts.* 

The U's corresponding to those given by the arithmetical method of efiFect- 
ing correspondence would be : 
7.5 1.3».5 1" 1^5 1».7 3.9 1'.3' 1».3 1«.3» 1«.5» 3.1*.5 1».3.7 l'.3» 11.1 3* 

* In Note D, Interact, Part 2, 1 show how this transformation can be accomplished by the oontiAaally 
doubling of a string of itself. 
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instead of 

11.1 9.3 9.1^ 7.5 7.3.1* 7.1^ 5\V 5.3.1* 5.3M 5.1^ 3* 3^1^ 3M« 3.1* 1" 

so that there is absolutely not a single pair the same in the two methods of 

conjugation. 

(45) The object, however, of instituting the graphical correspondence is not 
to exhibit this variation, however interesting to contemplate, but to find a corres- 
pondence between the two systems which shall resolve itself into correspondences 
between the classes into which each may be subdivided. 

Thus we may call Ui that class of U^s in which there are i distinct odd 
numbers, and F< that class of F's in which there are i sequences with a gap 
between each two successive ones : the theorem now to be established is that the 
V corresponding to any Ut is a F< , so that class corresponds with class, and as 
a corollary, that the number of ways in which n can be made up by a series of 
ascending numbers constituting i distinct sequences is the same as the number 
of ways in which it can be composed with any i distinct odd numbers each 
occurring any number of times. This part of the investigation which I will 
presently enter upon is purely graphical. A few remarks and illustrations 
may usefully precede. 

In the example above worked out it will be observed that there are three 
classes of U% viz. 

1" 3*: 11.1 9.3 9.1^ 7.5 7.1'^ 5M* 3ll' 3M« 3.1': 7.3.1» 5.3.1* 5.3M 
and three class of F's agreeing with those above in the number of partitions in 
each, viz. 
12 3.4.5: 11.1 9.3 10.2 8.4 7.5 9.2.1 7.3.2 6.5.1 5.4.2.1: 8.3.1 7.4.1 6.4.2 

So again for w= 16 there will be found to be eleven partitions into odd 
parts of the third class, which, with their quasi-graphs and corresponding 
partitions into unequal parts are exhibited below : 

11.3.1» 9.5.1* 9.3M 9.3.1* 7.5.1* 



* * • * * 


* • « * « 
* * * 


i'Y 


• * * * 
« * • 

i'Y 


9.6.1 


8.5.2.1 


8.6.2 10.6.1 


9.6.2.1 


7.3.1« 


7.3».1» 


5».3.1» 5.3M» 5.3M» 


5.3.1' 


* * * * 


* « • * 


*** •** ••• 


* « • 


* • 


* * 

(.)3 


* • * • « * * 




11.4.1 


9.5.2 


8.4.3.1 8.5.3 10.4.2 


12.3.: 
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The transformed partitions above written are all of them of the third class 
(i. e. consist of three distinct sequences) and comprise all that there exist of that 
class. 16 will correspond to 1" and 1.3.5.7 to itself. All the other partitions of 
each of the two systems will be of the second class, and will necessarily have a 
one-to-one graphical correspondence inasmuch as the entire systems have been 
proved to have such correspondence. 

It is worthy of preliminary remark that the association of the first classes 
of I7*s and F's given in the previous section will be identical with the associa- 
tion furnished by the graphical method — but whereas in converting V into U by 
the antecedent process, the two cases of the sequence being of an odd or even order 
had to be separately considered, the graphical method is uniform in its operation. 

Thus 9 8 7 6a sequence of an even order will be given graphically by 



corresponding to 15*, and 9 8 7 6 5a sequence of an odd order will be given 
graphically by 



corresponding to 5^ whereas it will be observed that 15*^ (9 + 6)« and 5^^ 5 « . 

It may be noticed that when the major component is an oblate rectangle 
it gives rise to a sequence of an even order, and when a quadrate or prolate 
rectangle to one of an odd order. 

I subjoin an example of the algorithm by means of which a given Fcan be 
transformed into its corresponding U^ taking as a first example F^IO 9 8 5 4 1. 

The process of finding U is exhibited below : 



3'.5'.7' will be the CT required. 



3 3 5 5 


(9) 


2 2 3 3 


(8) 


4 4 2 


(7) 


13 3 


(6) 


10 8 4 


(1) 


9 5 1 


(2) 


111 


(3) 


4 4 4 


(4) 


7 7 7 


(5) 
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As a second example let F=12 10 9 8 5 4 1; the algorithm will be 
as shown below : 







1 


(9) 






1 


(8) 


1 








(7) 


2 


1 


1 1 


(6) 


12 


9 


5 1 


(1) 


10 


8 


4 


(2) 


1 


3 


3 


(3) 


8 


8 


6 4 


(4) 


15 


15 


11 7 


(5) 



1 7 11 15 15 will be the J7 required. Lines (1) and (2) are the parts of the 
given V written alternately in the upper and lower line ; lines (3) and (6) are 
obtained by oblique and direct subtraction performed between (1) and (2) ; line 
(4) is obtained from (3) by adding the number of terms in (1) to the last term 
in (3) which gives the last term in (4) and then adding in successively the other 
terms in (3) each diminished by one unit ; (7) is derived from (6) by diminishing 
each term in the latter by a unit and taking the continued sum of the terms thus 
diminished ; (8) is found by the usual rule of ** calling ^^* from its conjugate (7); 
and finally (5) and (9) are obtained by subtracting a unit from the doubles of 
the several terms in (4) and (8). 

It thus becomes apparent that the passage back from a Fto a CTis a much 
more complicated operation than that of making the passage from a CT to a F, 
so much more so that it would seemingly have been labor in vain to have 
attacked the problem of transformation by beginning from the V end. 

(46) I now proceed to the main business, which is to show that any U 
containing i distinct odd numbers will, by the method described, be graphically 
converted into a V containing i distinct sequences. 

Let Q be any regular graph : H what Gr becomes when the first column of 
G is removed ; a, 6, c, cZ . . . the contents of the angles of (r, H taken in succession. 

Also let i be the number of lines of unequal content in G, J the number 
of distinct sequences ina,6,c,d,6,... 

The two first lines of G, say Z, Z', and also the two first columns, say 
K, K', may be equal or unequal.f 

*I borrow this term from the vernacular of the American Stock Exchange. 

t For brevity I use line and column to signify the extent of (i. e. the number of nodes in) either. 
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If Z = Z' and K= K\ a— 1 = 6, b—l = c 
If L = r and K^K\ a— 1 = 6, 6— l>c 
If Z>Z' and K=K\ a— 1>6, i — l = c 
If X>X' and K^K\ a—l^h, i— l>c 

Let (y, jff' represent what G, H become on removing the first bend, i. e. 
the first line and first column, and let i', j' be the values of i, j for (y, n\ so 
that y is the number of sequences in c, d, e, . . . 

It is obvious from what precedes that in the four cases considered y =y, 
f=^j — 1, y'=y — 1, j'=^j — 2 respectively. But in these four cases i' = i, 
i'=i — 1, i':= i — 1, i' = i — 2 respectively. 

Hence on each supposition i—^j=:f — j\ and continuing the process by 
removing each bend in succession, i — j must for any number of bends have the 
same values as it has for one bend ; but in that case if h and Je are the contents of 
the line and column of the bend, the reading of the corresponding G, & will 
T^eA + A; — 1, h — 1, so that for that case j will be 1 or 2 according as h and Je 
are not or are both greater than 1 , i. e. according as i is 1 or 2 .* 

Hence i—j is always equal to zero, consequently a CTof the i*^ class will be 
transformed by the graphical process into a F of the i**^ class, as was to be proved. 

(47) I have previously noticed that the simplest case of t=y=l leads 
to the formula 



l—q ' 1— g» ' 1 — g» ' 1 — g'"' l — q ' 1 — g* ' 1 — g« ' T^^* ' * 
which is a sort of pendant to Jacobi's formula 



1 + 9 l+J* ' 1+9* 1+9'"' 1+9 1 + 9*1+9* 1+9** 
These formulaB may be derived from one another or both obtained simul- 
taneously as follows : From addition of the left-hand sides of the two equations 
there results the double of 

9 I 9** I 9* I 9^* fV^/ 9*'-* I 9^""* \ 

r^"^i^"^r=^"^T^^***' or of 2^ (^1 _ g«-6 + 1 _ g«-» J 

and from addition of the right-hand sides of the same there results the double of 



+ 1_^4+ !_,/»+ I_g8--- ^""^^Z^Kl-q^i-^^ l-giij 



1—^ ' 1— g* ' 1— g« ' 1 — ^' ' • \L^\l—q^*-^ ' 1—q^* 

* The final graph after denudation pushed as far as it will go must be either a single bend, a oolumn, 
a line or a single node. In the first case t = 2 , j = 2 , in each of the remaining three cases i = 1 , j = 1 . 

t My formula is what Jacobi's becomes when every middle mintu sign in it is changed into plus and 
every inferior plus sign into minus. 
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In like manner subtraction performed between the two allied equations 
leads to the fissiparous equation 

2^ I 1 _ aj«<+« "^ 1 - a8< + « ) ~ 2^ jl_a:4<+« + i_a4<4-4 } 



which gives birth to the pair 



oo oo 






00 oo 






( C) IS equivalent to 2^ i_^i+, = 2^ i^Z 



aJi+Wi+8 



x8< + 4 




which is an identity by virtue of the equivalence of 

(4i + 3){ 1 + 2 (y < iTT) } *. e. (4y + 4A; + 3)(1 + 2j) to {17, + 1)(4A + 3 + 4^) 
where j, k, %, /u each extend from zero to infinity,' and 



00 . . oo 



^i+M< + B 



(Z?) 18 equivalent to 2^ 1_^.+, = A^i^^i+» 



which is an identity by virtue of the equivalence of 

(8i + 2){l + (y<i)} i. e. {8j + Je+l + 2)(1 +j) to (2X + 2)(4X + 5 + 4/ij 
each symbol y, A;, /£ having as before the same range, viz. from zero to infinity. 
Thus then the difference of the two allied equations (as previously their sum) is 
reduced to an identity which establishes the validity of each of them. 

Interact, Pabt 2. 

With notes of many a wandering bout, 
Of linkM sweetness long drawn out. 

L^AUegro. 

(48) D. Trans/armdtion of Partitions by the Cord Bvle.—The figures below 
are designed to show how it is possible by means of the continuous doubling of a 
string upon itself to pass from an arrangement of groups of repetitions of r 
distinct odd integers to the corresponding one with like sum, made up of r 
distinct sequences. Each of the two figures duplicated by relation about its 
upper horizontal boundary of nodes through two right angles will represent an 
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arrangement of repeated odd numbers, the parts being represented by the 
conteDte of the vertical lines in the figures so duplicated. 



s~i - — - — V 

'a 

S J: 



J- ~ - — ^- »■-» 

j i * ■ *■ ^^ = = ^= = ra 

a' I t -HI 

■ 



The first duplicated figure represents the arrangement 33, 29*, 23, 21, 9", 
7, 5*, 3, 1 whose sum is 183; its correspondent will be the contents of the 
lengths of *ABC, CDE, EFG, GHK, KLM, MNO, OPQ, QRS, STU, UV, 
viz. the arrangement 29, 27, 24 (22, 21,), 18, 14, 12, 10, 6 which is the same 
number 183 partitioned into (ten parte but) nine sequences: the second dupli- 
cated figure represents the arraagement 25, 23, 17, 15, 9', 7', B', 1' whose 
sum is 130; its correspondent is represented by the lengths of 

ABC, CDE, DEE, FQH, EKL, LMN, NOP, PQB, BST, TU, 
which is the same number 130 partitioned into the (nine parts but) eight 
sequences 25, 22 (20, 19,), 15, 12, 10, 6, 1. 

E. On Graphical Disaeetion. 
(49) It may be not unworthy of notice that there ia a sort of potential anticipa- 
tion of Mr. Durfee's dissection of a symmetrical graph, in a method which, whether 

* A line containing i unite of length represents {i+ 1) nodes. 
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it is generally known or not I cannot say, but is substantially identical with Diri- 

71 

chlet's for finding approximately y \ ; | and other such like series (a bracketed 

1 
quantity being used to signify that quantity's integer part). Constructing the 

hyperbola a-y =:w, drawing its ordinates to the abscissas 1, 2, 3, ... n, and in 

each of them planting nodes to mark the distances 1,2,3,... from its foot, 

there results a symmetrical (jraph included between one branch of the curve, its 

two assymptotes, and lines parallel to and cutting each of them at the distance 

n from the original. Its content will be the sum in question. The Durfee- 

square to its^will be limited by the square whose side is [V/i], and this added 

to the original area gives twice over the area in which the number of nodes is 

V'n n 

y f— 1 , and consequently neglecting magnitudes of the order V^, / [-1 

1 \^n Vn 1 

= 2/1 ^ — — i? =. n (log 71+20 — 1) and as a corollary / ^ ] L"! i 

1 1 

= n{G— 2(7— 1) = (1 — G)n, where G is Euler's number .57721, so that 

1 — G for large values of n will be the average value of the fractional part of n 

divided by an inferior number. Furthermore a similar graph, but with xy = 2n 

diminished by the portion contained between a branch of the new curve, one of 

its assymptotes and two parallel ordinates cutting that assymptote at distances n 

and 2n from the origin (which portion obviously contains (2n — n) i. e. n nodes) 



n n 



will represent / \~\^ ^^^ consequently the sum y \ T ~ 1 — ^ / [^1 f , 

1 1 

71 ' (~ 71 ~1 

i. e. (see Bc^l. Ahhand. 1849, p. 75) the number of times that -; — equals 

or exceeds -^ » as t progresses from 1 to n (within the same limits of precision 

as previously) = 2n (log 2w + 2(7 — \) — n less 2n (log n + 2(7 — 1), i. e. = 
(log 4 — \)n, so that the probability of the^ fractional part of n divided by an 
inferior number not falling under h is log 4 — 1 .* 

* What precedes I recaU as having been oraUy communicated to me many years ago by the late 
ever to be regretted Prof, Henry Smith, so untimely snatched away when in the very zenith of his 
powers, and so to say, in the hour of victory, at the moment when his inteUectual eminence was just 
beginning to bo appreciated at its true value, by the outside world. I was under the impression untU 
lately that he was quoting literally from Dirichlet when so communicating with mo, but as the geomet- 
rical presentation given in the text is not to be found in the memoir cited from the Berlin Transactiofis^ I 
infer that it originated with himself. In comparing Mertens' memoir, Crelle^ 1874, with Dirichlet 's (1849), 
upon which it is a decided step iu advance, one cannot fail to be struck with surprise that the point to 



^ 
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(50) F. Mr. Ely^s metlwd of finding tJie assymptotic value of tlie number of a 
very large given numerator which are nearer to the integer helow than to tlie integer 
above* 

**Let a number n be divided by all the numbers from 1 to n; then a value is 
required for the number of residues which are equal to or greater than { . An 
example will make evident a method by which we may obtain limits to the 
value sought. If n be 100 the residues => -\ are 

49 48 47 46 45 44 43 42 41 40 39 38 37 36 35 34 

(2) 

(3) 
(4) 
(5) 
(6) 

^^^ 6 8 13 

In which it will be observed that the residues =]>| occur in batches. Let X 
be the whole number, and .r< the number in batch i. In batch i the numerators 
decrease by i and the denominators increase by 1 . (Those marked (a) of which 
the denominators are less than V200 are left out of account for the present.) 

which the closer drawing of the limits to the values of certain transcendental arithmetical functions 
achieved by the former is owing, should have escaped the notice of so profound and keen an intellect as 
Dirichlet's, and those who came after him in the following quarter of a century. The point I refer to is 
the almost self-evident fact tliat if in the cases under consideration ^^(Fi.x) z= Va? then ^n: 2/z (i) \}) (FLx) 
where fi (i) means , if i contains any repeated prime factors, but otherwise 1 or 1 according as the 
number of prime factors in i is even or odd. Dirichlet works with a function given implicitly by an 
equation, Mertens with the same function expressed in a series, wherein exclusively lies the secret of 
his success. 

* It is proper to state that what follows in the text was handed into me by Mr, Ely on the morning 
after I had proposed to my class to think of some '' common sense method " to explain the somewhat 
startling fact brought to light by Dirichlet, of more than ? of the residues of n in regard to i = 1, 2, 3, . . . n 
being less than J . Mr. Ely's method shows at once, in a very common sense manner, why the pro- 
portion must be considerably greater than the half, inasmuch as whilst the terms in the first few 
harmonic ranges are approximately u'' ^^ ii'> ®tc. in number, the number of them which employed as 
denominators to n give fractional parts greater than | , instead of being the halves of these are only 
£' ^' 5' 6te. The mean value in both methods to quantities of the order of -v/n inclusive, turns out to 
be the same, whichever method is employed, but the margin of unascertained error by the use of 
Mr. Ely's method (as compared with Dirichlet's) is reduced in the proportion of 1 :l-t--s/2, t. e. nearly 
2:5. 



49 


48 


51 


52 


32 


30 


34 


35 


22 


19 


26 


27 


16 


12 


21 


22 


15 


10 


17 


18 


10 




15 




4 


4 J 



<e 



300 Sylvester : A ConstriLctive theory of Partitions, 

It is evident for the general case we have approximately 

li^ri] ~ ^' _ 1 

or accurately x, = [ (. _^ ^^^^i + ij °' [ (l + ipi + l) ] + ^ '" 

Mr. Ely is then able to show that by limiting the calculation of a:, to the 
values of i which do not exceed [\/n/2] , so that roughly speaking the character 
of >v/27i of the remainders is left undetermined (and no account taken of them 

in finding the value of X) , and giving to a:< its approximate value .. ., > 

Af% fjn ttf% 

and then extending the series ^r-^ + ^-^ + -r-^ beyond the [V^/S]*^ term where 

it ought to stop, to infinity, the errors arising from each of these three sourcesf 
and therefore their combined efiect will be of the order Vn, so that the assymp- 

totic value of X will be T^ "^" ^ "^" T~7 + • • • J ^) which is (2 log 2 — 1) n, 
with an uncertainty of the order Vw, as was to be shown. 

(51) It may be seen that Mr. Ely's method consists in distributing the n num- 
bers from n to 1 into.fernied harmonic ranges and determining what portion of the 
several ranges employed as denominators to n give fractional parts, greater or 
less than -\ . It may assist in forming a more vivid idea of this kind of distri- 
bution, if the reader takes a definite case, say of n=121, the first (10) harmonic 
ranges will then comprise all the numbers from 121 to 12 inclusive, and the 
remaining 111 harmonic ranges will comprise the remaining 11 numbers from 
1 1 to 1 ; that is to say 1 1 of them will contain a single number, and the remain- 
ing 100 ranges be vacant of content. 

So again if n = 20 the first four ranges will contain all the numbers from 
20 to 5 inclusive ; the 5th, 6th, 9th and 20th range will consist of the sole 

*I find by an exact calculation that if i2 is the remainder of n in regard to (t + l)(2t+l) and 
iJ = A(i+l)+/i, where X<2t + 1 and /u<t+l, then for Xz=2l9— 1 or 2^, a^=z F ^^^^^^ 1 + 1; 

if /i = t — 1 or 1 — 2 ... or t — ^, and Xi=i [(T+l^^rfl) 1 ^^' ^ other values of /i. Hence it foUows 

that out of (2P + 3i + 1) successive values of n, (P + i) and (i* + 2* + 1) will be the respective numbers 
of the cases for which the one or the other of these two values of o^ is employed, so that for larger 
value of i the chances for the two values are nearly the same, but with a slight preponderance in favor 
of the smaUer value. See p. 303. 

t The error from the first cause makes the determination of X too smaU by an unknown amount, 
that from the tiiird cause too large by a known amount, and that from the second too large or too 
small (as it may happen) by an unknown amount. 
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numbers 4, 3, 2, 1, and the remaining 12 ranges will be vacant. I shall 
proceed to compare the aecoraey of Mr. Ely's metttod with that of Dirichlet's — 
for this purpose it will be enough to determine the assymptotic value of the 
uncertainty and to take no account of quantities of a lower order than Vn. 

Let ue then suppose that i/hn, ranges are preserved, and consequently 

\/-r fractions left out {Je being an arbitrary constant which will eventually be 
determined so as to make the uncertainty a minimum). 

The first cause of error necessitates a correction of which the limits are 

and^-r-; the second cause a correction of which the limits are ^/Sn and 
- VH; and the third, viz. the overreckoning of ,^._|_ ,°^^.^,) + ^J + 21^2j + 3) 

+ . . . where j" = VSi, a correction of which the value is irr or —■s./ — 

Hence making (log 4 — l)n= U, the superior limit of X is 17+ — */-^ 
+ Vfaii and the inferior limit U — —^-!L^kn. Consequently X= IT-f-pn* wh'ere 

p <C VA + -K- \/— of which the minimum value is found by making A = — so 
that p<v'2 and the uncertainty is v'2.n*. Adopting Mertens' assymptotic 
value of the uncertainty of ^ ~^ I' ^'^- "^"i ^'"^ using Dirichlet's formula 

/ [—1 — 2 2_, \'~^\ I -^ ^^ t*"® same mean value as above, but the uncer- 
tainty becomes (\/2 + 2)n' which is nearly two and a half times.as great as that 
given by the direct method employed by Mr. Ely. 

I use the word uncertainty, it will be noticed, in a different sense from err(»- ; 
the latter is objective, referring to fact, the former subjective, referring to 
knowledge. Both methods in the case here presented give the same mean value, 
and therefore the error is the same, but the uncertainty is widely diflFerent 
according to the method made use of. Of two formulae referring to the same 
fact one might very well give the smaller error and the other the smaller 
uncertainty. 

I have shown above that for considerable values of i, the average value of 
+ -^ ; if then it may be assumed (and there seems no reason 



°(i + lX2i+l) ■ 2 
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for suspecting the contrary) that for i= 1, 2, . . . , \/2;i, the mean value of 



n 



. r .1 is U will not only be the mean value of the known limits of 

X but also the mean value of X itself. The value found for h shows that the 
most advantageous mode of employing Mr. Ely's method is to make the series 

' rt— o +1^-? + . . . ,. . ^v,^. . s, + . . . stop at one of the terms which is approxi- 

mately equal to unity. 

(52) It is not without interest to consider the exact law for the extent of a 
harmonic range of a given denomination, say i: this it is easily seen will be 

always equal to [.,^-.] or [^^J + 1 . 

I shall regard i as given and determine the values of n which correspond to 
the one or the other of the two formulas : this will depend not on the absolute 
value of n but on its remainder in respect to the modulus i^+ i. To fix the 
ideas, let i = 4 so that z^ + ?* = 20 , and let n take in successively all values from 
to 59 inclusive. 

Then corresponding to 7i equal to 

40 44 48 52 56 

41 45 49 53 57 

42 47 50 54 58 

43 46 51 55 59 
the fourth range will be 

10,9 11,10,9 12,11,10 13,12,11 14,13,12 

10,9 11,10 12,11,10 13,12,11 14,13,12 

10,9 11,10 12,11 13,12,11 14,13,12 

10,9 11,10 12,11 13,12 14,13,12 

i. e. in half the terms of the period l^rir- 1 ^^^ ^^ ^^e other half [ ..^ . 1 + 1 

gives the extent of the range. 

So in general, if 7i = A;(i^+ i) + ^i + ^, where ^ = 0,l,2,...i, and |u = 0, 

1, 2, ... (i — 1), when the remainder of n to modulus (i* + t) is of the form 

t^ + i 
X(i^ + i) + (O, 1 , 2, ... (X — 1)) i. e. in —^ cases the extent of the i*^ harmonic 

range to n is T ^n7"-| + 1» ^^^ when of the form >l(i'^ + i) + (>l, >l+ 1, . . . 
{i — 1)), i. e. in the remaining -^|^ cases it is r^:23i~- 1- 

As the sum of the harmonic ranges to n is n itself, and -- -f ^r-^ + . . . 

in tn 

H — - — 7-^rr =71 — r » it foUows that if we separate all the numbers from 

n(n + l) n + 1 ^ 
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1 to n into two classes, eay i'a andy'a, i being any number for which n is of the 
form i(t*+ i) + ^i + 0, I, 2, . . . (^ — 1), and j any other number within the 

prescribed limits, then / / \'t\ ~ "ii^iber of i's — -- . and conse- 
quently the number of the i terms has (1 — C)n for its assymptotic value. 

(53) In like manner the law previously stated in a footnote p. 300 for giving 
the extent of that portion of the i"" range for which — contains a fractional part 
not less than ~ may be verified. Thus let i = 3 then [i + l)(2i + 1) = 28 , let 
n = 56, 57, ... 83. Then for the values of n 

28 32 36 40 44 48 52 

29 33 37 41 45 49 53 

30 34 38 42 46 50 54 

31 35 39 43 47 51 55 

the portion of the third range having the required character will contain the 
numbers 8 9 10 11 12 13 14 

8 9 10 11 12 14,13 15,14 

8 9 10 12,11 12,11 14,13 15,14 

8 10,9 11,10 12,11 13,12 14,13 15,14 

so that there are 2(1 + 2 + 3), i. c. 3.4 forms of n out of 7.4 for which the 
formula \-T~ij\ + 1 has to be employed, and so in general if R Is the residue 
of n in respect to (i + l)(2t+l), there are i*+i cases where the formula 
[ (.■+lKa + l) ]+' "-"l ('+1)' "tere the formula [ (i^,)"a^ij LaB to be 
employed. 

G. On Farcy Series. 
(64) This note is a natural sequel to and has grown out of the two which 
precede ; it has also a collateral affinity with the subject matter of the Acts, 
inasmuch as a graph affords the most simple mode of viewing and stating the 
fundaracnial property of an ordinary Farey series, and any series ej'usdem generis. 
For instance, let A, B, C be a reticulation in the form of an equilateral triangle 
where Brno, right angle and n the number of nodes in the base or height of the 
triangle ; if the hypothenuse be made to revolve in the plane of the triangle 
about (either end say about) A, the triangle formed by joining A with any two 
consecutive nodes of greatest proximity to the centre of rotation traversed by 
tlie rotating line will be equal in area to the iniuimum triangle which has any 
three aodcn for ita apices, ('. c. its double will be equal t^o unity. This law of 
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uniform description of areas (say of equal areas in equal jerks) is identical with 
the characteristic law of an ordinary Farey series which deals with terms whose 
number is the sum-totient rn : but it will also hold good if the triangle be scalene 
instead of equilateral, which corresponds to Glaisher's extension of a Farey 
series, to the case where the numerator and denominator of each term has its 
own separate limit {Phil. Mag. 1879), or again, when the rotation takes place 
about the right angle B as centre, which gives rise to a Farey series of a totally 
different species, defined by the inequality ax + %<Cw, or again when the 
hypothenuse is replaced by the quadrant of a circle or ellipse, and in an infinite 
variety of other cases as ex gr. when the graph is contained between a branch of 
an equilateral hyperbola and the assymptotes, which case corresponds to the 
subject matter of the theory of Dirichlet {Berl. Ahhand. 1844) concerning the 
sum of the number of ways in which all integers up to n can be resolved into 
the product of two relative primes which is the same thing as the half of the 
numbers of divisors (containing no repeated prime factors) which enter into the 
several integers up to n, or as the entire number of solutions in relative 
primes of the inequality a:y = or <[n. The law of equal description of areas 
{p^ — 1^ 9,^^ ^ 1)» ^r. Glaisher has shown very acutely is an immediate infer- 
ence (by an obvious induction) from the well-known fact that between a fraction 
and its two nearest convergents (viz. the one ordinarily so called and that which 
is obtained by substituting h — 1 and 1 for the last partial quotient) , no other 
fraction can be interposed whose denominator is not greater than that of the 
one first named. 

From the areal-law obviously follows the equation ^=:^^ — ^ T where 

— » ^» ~ are any three consecutive terms of the series J, so that in order to 

construct explicitly such a series from the two first terms, all we have to do is to 
give to cc at each step the highest value it can assume, consistent with the 
imposed limit or limits. Thus ex gr. I have found by this method when the 
limiting inequality isa: + y = or<Cl5, the series 

115 14 13 12 11109 8y6ll'5'9 41iyi03"ll8 6T9 21 

*It is advisable for the purpose of securing generality in reasoning upon Farey series not to 
omit the initial and final terms f , \ which seem generally to have been lost sight of by previous writers 
on the subject Even then the series is only half complete, for after \ should follow the reciprocals of 
the preceding terms until \ is reached. Thus a complete ordinary Farey series beginning with } and 
ending with ^ consists of two symmetrical branches with | as their point of junction, each made up of 
two symmetrical sub-branches meeting respectively in the terms i and f , and such that the sum of a 
corresponding pair of fractions on the one side of \ and of their reciprocals on the other side is equal to 
unity : whereas in the two complete branches the product of each corresponding pair is unity. 



arranged in three Acta, an Interact and an Exodion. 305 

and the complements in respect to unity of the several terms which precede — 

taken in reverse order, and again for xy = or <C 15 the series (which might be 
called the Dirichlet-Farey series). 

1 15 14 13 12 11 10 9 8 7 6 6 T 7 Y 5 2 6 3 4T' 
In general if we agree to understand respectively by the decement and the 
aecei^nent to cc, the number of divisors without restriction, and the number of divi- 
sors restricted to contain no square number, that go into jc, and denote the sum- 
secernent and sum-decernent of n by Sn and Dn respectively, Dirichlet's mode 

of looking at the question leads immediately to the equation / ^ S-^ = Dn. 

Mertens' equation \Sn = / jdD-^ obtained by a longer and somewhat more 

1 
difficult process is in point of fact merely that equation reverted. On pointing out 

to Mr. F. Franklin this elegant passage in Dirichlet's memoir, he remarked to me 

to the effect that it was an example, which might admit of wide generalization, 

of a concept resembling that inherent in the subject matter of the ordinary 

Farey series; which excellent and keen-witted observation led me to look into 

the subject from the point of view herein explained. iPhe present theory 

diverges from the ordinary one. in quite another and more natural direction 

(I imagine) than that pursued by M. Darboux, whose article on the subject of 

quasi-Farey series (Bulletin de la Soci6t6 Math6matique de France, tome 6) I 

have not been able to obtain sight of, and can only conjecture its purport 

through the reference made to it in a subsequent article which I have been able 

to procure in the same journal by M. Edouard Lucas. 

(65) I prove the persistency of the fundamental property of ordinary Farey 
series for such series generalized in the manner supposed above, as follows. 

Let us use 0. F. Si to denote an ordinary Farey series for which the limit 
is t, and O. F. S b, Farey series in which calling the numerator and denominator 
of any term x,y, ^(x, y)<C = *, ^(^» y) meaning a rational function which 
increases when either a? or y increases. If an 0. F. Si any two consecutive 

terms be ^-> -r-i and in 0. F. 84^1 — intervenes between -^-> -r- we know p 
a ^ q a -^ 

being greater than b and d, the two nearest convergents to — must be contained 
in 0. F. Si , and consequently must be -7- > -r themselves, so that ^ = a + c , 

Vol. v. 
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qz=,h + dj and as a corollary if -7- ' ~T^^ consecutive terms in any 0. F. S, and 

— be any one of the terms which subsequently intervene between "T" ' -j » we 

must have j9= or >a + c,j= or >i + d. In order to fix the ideas let us 
suppose ^(x, y) to represent x + y, so that x + y <C= ^• 

For the values 2, 3, 4, 5, 6, 7, 8, 9 . . . of n, the G. F. S will be 

1 T' 1 \¥y T' 1 V37 2 1 ' T V4y y 2 V3/ 1 ' 1 V.5y T 3 "2 ¥ 1 ^ 
1 v'e'/ 5 '4 3 V5y 2' 3 ^Ty "o'lVviye 5 4y6 2 vW 3' 

T \8"y 7 6 5 4 \fj "3 5" V7/ ~2 VW 3^ 4 ^6/ T''"* 
where the terms in parenthesis are the new terms which intervene as n increases 
from any value to the next following integer, and where it will be noticed that 

if — be any such parenthesised fraction lying between j- and — > p:=a + c 

and5 = 6 + c2, just as in the successive form of an 0. F. S. The theorem to 
be proved may be made to depend on the following lemma. 

K for any given value of n every two consecutive terms in a G. F. S. 
appear as consecutive terms in an 0. F. S. for the same or any smaller value of 
n; this will continue to be true for all superior values of n. 

The proof is immediate, for let -7- » ~j-^^ ^.ny two consecutive terms in the 

G. F. /S^/which are also consecutive terms in 0. F. Si where i=or <[/. If a 

D ft C 

term — intervene between -j-i -z- in G.F.Sj^i, p= or ^a + c, 2 = or ^6 + d, 

by virtue of the iemm€k But if ^ > a'+ c and 2]>i + d, ^{a + c, b + d)<i 

^(^1 ^)<Cj' + 1» but , T 1 is intermediate in value between — » -^ » hence 
^^^^^ 6 + a 

, 7] , must have appeared in a G. F. Sj*, where j'<Cji which is contrary to 

hypothesis. 

Hence -7-> — » -r- will have been consecutive terms in some O. F. S. and 
o q a 

in like manner any two consecutive terms in G. F. S. either remain consecutive 
in G. F. Sj^i or admit a new term between them which is consecutive to each 
of them in some 0. F. S., so that the supposed relation of it hold good for j is 

true for all superior values of j\ but — » — ^ill in any of the supposed cases 

be a G. F. S., consequently in all these cases no two terms are consecutive in 
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any G. F. S. which are not so in some 0. F. S., and therefore the law of equal 
description of areas will apply to them equally as to the 0. F. S., as was to be 
proved. 

The theory may be extended to G. F. S.j defined by several concurrent 
limiting equations. Thus ex gr. Mr. Glaisher has proved this for the case of 
a:<[zi:w, y<^ = n: 1 have not had time as yet to consider what are the restric- 
tions to which the limiting functions may be subject, but the theorem is obviously 
an extremely elastic one, and the above proof suflBces for all the special cases 
which I have enumerated.* 

(56) I am indebted to Mr. Ely for the following additional example of 
Farey series, in the enlarged sense, which may interest some of my readers. 

Ex. (1). a; + y=or<20 



1 12 12 


12 13 2 3 


19 9 17 8 16 


7 13 6 17 11 16 


132314 32 


3 415 4352 


5 14 9 13 4 15 11 7 


10 13 3 14 11 8 13 5 


5345 617 6 


517357275 


12 7 9 11 13 2 13 11 


9 7 12 6 8 11 3 10 7 


8 3 7 4 9 
11 4 9 5 11 


5 6 7 8 9 , 

6 7 8 9 10 


Ex. (2). jc»+y=:or<20 
1 112121212 
19 9 8 15 7 13 6 11 5 9 


1 3 2 3 1 323 123 
4 11 7 10 3 8572 34 


Ex. (3). y — Va;=or<15 
1 1212123 


1323 414 32 


16 8 15 7 13 6 11 16 


5 14 9 13 17 4 15 11 7 


534516643 


627 53745 6 


17 10 13 17 3 17 14 11 8 


13 5 17 12 7 17 11 13 


78198 765 


947 10 3 11 857 


15 17 2 17 15 13 11 9 


16 7 12 17 6 18 13 8 11 


9 11 2 11 9 7 12 5 


13 8 11 3 13 10 7 11 


14 17 3 16 13 10 17 7 


18 11 15 4 17 13 9 14 


4 13 9 14 5 16 11 6 13 


7 16 8 17 9 10 11 12 13 


5 16 11 17 6 19 13 7 15 


8 17 9 19 10 11 12 13 14 


14 15 16 


17 18 1 


15 16 17 


18 19 1 



* Since the above was in type I have discovered the true principle of Farey series, for which see 
Note H following the Exodion. 
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ExoDlON. On the Correspondence between eerlain Arrangemenie of Complex Numben, 

At which he wondred mnch and gan enquere 
What stately building durst so high extend 
Her lofty towree, unto the starry sphere. 

Faerie Queene I, z, 56. 

(67) Starting from the expansion in a series of Oio;, multiplying in the usual 
notation both sides of the equation by (1 — ^){1 — ^){1 — ?*) . • . and inter- 
calating the faetors of this product between those of (1 — qz){l — 5*2)... 
(1 — Jz^^Kl — S*2~^) . . . taken in alternate order there results the equation 

writing j* in place of q and making z=^ ztq"^ Jacobi {Crelle, Vol. 32, p. 166) 
derives the identity 

(1 zb g'*-"*)(l ifc g'*+'»)(l ~ 5**)(1 zb 5^-'")(l — gr*») . . . = ^ (ii=)<5«*'+~<. 

— « 

3 1 

From this equation, using the lower sign and making n = — 1 m = — i he 

observes, may be deduced Euler's expression in a series for (1 — q){l — 5*)(1 — g^)... 

and using the upper sign and making n = — > w = — » another known series 

" given by Gauss in the first volume of the Gottingen Commentaries for the years 
1808-11." 

It is not without interest, I think, to observe that by making n = — > 

m = — +e (where e is an infinitesimal), and using the lower sign we may imme- 

diately deduce Jacobi's own celebrated postscript (so to say) to Euler's equation, 
viz. 

{l-q)\l-g^)\l-^)\..=:zY^{-yq^^''-ir{l-q-^ 

the general term being / ( — )* Uq^ ~2* )"^ TZI. — • C 



which is {—y {2i + 1)/^. 

(58) It is obvious, that by the same right and within the same limits of 
legitimacy as the equation involving 9, n, ?n (or if we please to say so in g^, m) 
has been derived from the equation in (j, z) the equation in g', a may be recovered 



310 Sylvester : A Constructive theory of PartUims, 

2^ That it shall transform it into another such arrangement. 

3^ That operating once upon an arrangement and then again upon the 
operate, it brings back the original arrangement. 

4* That it leaves the sum of the elements in the arrangement unaltered. 

5* That it reverses each of its two characters.* 

From (3) it will follow that all the arrangements within the prescribed 
sphere are associated in pairs, and from (1) that the sum of the elements in each 
such pair is the same. This being so, it is obvious from the fact of the parity 
of the total number of elements being opposite for any pair of associated 
arrangements, that in the development in a series of (1 — 5*Xl — 9^)(^ — 3*) 
(1 — g^^*") . . . , no term will appear in which the index of 9 is other than the 
sum of the terms in one of the exceptional (we may now call them unconjugated 
or unconjugable) arrangements, and from the fact of the parity of the number 
of the Cs being opposite in any pair, the same will be true of the development 
in a series of (1 + g^)(l + ^)(1 — q'){l + 5*+*^) . . . 

As regards the coefiBcient in this latter series of any term whose index is 
the sum of the elements in an imconjugate arrangement it will manifestly be 
the number of ways in which the same complex number can be thrown under 
the form of a sum of the arithmetical series 

a, a + c,...,a + t — Ic which is — ^ — c + ia , i. e. — ^ — ^ "^ 9 (^ — ^) » ^^ ^^ 
6, 6 + c, . . . , 6 + t — Ic which is —^ ^ — o" (^ — ^)- 

f? ^ 2i f* J* 2i 

then 9" ^ ^ 9 — * ~ 2 ^ "^ o which necessitates % =y , 

and if 

f=:!e + |(a-6) = =^c-^(a-6)then4a+»^6=tla + 46. 

? t'+2i 
so that i* — (i* — 2i) = (j* — 2/) — j* or i = — j and — = or i =y = 0. 

* It wiU presently be seen that aU the licit and unexceptional arrangements wiU be divided into 3 
classes and a specific operator be found for each class capable of acting on each arrangement of that 
class and converting it into another of the same class, and which will satisfy also the 3d, 4th and 5tfa of 
the enumerated conditions. The total oi)erator contemplated in the text may then be regarded as the 
sum of these specific ones, each of which, wiUiin its own sphere, will have to fulfil the five conditions, 
of Catholicity, Homoeogenesis, Mutuality, Inertia and Enantiotropy (the last a word used in the school 
of Heraclitus to signify ^^the conversion of the primeval being into its opposite"). See Kant^ 
Critique of Pure Beaaon by Max MfiUer, VoL I, p. IS. 
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Hence the general term is ( — Yq » » , where i is an integer stretching 
from zero to infinity, and in like manner, and for the same reason, the general 

term in the former series will be g' » » with the like interpretation : or 

which is the same thing, comprising both cases in one and interpreting i to be 

*!zlLc+ — (a — 6) 

integer stretching from — oo to + oo ,. the general term will be (=Fy(y » » 

(59) The task before us then is to show the possibility of instituting, by 
actually instituting, a law of operation which shall satisfy the five preliminary 
conditions of catholicity, homoeogenesis, reciprocity, reversal of characters and 
conservation of sum. 

The following notation will be found greatly to conduce to clearness in 
eflfecting the needful separation into classes or species. A capital letter with 
a point above, as X, will be used to signify the greatest value, and with a point 
below, as X, the least value of any term in a series which that letter is used to 
denote. X=0, X>0, X+ 7=0, X+ r>0 will signify respectively that 
there are no X% that there are X's, that there are no X's and no F's, that 
there are either X^s or F's or both in any arrangement under consideration. 

B^8 will be separated into 'jB and JS^'s, or as we may write it B = ^BB', where 'B 

• 

is the general name for all the 5's, which beginning with the highest term B 
form an arithmetical series of which c is the common difference. If there is a 
gap of more than one c between B and the next lowest B, 'jB is of course the 
single term B: B is any B which is not a 'B. 

So again, Ai is any A which belongs to a series of A^8 forming an arith- 
metical series whose constant difference is c and lowest term a, so that unless 
A = a, Ai^=0: any other A will be designated by lA. The signs of accent and 
point may of course be separate or combined: thus ex gr. G will mean the 
smallest G in any given arrangement, B will mean the greatest B , A will mean 
the lowest A , lA will mean the lowest of the ^A^s and A^ the highest of the A^b. 
Every 'B is necessarily greater than any B, and every lA than any A^ , If ^B 
— 6 = 0, this will indicate that all the B^s will form a consecutive series of term§ 
(i. e. having a constant difference c) and ending in 6 , so that here JS' = , i. e. 
there are no Bs except those that belong to the regular arithmetical progression 
ending in 6. If ^il = 0, all the A^s will form an arithmetical progression ending 
in a. Thus we see that the arrangements belonging to the 1st terms (those that 
I have called exceptional) will consist of two species denoted respectively by 
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iA + B+ C= and ('^ — 6) + J. + G=: 0. It may sometimes be found conTenient 
to use a point to the left centre of a quantitative letter to signify that the quantity 

denoted is to be increased, and a point to the right centre to signify that the 

• • 

quantity denoted is to be diminished, by c. Thus B* will mean B — c, and ^Ai 
will mean jij + c, the first signifying the greatest B diminished by and the 
second the smallest J.| increased by c. When any general letter, say X, is 
wanting as indicated by the equation X = , ^^ must be understood to mean 
zero. So for instance if A = 0, and consequently iA = and ^|=0, iA = 0. 
Again, when there is a gap between the highest B and the one that follows it 
in any arrangement, the arithmetical progression of 'B's reduces as above 
remarked to a single term and there results 'B=:'B. It may Ife noticed also 
that always 'B = B, and Ai= A. 

The arrangements which are comprised under the forms 

(a) A, A — c, A — 2c, ... , a 
(^) B, B—c, B—2c, ... , 6 

may be regarded as belonging to what I shall term the first genus. 

The second genus, viz. that consisting of unexceptional combinations of unre- 
pealed A% ffs, C% may then be divided into the following three species, the 
conditions by which they are severally^ distinguished being attached to each in 
its proper place. 

1st Species. Conditions (y) '^ — 6 > 0, 

or(/) '^ — 6 = 0, C7>0, C' — c<='J? — 6. 

2dSpecie8. {h) '^ — 6=0, ^ + (7>0, (7= or (7 — c>'^— 6. 

OT(f/) ^ = 0, (7>0, il = 0, or^i4— a=>(7. 

SdSpecies. {b) ^ = 0, il>0, i^ + C'>0, (7=0, or (7>i^ — a. 

Where it is to be understood that the conditions set out in the same line are 
simultaneous conditions. Thus ex gr. the conditions of an arrangement being of 
the second species are when all the conditions of the upper or else all the condi- 
tions of the lower of the two lines written under that species are fulfilled : the 
conditions of the upper line (be it noticed) are that 'B \shj and that there are 
either some A^b or some Cs, and that if there are some 0% G — c^'B — 6, 
and of the lower line, that there are no jB's and some G% and that if there are 
A^s, A — a = > 67, and so for the interpretation of the conditions of the 
existence of each of the other two species. 
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To these (7) systems of conditions a, /?, y, /, S, 5', e, may be joined the 
trivial system (o) j1 = 0, jB = , (7= ;* the (8) systems thus constituted will 
easily be seen to be mutually exclusive and between them to comprehend the 
entire sphere of possibility, leaving no space vacant to be occupied by any other 
hypothesis. I will now proceed to assign the operators 4>, >//, ^ appropriate to 
the three species of the second genus. 

Office of the Operator 4). 4> = '4> + 4>'. 

When in Genus 2, Species 1, (7= or (7 — c^'B — '5, '4> is to be per- 
formed, meaning that for each 'jB , '5* is to be substituted, and the inertia kept 
constant by forming a new G with the sum of the c's thus abstracted. In the 
contrary case ^'^ is to be performed, meaning that G is to be resolved into simple 
c's and as many of the 'jB's, commencing with 'B and taken in regular order to 
be converted into JB as are required to maintain the inertia constant, i. e. c is 
to be added to each B in succession, until all the c's which together make up C 
are absorbed. 

Office of the. Operator -J. . \f/ = '-ij/ + i^'. 

* 
When in Gtenus 2, Species 2, (7 = or (7 ]> 'jB + A , '-4/ is to be performed. 

meaning that for 'B and A their sum is to be substituted, producing a G [which, 

on the second hypothesis, will be a new (?]. In the contrary case 4^ is to be 

performed, meaning that for G is to be substituted IB (which will form a new 

'B) and — > iB which will form a new Af. 

Office of the Operator ^. ^ = '^ + 3'. 

When (7 > and (7 + -4i <li^ , '^ is to be performed, meaning that for G 
and Ai their sum is to be substituted, producing a new lA , In the contrary 
case ^' is to be performed, meaning that for lA, ^A^ forming a new Ai and 
lA — Ai forming a new G are to be substituted. 

(60) It will be seen that every species of the second genus consists of two 
contrary sub-species having opposite characters, and it will presently appear that 
any arrangement belonging to one of these sub-species under the effect of its 
appropriate operator passes over into the other, which operated upon in its turn 
by its appropriate operator becomes identical with the original one, so that any 
two contrary sub-species may be said to be of equal extent : in fact if the sum of 

*It would be perfectly logical, and indeed is necessary to regard the trivial case as belonging to the 
cases of exception, and then we might say that there are two genera, each containing three species, 
those of the first gei^us solitary, and those of the second, each of them comprising two sub-species, 
namely the sub-species subject to the action of tlie left-accented and that subject to the operation of the 
right-accented operators. The trivial species of the tirst genus consists of a single individual. 
Vol. v. 
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the parts is supposed to be given there will be as many arrangements in any 
sub-species os in its opposite, for each one will be conjugated with some one- of 
the others. 

It may not be amiss to call attention here to the fact that the scheme of 
classification adopted is, in a certain sense, artificial Thus, for instance, it 
proceeds upon an arbitrary choice between which shall be regarded as the A and 
which as the B series, so that by an interchange of these letters a totally 
difierent correspondence would be brought about between the arrangements of 
the second genus, those of the first genus remaining unaltered. Nor is there 
any reason for supposing that these are the only two correspondences capable of 
being instituted between the arrangements of the second genus — in particular 
there is great reason to suspect that a symmetrical mode of procedure might be 
adopted, remaining unaffected by the interchange between A and B. As a 
simple example of the effect of interchange, applying the method here given, 
suppose il = , jB = , a case belonging to the second species and that sub- 
species thereof to which -J.' is applicable, and imagine further that the G series is 
monomial. Then C will be associated according to the scheme here given with 
6, C — 6, but in the correlative scheme it would be associated with a, C — a. 
(61) I need hardly say that so highly organized a scheme, although for the sake 
of brevity presented in a synthetical form, has not issued from the mind of its 
composer in a single gush, but is the result of an analytical process of continued 
residuation or successive heaping of exception upon exception in a manner 
dictated at each point in its development by the nature of the process and the 
resistance, so to say, of its subject-matter. The initial step (that applicable 
to species y) is akin to the procedure applied by Mr. F. Franklin to the 
pentagonal-number theorem of Euler, of which I shall have more to say 
presently. It will facilitate the comprehension of the scheme to take as an 
example the particular case where a and b represent actual and real quantities, 
say, to fix the ideas, 6=1, a = 2 . Nothing, it will be noticed, turns upon the 
fact of this specialization, which is adopted solely for the purpose of greater 
concision and to afford more ready insight into the modus operandi. 

To illustrate the classes and laws of transformation consider (with 6=1, 
a= 2,* c = a + 6 = 3) all the arrangements the sums of whose parts is 12, viz. 

12, 11.1, 10.2, 9.2.1, 8.4, 8.3, 1.7.5, 7.4.1, 7.3.2, 6.5.1, 6.4.2, 5.4.3, 5.4.2.1. 

< hx : c./;,y.- ^ 

^ No use it will be seen is made of the accidental relation azzb-fb. 
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" propose to prove that the number of terms in each of these groups are equal, 
except when a certain relation exists between m and n 

/ . (m — n)(m — n + 1) . ^\ 

f VIZ. m — ^ ^-^ -^—^ =0 or m = 71 = 0), 

corresponding to which there is but one general term having the same m and 
the same n which falls into the positive group (A; = 0) . This establishes the 
theorem in question, as we see by putting m — n = 5 . 

It is sufficient to consider (l) in connection with (3). In the first 
place the first two partitions in (1) may be converted by a (1 : 1) corres- 
pondence into an indefinite partition (bearing in mind (3)) with a decrease 

(m — n > 0) in the sum or content of the integers by - — ^ ^ ^^^ » as 

follows : extend ao+ 1 in a horizontal line of dots and tinder the first dot extend 
^Q in a vertical line of dots, thus forming an elbow ; in a similar manner form 
elbows out of tti + 1 , ^1 &c. until one of the partitions is exhausted [this will 
be according to (3), the first or the second, according as ?n<C or >n, leaving 
in the inexhausted partition m — n integers] ; place these elbows successively 
one without the other and place on top [m — w > 0] horizontal lines of dots 
corresponding to the successive immatched integers decreased respectively by 

0, 1, • . . (n — m — 1) or 1, 2, . . . (m — n), according as m<[ or>n Tin either 

case the total decrease being ^^-^ ^^"^^J • ^^ other words, the above tri- 

partition of m has a (1 : 1) correspondence with a bi-partition of 

(m— nXm — n + l)p . - 

m — ^^ -^ ■ — - [or mil m=^njj 

consisting of an indefinite partition on one side and a partition of unrepeated 
integers on the other (y^ , . . . y^) . Such a bi-partition (on removing the line of 
demarkation) is an indefinite partition ; and, conversely, every indefinite partition 
involving 6 differelit integers gives rise as follows : to (1 + 1)* such bi-partitions, 
the number of those involving even and odd values of k being respectively the 
positive and negative parts of the expansion of (1 — !)• [which are equal] : viz. 
first, the indefinite partition itself (A; = 0) ; second, the 6 bi-partitions obtained 
by placing each of the 6 integers successively on the k side (A; = l) ; third, the 

^ ~ ^ bi-partitions obtained by placing the -~ — - pairs of the 6 integers 

successively on the k side (A: = 2), and so on. The only exception to this 
equality of the number of partitions for even and odd values of k is when the 
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** partible number T m — ^ ^ ^'^ or rw | is zero, for which case there is 

but one bi-partition [O] + [O] (A = 0) . Q. E. D. The tri-partition of m corres- 
ponding to the celibate case reduces to the natural sequence above subtracted 

whose content is -^ ^^^— ^ [or 0] , which is the second or the first parti- 
tion (according as m < or > n) , the others being wanting." 

(63) The same infinitesimal method which applied to the expansion of QiX 
gives both as was shown to the expression for the cubes of the successive rational 
binomial functions may be applied to the development of (l + aa:)(l + aa?) 
(1 + oj?) . . . given in Art. (35), but will not lead to any new result. Making 
a = — x"^"^, where e is infinitesimal we obtain from the general theorem 

(1 — x*)(l — a:)(l — a:*)(l — ar^) . . . 

1 — of , 1 — of A — a; - 1 — od'A — xA — ^ v^ 

— ^~'i:i^^'^l—xA — a?^~l—xA-a?A—af^' ' ' 

~^ "^ ITT^^"" l — xA — a?^' • • 

= l — x{l — x)+a?{l~si?) . . . 
the same equation as results from writing a = — 1 . 

To arrive at any new result it would be necessary to have recourse to 
processes of difierentiation ; the above calculation serves, however, as a verifi- 
cation if any were needed of the accuracy of theorem to which it refers. 

(64) Since sending what precedes to press I have thought it would be desirable 
in the interest of sound logic to set out the marks or conditions of the several 
species of the arrangements of unrepeated J., jB, (7's, somewhat more fully and 
explicitly than before. And first, I may observe that since it has been convenient 
to understand that when there are no X terms ^ shall signify zero, the quanti- 
tative equation ^ = dispenses with the necessity of using the symbolical one 
X= 0, and in like manner X ]> supersedes the symbolical inequality X^ 0, 
and, of course, the same remark extends to the equality or inequality X + Y 
= or > . 

We have then for what I shall term the first, second and third species of 
genus 1 , the conditions C +B + A=0, C +'B +A=b, C + B + 4i= 
respectively — the first, the trivial case of vacuous content ; the second, of only 
a complete natural 5, progression i. e. one ending with 7>, (the minimum value of 
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B) and the third, the same for A similarly ending with the minimum a. In what 
follows the conditions in each separate line are to be imderstood to be not 
disjunctive but simultaneous or accumulative ; they of course refer to the species 
of the second genus. 

Marks of species (1) (a) ^ — 6 > or 

(/?) /5-i = 0/5-'5 = >(7-c, (7>0. 

*' (2) (a) ^ — 6 = 0, (7 — c>'5 — 'if or 

{^) <B — 6 = 0, (7 = [4>0]*or 

(y) ^ = 0,4-a=>(7, (7>0,or 

{h) 5 = 0,4 = 0[(7>0]. 

(3) (a) 5 = 0, (7>4— a, 4>0or 
03) ^=0, (7 = 0, [i/-a>0]. 

The three inequalities included in brackets are only required in order to 
exclude arrangements belonging to the first genus. Leaving these out of account 
for the moment, merely for the sake of greater concision of statement, it is easy 
to see by mere inspection of the above table that the three species are mutually 
exclusive and share between them the total sphere of possibility, for (1) a 
exhausts the hypothesis of there being other jB's besides those forming a complete 
natural progression, (1) |3 and (2) a of the jB's forming such progression when 
there are existent G\ and (2) /? when there are not. Also ((2)y, 2(5)), 3(a) 
exhaust between them the hypothesis of there being no jB's when there are some 
existent (7's, and (3) /^ of neither J?'s nor G\ appearing in an arrangement. 

Thus all unexceptional arrangements .must bear the marks occurring in one 
or the other of the first four lines of the table, and all those where no jB's occur 
either of the last line when there are neither jB's nor (7's, and of the three 
preceding ones when there are no B^s but some (7's, and the total sum of these 
hypotheses plus the hypothesis of the first genus together make up necessity, as 
was to be shown. 

The convention X = when an arrangement contains no X with the 
consequent reduction of the conditions to a purely quantitative form has lent 
itself very advantageously to the above bird's eye view of the completeness of 
the scheme (as covering the whole ground of possibility) ; it also will be found 
to simplify the expression of the proof. I did not employ it until the necessity 
for so doing forced itself upon my notice, for a very obvious reason, viz. that X 
is a jB (or an A) which is defined to be congruous to h (or a) [mod c], which zero is 
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not : there is thus an apparent paralogism in admitting that any X of these two 
ichere tliere is a B (or when there is an A) is congruent to h (or to a), but that 
wlien tliere is no B (or no A) then the conventional least B (or A) is zero. It 
will be seen, however, ex post facto that no inconvenience in working the scheme 
results from this extended definition which constitutes an important gain to the 
perfect evolution of the method. It is usually in the form of some apparent I \ , 
contradiction or paradox that a scientific advance makes its first appearance. • • 

(65) Aided by this clearer and fuller expression of the definitions of the genera 
and species, I will now set out a logical proof that the respective operators fulfill 
the three additional necessary conditions. I may observe preliminarily that the 
Greek letterings a, /?;a, /?, y, 5;a, /?, do not express sub-species, for one 
distinguishing mark of species (or sub-species) may be taken to be that conjuga- 
tion cannot take place except between individuals of the same species or sub- 
species, but it will be presently seen that individuals belonging to the differently 
lettered divisions of the above species are susceptible of mutual conjugation — 
and are therefore in conformity with biological precedent to be regarded as mere 
varieties. Besides these varieties of each of the species there is another entirely 
difierent principle of cross classification applicable to each of them, viz. in 
general an arrangement must belong to one of sixteen groups designated by 
combining together one out of each of the four pairs of opposite symbols 
X, (7; ic, c; 0, E, o, e, where the large 0, E refer to the oddness or evenness 
of the major, and the small o; e to the same for the minor parameter; and in 
like manner the large X and large C to the result of the operation appropriate 
to any arrangement, being to extend or contract the major, and a, c to extend or 
contract the minor parameter. There are thus eight pairs of groups, and 
conjugation can only take place between individuals belonging to the same pair. 
The pairs are as follows*: 

/XxOo\ /XxOe\ fXxEo\ (XxEe\ 
\GcEe)' \CcEoJ' \GcOe)' \GcOo)'' 

. /XcOo\ (XcOe\ (XcEo\ (XcEe\ 
^^^KCxEeJ' \GxEe)' \GxOe)' \GxOo)' 

Species (1) and species (3) it will be seen may each be separately divided 
into four sub-species denoted by the upper four, and species (2) into the four 
sub-species denoted by the lower four pairs of combined characters, so that there 
will be in all twelve (and not as might at first be supposed twenty-four) sub- 
species of conjugable arrangements. The different sub-species of the same 

WoL V. 
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species do not admit of cross-conjugation; it is the property which they have in 
common of being subject to the same law of transformation when passage is made 
from an individual to its conjugate, which binds them together into a single 
species. In the arrangements peculiar to Euler's problem, we see that there was 
no division of the second genus at the outset, but that a separation would be 
made of it into two pairs of groups with conjugation possible only between 
individuals belonging to the same pair, and consequently there may be said in 
this case to be two species of the second genus, analogous, however, not to the 
species but the sub-species in the more general theory. The final separation 
of a pair of groups into its component elements has nothing to do with the 
concept of species, sub-species or variety, but may be regarded as similar to 
the separation of the sexes. 

In what follows, a bracket enclosing a letter will be used to denote that it 
belongs to an arrangement after it has been operated, upon by its appropriate 
operator, or what may be called its operate. 

Species (1). When jB— 6>0, if C7— c>'J5 — '^ or (7=0, 'fp may be 
performed, giving [ (7] = '^ — 'B + G <iG so that the law of descending magni- 
tude is maintained ; we have then [jB] — ['5] = or>JB — '^=>[(^J — ^J hence 
^' has to be performed and will obviously restore the original arrangement. 
Again if in the original arrangement B — '5=]>(7 — c and t7>0, ^' has 
to be applied ; a resolution of G can take place into c's and the G/c first ^B% 
and will each be increased by c and [jB] — '[5] = (7 — c, so that either [(7] =0 
or [(7] — c<C(7 — c<C [jB] — '[B] , and '^ being applicable to the new arrange- 
ment will convert it back to the original one. 

First Species (/?). When J?— & = and 5 — '^ = >(7 — c and (7>0, <^' 
can be performed, and the new arrangement as before may be operated upon by 
^' and so brought back to its original value. If G=-0 or G — c^B — 'B/^ 
could not be performed, for then B = b and has no c to part with to help make 
up[(7]. 

These two hypotheses belong to Species (2), which we will now proceed to 
consider throughout its full extent. When J^ — 6 = 0, then 'B ^b, and I shall 
first suppose [(a) and (/?)] that (7 + or(7 — c>J? — 6. When (7 = or 
£ + 4 >(7 , then 'i will be applicable, making [(7] = B + A-, if now [B] >0 

and M>0, [i5] + [4] = >(i-c) + (4 + r^=>i + V = >[d. and 
[(7]-c = i+4-c=[^]+4>[5]-6. 
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Hence we are still within Species 2 and have fallen upon the case to which 
the reversing operative 4^ has to be applied. If [^]=0, [A] =0 we must 
have J5 [ (7] > , inasmuch as the original content (or inertia) is originally 
greater than zero and is kept constant, and this is a case which «till belongs to 
Species 2 and falls under the operation of i^'- 

If [5]=0so that jB=^ = 6and [A] >0, then [A]—a=^ A + c — a 
=^y»^ A + B=:^y> (7, which also falls within the second species and is amenable 
to the reversing operator 4^. 

Finally, if [^] >0, i.e.B — b = and [A]=0, lG']—c=B+ A — c 
= ]> [i5] — 6, i. e. = > [J?] — 'JB, and we are still within Species (2) and in 
the case amenable to the reversing operator >//. 

If now on the other hand we begin with an arrangement of the second 
species in the case amenable to 4^ we must suppose either ^ =: or J. = , or 
or else C7>0and ^< = B + A. 

Take first this last supposition. The operation of -4^ gives [67] = > G+c, 
[B'] = B + c and [A]— C—c — By^B — b — B> — b=';p^c — b=>a 
And [^] + [4]=!B+(7-i = (7<[(7], 

[G:\-c = >{G-c) + c = >B-b + c = >iB-]-[Bl 
Hence the operate is licit, belongs to the second species and is amenable to the 
reversing operator 'i^. 

If 5 = and 4=0, [J5] = [jB] = 6 and [A] = (7— 5and [(7] = Oor>(7. 

If [(7] = since [4]]>0, the operate is included in variety (/?) of the 
second species and amenable to the reversing operator '-4/, and if [(7] >(? 
[G — c]>C7 — c]>0, i. e. '^[B']— B which belongs to variety (a) of the 
second species ; and since [t7]]> (7]>[5] + [A] is amenable to the reversing 
operator 'i^ • 

If 5]>0 and A = 0, then (7]>0 [otherwise it would be an arrangement 
in Genus 1, Species 2] [C] = or > C7, [5] = J5 + c, [A] = G— [5] > 
(c + i? — 5) — (c + J?) = >a, and either [(7] = and [4]>0 or [(7] — c> 
(C7— c) + c>i? + c — 6>[5]— '5 and [A] + [^] = C7> [(7] . Hence in 
either hypothesis the operate is still in Species (2) and amenable to the reversing 
operator 'i^- 

Lastly, ifjB = 0, A — a = X7 and (7 ^O, the arrangement is amenable 
to the operator il/, which will make [if] = 6, [A] = (7 — 6<(7 + a<A. We 
have then [/f] — i = and [6^]=0, and consequently also A^O or [(7] 
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— c^G — c>0, i. e, >[-B] — '[^]» ^^^ ^^^ result is still contained within 
Species (2) and is amenable to the reverse operator '4'. 

(66) The following are examples of paired arrangements belonging to the first 
species, adapted to the case of a = 2 , 6 = 1 . The C and B terms are expressed ; 
the A line is the same for each of any pair of this species, and may be filled in 

at will. , j X9. I— \ ^' I 

^ ( 16.13.10.F) ~ ( 19.16.13.Fj 

where JT, Y represent any licit series of 6^'s and B respectively. 

, ( X9 ) _ j X9.6. ) ^, ( X9 I- \ ^' I 

^ I 16.13.7.r) ~ ( 13.10.7.F) ^ ( 16.13.10.4 ) ~ ( 19.16.13.4 ) 

*i ff 1 I = I fo.7A \ > i •»•'" i = 1 T.L 1 *■ { uLl \ = 1 ■"•'•"•' } 

ThS following are examples of paired arrangements of the second species 

with a = 2 and 5 = 1 as usual. 

(X12.) (X12.9.) (X12.) (X 

'4 < 7.4.1. [ = < 4.1 Y 4' -J 7.4.1. y = < 10.7.4.1. 

( r.2 ) ( Y ) ( r.5 ) (r.5.2 

"^iwhlvj *lw}=fe'} '^l-;}=l!j 

4' 





a:.9. ) (X. ) 

Y.ll) ( F.ll.sj 



We come now to the third species. Here, I think, the reader will find it a 
great relief to the strain upon his attention if I invite him before attacking the 
demonstration to consider the annexed diagrammatic cases accommodated to 
the supposition a = 2 , 6=1. The JS's it will be remembered in this species do 
not exist, and the action neither of '^ nor ^' introduces any B into the trans- 
formed arrangement. In the examples given below the C and A terms occupy 
the higher and lower lines respectively — the comma is used in the latter to mark 
off the iA^8 from the AiS. 

'S i ^'^' I 9.6.3. ^, j 6.3. ) 6. '%^i7ftK^ ^' 

"^l 14.11.8.5, ) ~ 14.11.8,2 "^ ( 14.11.8,2) "" 14.11.8.5, '^^ •^'V ~ 17.8,2 

'3(17.8.5.) = j^3_2 '<^'''-'0= .11.8.5.2 'K''-''''-'-^)= 17,1^.6.2 

/^n _ 9. ^»i 12.9.3. ) 12.9. ^, ( 9.6.3. ) 9.6 

^ '~,2 ^ ( ,11.8.5.2 ) ~ 14,8.5.2 ^ j ,11.8.5.2 f ~ 14,8.5.2 
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The left-hand accent is used here as elsewhere to signify that the phase of 
the operator which brings about an increase and the right-hand one a decrease 
in the number of C7's. It will readily be seen that the action of the operator in 
each of the above examples prepares the arrangement for the action of the 
contrary one which will restore it to its original value. It is worthy of notice 
that in any two associated arrangements above, an a (here 2) may appear in each 
and mtLst appear in one of them. I will now proceed to the general demon- 
stration. 

(67) Let us first suppose J.i= 0, then i4>0, otherwise we shall be dealing 

with the antecedent species and '^ will be applicable, making [A] = [A{\ = a 

[C7]=JL — a<iG and ]> (4 — «)• Thus the generated arrangement is licit and 

belongs still to the third species ; but now [(?] + [Aj'] = A and [^A] = > A. 

Hence the reversing operator ^' is applicable to the new arrangement; the 

remaining cases to consider (in which A =^ a for the arrangement as well before 

as after being operated upon) may be separated into those where C7 >► , and 

• • • 

at the same time either C + Ai<iiA or iA = 0, which are amenable to the 

operation ^' and the complementary cases which are amenable to '3 . 

In the cases first considered [-4J=-4i — c, [i-^l] = (? = -^i3[(7] + or 

^(^(and h fortiori ^O), consequently the new arrangement is licit and still S 

belongs to the third species, and since either [67] =0 or else [C7] + [-ij^^C 

• • • 

+ Ai — (7 = >- [jj.] and QJ.] ^-O, it is one of the complementary cases and is 
subject to the reversing operator '3. 

Again, any arrangement for which A=^a belonging to the complementary 
cases is defined by the conditions i-i >- and G + Ai=:^iA and is by hypothesis 
to be subjected to the operator '3 which will make [-4 J = Ai+ c, [^A] = or 
y>iA [(7]=i-^ — Ai — c, and since C7 = >'iA — Ai [C']^ C, so that the opera- 
tion leads to a licit new arrangement. 

Also [(7] -f [j1i] =i4> a^^d consequently either [i4]=0 or [67+ ^J 
<! [lA] , which is a condition belonging to the first considered class of cases, 
subject to the reversing operator 3', and thus for the third as for both the antece- 
dent species of the second genus, it has been proved that each designated 
operator prior to any arrangement being performed does not take away its 
licit character nor carry it out of the species to which it belongs, and on being 
repeated brings it back to its original form, and that the effect of any single 
operation is to maintain the content (or inertia) of the airangement constant but 
to reverse each of its characters. This is the thing that was to be proved and 
brings my wearisome but indispensable task to an end. 



«» • 
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(68) Another and perhaps somewhat clearer image of the classification of the 
numbers of the second Grenus may be presented as follows : The combinations 
of the characters XGOExcoe give rise to eight pairs of groups, say eight classes. 
Of these classes four belong to Species 2, and may be represented by four indefinite 
vertical parallelograms, set side to side, and subdivided each of them into four, 
(say) black, white, grey, and tawny stripes, corresponding to the four varieties 
of the second species. The other four classes may be similarly represented by 
four such parallelograms as before, but separated by a transverse horizontal line 
into eight sub-classes, four corresponding to the first species and four to the 
second. The upper parallelograms may then be each divided into blue and 
green, the lower into yellow and red stripes to represent the respective couples 
of varieties of the first and third species. There will thus be in all thirty-two 
stripes, viz. four blue, green, yellow and red, and four black, white, grey and 
tawny, each of which is bifid, representing two groups of opposite sexual 
characters, which may be fittingly represented by the upper and under sides of 
the sixteen unlimited single-colored stripes of the first and the eight unlimited 
double-colored stripes of the second set of parallelograms. 

The above logical scheme is not intended to convey any notion of the 
relative frequency of the three species. The general case is that of the first 
species. The second is conditioned by 'jB = 6 or ^ = , and the third by 5 == . 
When '^=.h it is about an even chance whether the arrangement is of the 
second or first species, and when 5 = of the second or third. Either equality 
is a particularization of the B series, the latter signifying that there are no 5's 
in the arrangement, the latter that there are 5's descending in rational progres- 
sion down to h : this supposition is apparently infinitely more general than the 
former, because there is no limit to the number of terms in the progression, and 
the case of a natural progression of 5's of the kind mentioned with any given 
number of terms as regards the probability of its occurring in an arrangement 
seems to be on a par with the case of the 5's being all wanting. Hence the 
first species is infinitely more frequent than the second, and the second than the 
third. According to Prof. Max Miiller's theory of the relation of thought to 
language (if I interpret it rightly) I ought to have thought out my divisions 
and schemes of operation in language, but I certainly had formed in my mind 
a dim abstract of them before I had found the language that was competent to 
give them expression. 



arranged in three Acta, an Interact and an Exodion. 327 

In conclusion, I may remark that whilst the experience of the past indicated 
the probability that there did exist (if one could find it) a method of distributing 
the arrangements of the second genus into pairs, in such a way that in each pair 
the total or partial character should be reversed in passing from the one to the 
other, there was nothing to induce a reasonable degree of assurance that both 
those characters should be found simultaneously reversed in one and the same 
distribution ; for aught that could have been foreseen to the contrary, it might 
very well have happened that one mode of distribution might have been needed 
to prove Jacobi's theorem for the case of only negative signs appearing in the 
factors on the left-hand side of the equation, and a different one' for the other 
case where only every third factor contains such sign — indeed upon the principle 
of divide et impera or doing one thing at a time (as invaluable a maxim to the 
algebraist as to the politician) T had completed the proof for the former case 
without thinking of the latter, and only when on the point of attacking it was 
agreeably surprised to find that there was nothing left to be done, for that the 
proof found for the one extended to the other — in familiar phrase, I had hit two 
birds with one stone. We may now ask whether this was a happily found 
chance solution or was predestined by the nature of things, and that simple 
necessarily implies double enantritropy of conjugation. Probably I think 
not, and if so, a. question arises as to the number of solutions for each of the 
two sorts of enantritropy and whether the number of each kind of simply- 
enantritropic conjugations is the same. 

Viewed merely as a question of direct multiplication, I think it must 
be allowed that what I have here called Jacobi's theorem (including Euler's 
marvellous one, aa the ocean a drop of water) is the most surprising revelation 
that has been made in elementary algebra since the discovery of the general 
binomial theorem, and that the space devoted to its independent, and so to say, 
materialistic proof in these pages, although considerable, is not out of proportion 
to its intrinsic importance. 

Note H, Intuitional Exegeda of Oeneralized Fatey Series.* 

(69) The demands of the press will only admit of a rapid sketch of what 
appears to me to be the true underlying principles of the theory initiated by 
Farey, honored by the notice of Cauchy, and to a certain extent generalized 
by Mr. Glaisher, whose inductive method in the cases treated by him finds its full 
development in the method of continuous change of boundary, explained in the 

* Continued from note O, Interact, Part 2. 
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course of wTiat follows. Let us start from the conception of an infinite cross- 
grating formed by two orthogonal systems of parallel lines in a plane, the 
distance between any two parallels being made equal to unity. The intersections 
of any two lines of the grating may, as heretofore, be termed nodes. A triangle 
which has nodes at its apices and at no other point on or within its periphery, 
may be termed an elementary triangle, and the double of the area of any such 
triangle will be unity. If any finite aggregate of nodes be given it must be 
possible to pick out a certain number of them which may be formed together 
by right lines so as to form a sort of ring-fence, within which all the rest are 
included : the area thus formed, if it admits of being mapped out into elemen- 
tary triangles, may be termed a complete nodal aggregate. Any other contour 
consisting of lines of any form (cufved or straight) drawn outside of this ring- 
fence in such a manner that no nodes occur between the two, may be termed a 
regular contour. 

If any node be taken as origin and 'any nodal lines through as axes 
of coordinates, and if 'Aj A' are the nearest nodes to in the radial lines on 
which they lie, and if no nodes of the given aggregate are passed over as an 
indefinite line rotating round 0, passes from one of these radial lines to the 
other, 'AOA is an elementary triangle, and if 'p, 'q; p, qhe the coordinates of 
'Aj A respectively, 'pq — p'q=E where cis+l or — 1 but is. fixed in sign 
when the direction of the rotation is given. 

When the aggregate is complete, if the values of the coordinates of the 
successive points passed over by the rotating line be called . . . "p , "q ; 'p , 'q] 
Pf^j jP'» 3^» JP"» 8^'; ... I we shall have a Farey series formed by the successive 
conplea p, q J i. e.pf^'q — p'q^'=:6] p'q — pqf=ie] pqf — p'q=^6... Thus we 
see that the Farey property is invariantive in the sense of being independent of 
the position of the origin. 
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Next I say, that if any contour to a given aggregate is regular, every 
contour similar thereto in respect to any node of the aggregate regarded as the 
center of similitude is also regular, provided the boundary is simple ; meaning 
that there are no interior limiting lines giving rise to holes or perforations in 
aggregate, and no loops formed by the boundary cutting itself. 

In the above figure 'BOS' is any triangle whose sides are bisected in 
'-4,-4, A'. Suppose to be the origin 'A, A\ two nodes of greatest prox- 
imity to successively passed over by the rotating line for a given contour. 
As this contour expands uniformly in all directions through 0, the line 'AA' 
remains parallel to itself. Since 'AOA' is an elementary triangle so also must 
the similar triangles 'AAA\ A'AB' 'AA 'B be all elementary, consequently A will 
be the first new node intervening between 'J., A brought into the enlarged 
aggregate as 'AA moves continuously parallel to itself, and '-4 0^4, AOA' will be 
elementary triangles [it may be noticed in order to bring this method into rela- 
tion with that indicated by Mr. Glaisher, that the coordinates of this new node 
A are the sums of the coordinates of its neighbors 'A , J.'] . If the contour were 
not supposed to be simple, this condition could not be drawn ; for if there were a 
hole round the middle point of ^AA! the node A would be missing in the enlarged 
aggregate, and if the first node to intervene as the contour went on enlarging 
be called {A) ; 'AO{A) or {A)OA' or each of them would be a multiple of the 
elementary triangle so that the constancy of the value of the successive deter- 
minants would no longer hold. In like manner it will be seen that on the same 
supposition as above made, if in consequence of the contour contracting about 
as the centre of similitude, two points 'A A' which originally are non-contiguous, 
at any moment become contiguous, at the moment previous to this taking place 
A (and no other point) must have intervened, and after A has disappeared from 
the reduced aggregate, no other point can make its appearance between 'A, A. 

(70) Hence we may contract at pleasure the given contour about any node as 
origin, and if the contour so contracted contains at least one node besides the 
origin, it will suffice to determine whether the given contour is or is not regular. 

Thus ex gr. in the case of a triangle limited by the axes and by the right 
line x + ?/ = n, we may make n= 1 and the trial-series will then become 

T T TT ^'^^^^ possesses the Farey property. Hence this will hold good for a 

triangular boundary of any size and wherever the origin is situated : this 
includes the case of the ordinary Farey series when the origin is taken at either 

Vor.. V. 
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extremity of the hjpothenuse. So again for the* area contained within the axes 
and the hyperbola an/ = nj we may take xy = 1 and the trial series is the same 
as before. 

(71) It is easy to form unper/orcUed areas of any magnitude which shall not 
satisfy the Farey law : ex gr, we may as in the annexed figure 




draw a curve passing through the origin, the point (0, 1), and the pomt (2, 3), 

2 

— • — does not satisfy the Farey law, and consequently the contour obtained 

by magnifying this in regard to the point (0, 0) and may be made to contain 
an indefinitely large number of nodes will not be a "complete contour," and the 
successive values of (/>, q) obtained by the rotation of a line round the origin 
will not constitute a Farey series. 

The theory will, I believe, admit of being extended to solid reticulations, 
formed by the intersections of three systems of equidistant parallel planes, 
determinants of the third order between the three coordinates of successive 
points, replacing the j^ — I^Q of the plane theory. The chief difference will 
consist in the introduction of a new element in the multiplicity of th6 "normal 
orders" in which a given set (of points in a plane or) of radii in sdido may be 
taken so that the signs of the determinants between each consecutive determinant 
shall remain of invariable sign — but as far as I can see this will in no way 
militate against the existence of the laws of invariance and similitude established 
for the case of a plane reticulation, but will only introduce a further principle of 
invariance, viz. that the law of unit-determinants if satisfied by one normal 
arrangement of the points of the solid reticulation will be satisfied by every other. 



An Expression of the Coordinates of a Point on a Bi- 

Nodal Quartic Curve as Rational Functions of the 

Elliptic Functions of a Variable Parameter, 

m 

By E. W. Davis, Fellow of Johns Hopkins University. 



The equation of the bi-nodal quartic can always be put m the form 
(1) a^y* + 2?(aa:*+6y*+C2'+ 2fyz+ 2gzx+ 2kxy) = 0, 

where 25 = is the line joining the nodes and a; = and y = its harmonic 
conjugates with regard to the tangents at the nodes. 

We may otherwise write (1) 

^(7 + 0+=K/+*t) + (4 + ^*T + ") = »- 

This gives , 

OS 

Suppose that a , j^ , y , 5 are the roots of the quartic in — under the radical 

sign, and let a < /3 < y < 5. 
Assume 

where «* is a new variable. 

Also let ;5*=-~^-''~ 



the quartic in— then becomes — a a (3' y* 5, 

z z z z z 

which is a («-^)'(«-rX«-'>)'(i9-'>)'->'(l-«')(l-y^) , 

X 1 

This vanishes for — = a, j^, y, 5, that is for «•= 0, 1, -^^ > <» • 
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By reference to (2) we see that x = az, ar = fiz, x = yz, ar = & are the four 
tangents from the node (xz) to the curve. Jt? is therefore one of the anharmonic 
ratios of these tangents. 

Put ^/a{a — ^y{a — y){a — 5)* {(i — if = n 

«•, 1 — «•, 1 — 1^(^=1 sJD?u, cn*w, dn*i£ = «*, c*, cP, 

(2) and (3) then give 

(if » + 6iV^») -?^ = —/IP— hMN^ nP, 

or x'.ijiz =M{M^+bN^): — N{/N^ + hi[N±nP):M{M^ + bN^). 

The double sign before the nP is to be taken as positive or negative according as 

we take one or the other of the two intersections of a line through (xz) with the 

curve. 

The ratio x:y:z, as above given, involves nine constants, A, B, Gj D^ 

b,/j h, J^, n, or the 8 ratios of these constants, which is two more than are 

needed. Of these n involves a and a, /?, /, j; a and likewise b can be 

expressed in terms of A,/, and a, /3, y, 5; and then a, /3, y, 5 themselves, in 

terms of A, B, Cj D and li?. 

We have 

^_ 2g _ '^f>g-hf) _ 2hf 

_ e + ab — h* _ be—P _ e—h* _ bh}—P 

^~ lap ~ a^i ~lap — b~afiri—blap + b* ' 

whence 
= 6»(2V+ A*2a) — b (/»2a + 2A/2a/3 + A»2a/?y) +/»2a/3y + 2A/a/?y«, 

where a, (3, y, 8 are to be replaced by their values in terms of 4, -B, (7, 2), A?, 

A r, A-^B J^A + B . B 

VIZ. a = ^, ^=c+D' y^l^C+D' * = ^- 

The value of x:y:z readily gives for the node (xz) 

and for the node {yz) 

And since the tangents at the nodes are a?+i2;*=0, and y*+cM?=0, 
we have for the tangentials of the node {xz) 

^—_A±^^/^C 

the same values as for the node itself. 
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Those of the node {yz) are given by 

fN^ + hMN± nP= =b (ilf»+ 6iV^»)>v/=^. 

If a line through (xz) meet the quartic in the points whose parameters are 
u and tfj, then if s, c, d and s^ Cj, di are the sn, en, and dn of those parameters, 
Mj N, P, Mij Ni, Pij the corresponding functions of « , c , d! and 8^ Cu di, we 
have 



= 



Xj z 


^_„ 


M, N 


^■MiV 


a^i, Zi 




M„ N, 





A+Bsi, C + l>a? 



= {BG—AD){8*—4), 
and therefore « ^ ± «i . 

an equation which we have already seen to hold with regard to the tangents at 
the node (pcz) . We shall presently show that « = «j and « = — «i are true for 
lines cutting different portions of the curve, the change from one to the 
other occurring at the points where « = and « ^ oo . 

The line through the node (yz) is found in precisely the same way to meet 
the quartic in points whose parameters are connected by the relation 



= 



=/ 






/N*-\-hMN ± nP., M*+bN* j 
/N\ + hMi NidznPi, Jd\+ bNl 

M. N' 



— h{MMi—bNNi) 



M„ N, 



n 



P, M*+bN* 
Px. Ml+bNl 



±n[8cd{{A + B4y + b{G + Dsiy) — 8xCidi({A+B8')*+b{G + ds'y)]. 
This result may be easily verified for the line z ^ meeting the quartic in 
the node (xz) counting as two points for which 

On substituting these values the quantities multiplying /, h and n separately 
vanish. 







Again, if we put ^f ^ ^ > the value of «* is that for the tangentials of 

the node (yz) . We get 

/N^ + hMNdbnP _ ^nPi _ 



M' + bN' — - if J — =^ '^ "' 
which is the same as the equation previously obtained for these tangentials. 
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Consider again a line through the node (xz). We had for such a line 
9= ±: ^i; and if the line z were tangent to the quartic, s assumed the values 

1 X 

0, If -T-' and <x> as — became equal to a, /3, y, and S successively. 

If in (3) we put — >• 5 or — <C «! we find s a pure imaginary ; the argu- 

X X 

ment u is therefore imaginary or differs from a pure imaginary by a half-period. 
We must then for this portion of the curve have s^ — Si and argument varying 
from 1^ = i: iA/ at « = 00 , to i^ = at « = . For intermediate points we have 
u^ + ik and tA = — iX. 

Now since for x = /?z 5=1, it must be that for x^= ^zdz d, where (2 is an 
infinitesimal, 8 varies but little from 1 ; therefore both values of s must be 
positive, i. e. 8 = 8i: the same reasoning shows that 8 continues equal to 8i until 
we come to * = oo again. 

For « = 1 we have u = K, also for « =-t- , w =:K±:iK\ and we are enabled 

to see how u varies as the line through (xz) revolves. From x = az , where 
i^=zO or 2K, tox^ (3Zf u=iK±i X becoming jK' at a; =/32.; from a;=/3ztox=yz, 
u = JTdb iJl becoming K±. iK' at a = yz ; finally, from a5 = y2toa = 5z, u'=' K 
db xK^ db >l becoming xK^ at a = 5z. 

There are two bi-nodal quartics, the tangents at the nodes of which and the 
four tangents from the nodes of which are real. In one the two nodes are on 
the same branch of the curve, and in the other on different branches of the curve. 





For the first, which I have sketched to the left, a, j9, y, j all have the 
same sign. In the drawing I have assumed all negative, since then x and z will 
both be positive when both are reckoned the same way from the centre of the 
triangle of reference. For the second form of the curve a and ^ are negative, 
and y and h positive. In either case (yz) lies upon that portion of the curve for 
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which the argument and therefore the 8 is imaginary. This is as it should be, 

for the s at {xz) is\/ ^ , and — is always positive. In the first case (xz) lies 

upon the portion with imaginary s, in the second case not. This is also as it 
should be. For in the case where s of (xz) is imaginary, either a and 6 are 
negative and — &> - 6* or a and 8 are positive and 1 — A < a*, so that we 

must have -^=z positive, and therefore 

d±\/—b 



V - s^^—hj) - V - ^^^:r6D ^« iniagmary. 
When, on the other hand, s of (xz) is real, a is negative, 6 positive, — b 



<a* and <5*, giving — - negative and so \/ — — is real. 

o±v — b B±z\^ — bD 



y 



It is obvious, that instead of solving the original equation as one in — we 

z 

could have solved it as one in — by putting 

y^_ M' _ A' + Ba^ _ a»(^' — &)^&{f^—^')(r' 

yz=,a!z^ j3'z, /z, h'z being the tangents from the node {yz) to the curve and 
a' <C i3' <C y' <C 5'. All that we have made out with regard to a line through (xz) 
now applies equally to a line through {yz), if we change the unaccented for 
accented letters and the 6 for a, a for 6, and /for g. 

The T^ remains unchanged since the anharmonic ratio of the four tangents 
from {yz) = that of the four from {xz) . The parameters for the tangents from 
{yz) have then the values 0, if, K+ iK'^ iK\ The intersections of corresponding 
tangents lie on a conic through the nodes. If we denote by v the parameter of 

the points of the quartic when we put — = -^ > then u^=v means that the line 

through {xz) and u (say) meets the line through {yz) and i; on the above 
mentioned conic. The condition that lines through {xz) and {yz) should so meet 
is that they are corresponding rays of the two homographic pencils determined 
by the tangents from the two nodes. Therefore we have, expressing this 

condition analytically by writing the general values of— and —instead of a and 

z z 

a' in the values of 1^ and by equating results. 
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This gives immediately 



(a-ry^-d) + (i-r)(a-^)i?(?-3) [a'-y'yj/-9) + {Sf-r'){a'-[:/)a^(ff-ffy 

1 — jfc*** 1 — iV 

It was not at all necessary to have assumed a<!i3<Cy<Ci;we might have 
taken them in any order whatsoever and have changed them in 4 different ways 
without altering the T^. The same is of course true of the a', /^', / and h'. 
Corresponding to a definite value of 1^ there will then be 4 different conies 
through the nodes on which Corresponding lines through the nodes will meet. 



Some Notes on the Numbers of Bernoulli and Euler. 

By G. S. Ely, Felhw in Mathematics^ Johns Hopkins University. 



The expansion of tan x , cot x and cosec x , are known expansions depending 
on the numbers of Bernoulli ; the expansion of sec x depends upon a series of 
numbers which are closely allied to the numbers of Bernoulli, and by many 
continental writers are designated as secant coefficients. Professor Sylvester, 
however, has named them Buler's numbers. Differentiating the series for tan x 
and cot x we obtain the expansion of (sec xf and (cosec x)*, and thence (tan »)• 
and (cotx)*. The problem was therefore suggested to the writer to find 
expansions for the n^^ powers of the trigonometrical functions. The fimctions 
(sin a:)* and (cos «)* may be expressed in terms of sines and cosines of multiple 
arcs, and then be expanded by Maclaurin's formula. For the other functions the 
following formulae may be used : 

(tan xY = ^ ^ (tan xY'' - (tan xY"' (1) 

(cot xY = - ^ ^ (cot xY"' - (cot xY-' (2) 

(cosec xY = ^^_il^_2) I ^ + (^ - 2)* } (<^««c ^Y'' (*) 

2*"(2*" — 1) 
For example, if /|hi-i= — ^"2^^ — ^*"-^ 

tan x= 'i^ + '3 -gj- + <5 -gj- + etc. 

y^l)U ryj^ jvgP 

(tan x)*= <3-2J- + ^i-^i + ^^ + ®*<'- 

(tana!)- ^ 3.+ 2 6!^ 2 71 + «'^- 
(tan x)^= -3j-^ + -3^ -g^ + ^y- P- + etc. 

VOL.V. 
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Formulaa (1), (2), (4) and (3) when n is even depend on Bernoulli's numbers; 
when n is odd (3) depends on Euler's numbers. This is the case I shall 
specially consider. 

8eox = i + E,^ + E,^ + E.^ + etc. (5) 

The values of the E^& are readily found by multiplying (5) by 

cosa:= 1 — -gy + — — Ij- + etc. (6) 

and equating coeflBciente. The expression thus obtained for the E^b may be put 

in the symbolical form 

(^_i)»* = (7) 

in which i = V — 1 and after expansion the representative quantity E^ becomes 
the actual quantity E^^. Then it is easy to show from (7) that the E^a are odd 
integers, and the proof that they are positive is also an easy matter. Actually 
computing a few of the E^a we find 

E^=l ^8=1385, 

E^=5 JS^io= 50521, 

E^=61 j^i^z:: 2702765, etc. 

Appljdng formula (3) to (5) we find 

(8ecx)»= ^ + ^^ ^ + -^ -^ + etc. (8) 

(»«=.)>= ' + '^f +^ + °^+ ^f ■+^ -^ + '^+ ^"^^^ |1 + etc. (9) 

From these relations numbers of formulsB may be derived giving relations 
among the niunbers of Euler, or between the numbers of Bernoulli and Euler. 
I will mention the following: multiplying (8) by (6) we obtain a value for 
(sec »)*, but differentiating the value of tan x we obtain another value of (sec xf. 
Equating coefficients we find the relation 

(2n-l)2>>(2»>-l) _ V^/_Nn+i_^^LHb^L:?__ 

(2n)! ^»»-i— ^V ; (2i — 2)1 (2n — 2i)!' 

in which -E'o = 1 • 
Again 

1 3 ^ x'^ t/^ 

(cos xf— — cos 3x 4- -^ cos cc = 1 — + 21 — — 183 -^ j- + etc. (10) 

The law of the coefficients 3, 21, 183 . . . being that each is 9 times the 
preceding less 6. Multiplying (8) by (10) one obtains a relation among the 



Ely : Some Notes on the Numbers of Bernoulli and Euler, 



339 



E^Q] or expanding 



(cos x) 



8 



^^ + 21 4^ -etc. 



by a known formula {vide Hammond, Proceedings Lon. Math. Soc., Vol. VI, 
p. 69) we find 



^tn + 2 + ^In— 2 



3, 1, 0, 0, . . . 

21, 6.3, 1, 0, . . . 

183, 15.21, 15.3, 1, . . . 

1641, 28.183, 70.21, 28.3, . . . 



(n*^ order) 



But the chief purpose of the present paper is to obtain the expansion of 
(sec x)^, where p is an odd prime. To this end observe that 

(sec x)^= (l + E,^ + E,^+ etc.)''; 

whence as the E^8 are integers the coefficient of -t^-tt in the expansion on the 

right is an integer, and if n]>0 is evidently divisible by the prime number p. 
If we consider the squares of the odd numbers less than p , viz. 

1», 3», 5^ .. {p—2y 
and represent their combinations n at a time by Sn , and for the sake of con- 
venience write ^ = p' ; it is easy to see that by successive applications of 
formula (3) we obtain 

^seca:; -^ (v—l)\ (2n)\ ^ ^ 



n = 



a:*" . 



in which £"0=1. Since the coefficient of -Tn-r^ is integral and divisible by 

^(7i>0), h fortiori the numerator in the last is divisible by p. Thus we have 
Sj,^E,„+ Sj,^_iE^+,+ . . . +/Si^,„+p_3+ ^„+p_i=0 (mod^) (12) 

(n<0). 
We are thus led to a consideration of the numbers S^.* Consider the 
expression 
1»» + 2»*+ 3»« +...+(/)— !)»" = 



2n+l 2 ^""f" 2 



2«/— » + ...(-)*"' ^to-iP. 



I am indebted to Mr. Durfee for the idea of the proof of the following property of the numbers Sm • 
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This is of course an integral expression ; as no ^ can, by Staudt's ibeoi:em, 
contain the same factor twice in its denominator, and as ^ multiplies every term 
but the last the expression will be divisible by />, if, and only if, the last term 
contains p . Now by Staudt's theorem the first B which can have the fieustor p 
in its denominator is Bp_i . Therefore 

li«+2»»+ ... +(jj— l)*"=0(modp) (13) 



if n< 



p-1 
2 



But as ^ is odd, every number less than j) is an odd number or p 



minus an odd number. Thus (13) is 

l*"+li>-(i>-2)}*» + 3«»+{i>-(^-4)|»«+ ... 
which is =2\ 1«» + 3*» + 5*»+ ...+(;> — 2)*» } (mod />) , or as^ is odd 

l»» + 3»" + 5»»+ . . . +(;> — 2)»»=0(modp) if n<^^ 
_p-l 



(14) 



If n = 



we have by Fermat's theorem 
1«» + 3»« + 5«» + . . , -I- (^ _ 2)»« = ^zJ: (modp) 



(15) 

Further let <ri, cr,, cTs, . . . represent the sums of the first, second, third, . . . 
powers of the elements 1*, 3*, 5* . . . (^ — 2)*. Then by a formula of symmetric 
functions 

(Ti, 1, 0, ... 

o^j (Ti, 2, ... 

<^3i <y«» (Ti, . . . 



ml 



<^m» ^m — 1> ^m — 2» . . . (Ti 



Therefore if m<i 



p-1 



From (14) and (15), 



the first column divides by p and we have 

2 

S^ = (mod p) 



(16) 



'%=Ji 



1 . . . 
2 . . . 
. . . 



• • • 



• • • 



0... p'—l 
pf . . . 



(mod p) 
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i.e, ^^, = (_i)p'+i(niod2>) (17)* 

Applying these results to (12) we see that 

^ = (-)^^+,.i(mod^) (18)t 

For the case in which n 2= a slight modification is necessary. The coeffi- 
cient of 05^ in the expansion of (sec a:)^ is 

(p-l)I 
which is equal to 1 . From what has been proved concerning the numbers S^ , 
and from Wilson's theorem, by which 

( p — 1) ! = — 1 (mod p) 
we have jE^p_i= (mod p) if p is a prime^of form 4n + 1 

^^.1 = — 2 *' " " " 4n+3. 

An immediate consequence of these results is that the j^'s end alternately in 
1 and 5 , a point which I believe Scherk was the first to prove. 

That the residues of the E^b with respect to any prime modulus are periodic 
has been noticed (Lucas, I. c). We can, however, go further and find the periodic 
residues of the j^'s with respect to certain composite moduli. Thus for example 

in the expansion of (sec ar)*, the coefficient of j^-r; is 

24 ' 

and since this is an integer 

9^,,+ 10^,,+, +^,^+4=0 (mod 24), 

whence E^ =17 (mod 24) 

-®8» + »— ^ 

Similarly from the expansion of (sec xy we find the period of 48 terms 

^48m+a+»=60A; + 1 (mod 720) 

^«..+a=(13-A:)60 + 5 
Exgr. j&io= 50521 = 121 



CI 
CI 



j&i,= 2702765 = 606 



* The results given in formulsB (16) and (17) may be obtained much more simply. Sinoe 1,8,8... 
(p— 1) are roots of FermaVs congruence, a?'"'— l = (aj— l)(aj— 2)(ic — 8) . . . (» — p + l)+p^(«). 
Then adding p to each of the factors {x — dm) we have 

«'-»-l = (a»-l»)(a»~8«)(a?»~6») . . . («*-(^)')+p/(«) 
whence formulas (16) and (17) follow immediately. 

tThis result has been g^ven by Lucas (Messenger^ VII), but obtained in an entirely different manner 
from that here employed. ^ 



Ttibles for Facilitating the Determination of 

Empirical Formulae. 

By a. W. Hale. 



Put 



By making the intervals between observations constant and equal to unity, 
the calculation of empirical formulae may be abridged. 

X = the independent variable 
y= ** dependent ** 

^ij ^%y ^s'j !/ii 1/21 1/31 &c. = observations 

m = number of observations 

«i» ««» «3; bij 6,, 63, &c. = undetermined coefficients 

[2] = Zl+ Z%+Zsj &c. 
^ZU] ^=ZiUi+ ZiU^ + Z^lls, &c. 

[z*u] = ^ni + ^v^+ 2^113, &c. &c. 
STg — Xi=^x^ — ar,= X4 — 0:3, &c. 

«^ = y — 2/1 (1) 

^=^^- (2) 

(3) 



3?2 '^1 

U= biZ + b%7? + . • + fcn2* 



«^n= 6i3« + ftgZf* + . . . + 6«2: 



n 
n 



(4) 



Multiplying equations (4) successively by the coefficients of &i , &t . . . 6, and 
adding the results of each multiplication, we have 






(5) 
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Putting n = 2 we have from equation (3) 

u=biz + b^^ (6) 

and from equations (5) 

Solving equationfi (7) with respect to bi and b, and substituting the values of 
hi and b, obtained in equation (6) after putting 



(10) 



we have 

t^ = a{(i3[zw] — [^u])z+{y[^u] — [sm])^] (8) 

By equations (1), (2) and (8) and the following table (1) in which the values 
of a, ^ and y are given for values of m from 5 to 26, a value for y may be 
foimd corresponding to any assumed value of x. 

Putting n = 3 we have from equation (3) 

u = biZ + h^s? + bs^ (9) 

and from equations (6) 

lzu] = l^]b^+[f\b,+ lz']h 
l^ti']=i^]h+[?i'}b,+ l^]b. 

Solving equations (10) with respect to &i, b^ and b^, after putting 

■B/A=B, i[^]lz']-W)/B = e, ([z«][0-M[2'])/-B = ?, C/A = yi, 
{[/][.^-b^W])/0=6, ([«?]M-M»)/C=«, D/A=X, B/D=ii, C/D=v, 
we have 

J^= — >7(d[2t*] — «[a*w] + [fu]) 
b9=^li[zu]—v[s?u] + l^uj) 

By equations (1), (2), (9) and (11) and table 2, in which the values of 
Sy €, ^, &c., are given for values of 97? from 9 to 26, a value for y may be found 
corresponding to any assumed value of x. 

Whether an empirical formula derived from a series of observations will 
involve the third power of the variable or not, is shown by simply putting the 
third equation of equations (11) 

bs=2.{(i[zu] —v[s?u] + [z^w]) = 0. 



(11) 
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whence 



V [a^w] — (i [zu] = [sj' w] 
Example 1. 



(12) 



1 

m 
1 


2 


3 


4 


6 


6 


7 


8 


y 


u 


z 



zu 


*>« 


z*u 


5 


4 














2 


10 


6 


5 


1 


6 


6 


6 


3 


21 


8 


16 


2 


32 


64 


128 


4 


38 


10 


33 


3 


99 


297 


891 


6 


61 


12 


56 


4 


224 


896 


3684 


6 


90 


14 


86 


5 


426 


2126 


10626 


7 


126 


16 


120 


6 


720 


4320 


26920 


8 


166 


18 


161 


7 


1127 


7889 


66223 


9 


213 


20 


208 


8 


1664 


13312 


106496 


4296 


28908 


202872 












[«•] 


[zHt] 


[zHt] 



In column 1 are given the number of observations m ; in columns 2 and 3 
the observations f/i, y%, Xi, x%, &c. The figures in column 4 are calculated from 
the figures in column 2 by equation (1) by subtracting the value of y for m = 1 
from the following values of y successively. Column 6 is calculated from 
column 3 by equation (2) and is in all cases the series of consecutive numbers 
0,1,2, &c. Columns 6 , 7 and 8 are the products of column 6 and columns 
4, 6 and 7 respectively. 

By equation (12), the footings of columns 6, 7 and 8, example 1, and the 
values of (i and r for m = 9, Table 2, we have 

V [s?u] (i [zu] 

lli^X 28908 — 28TVffX 4296 = [e»?i] 
i.e, 202872 = 202872 

The empirical formula for example 1 does not, therefore, involve the third 
power of the variable. 

By equation (8), the footings of columns 6 and 7, example 1, and the 
values of a, ^ and y for tn = 9, Table 1 , we have 

a /? [zu] [^^] y [2^^] [pJ^ 

u — .0118] (6.7685 X 4296 — 28908)2 + (.1574 X 28908 — 42e6)2;»} 

whence w =: 2« + Ss? (13) 
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By equations (1), (2) and (13) 

By equation (14), example 1, columns 2 and 3 for m 

X — 4 . _ /x — 4\* 



(14) 
1 and 2, we have 



2/--5=2 



+ 3 



whence 



6—4 
y= 13— 5a;+ i«* 

Example 2. 



(Id 



(16) 



1 


2 


3 


4 


6 

t 




6 


7 


8 


m 
1 


y 


X 

3 


u 


zu 


z'w 


ifu 


4 




• 











2 


4 


6 





1 











3 


4 


9 





2 











4 


10 


12 


6 


3 


18 


54 


162 


5 


28 


15 


24 


4 


96 


384 


1536 


• 

6 


64 


18 


60 


5 


300 


1600 


7500 


7 


124 


21 


120 


6 


720 


4320 


25920 


8 


214 


24 


210 


7 


1470 


10290 


72030 


9 


340 


27 


336 


8 


2688 


21504 


172032 


5292 


38052 


279180 












[zu] 


[«»«] 


[z»tt] 



By equation (12), the footings of columns 6, 7 and 8, example 2, and the 
values of /u and v for m = 9 , Table 2, we have 

V \7?u] (I [zu] 

IIt^Ax 38052, — 28iVffX5292, = [z^u] 
le, 277345TVff < 279180. 

The empirical formula for example 2 therefore involves the third power of 
the variable. 

By equations (11), table 2, for m = 9, and the footings of columns 6, 7 
and 8 , example 2 , we have 

6i= .0153(33.5593 X 5292 — 12.00055 X 38052 + 279180) = 2, 
6,z=:— .0061(30.2857X5292— 11.5357x38052 + 279180) = — 3, I (16) 
63= .00054 (28.33945 X 5292 — 11.2294 X 38052 + 279180) = 1 
Substituting these values of bi, 5, and 63 in equation (9), we have 

u = 2z—S^+^ (17) 

Vol. v. 
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The Tabulation of Symmetric Functions. 

By W. p. Durfee, Fellow of Joints Hopkins University. 



M. FaA de Bruno gives, in his Tlieorie des Formes Binaires, tables of the 
values of symmetric functions, which are symmetrically arranged and at the 
same time confined to a half square. In these tables the functions of the self- 
conjugate partitions are placed in the middle. The remainder of the functions 
are separated into pairs, a pair consisting of a function and the function of its 
conjugate partition, and the members of each pair are disposed symmetrically 
about the middle. How he obtains a suitable arrangement of these pairs he 
does not say. My object is to show that such an arrangement is always possible, 
and at the same time to indicate how it can be obtained. 

I shall first show that such an arrangement is possible in the tables giving 
the values of the combinations of the simple symmetric functions in terms of 
the general symmetric functions. 

Let «!, a,, etc. denote the partitions of any number arranged in natural or 
dicticmary order; Pj, jP,, etc. the combinations, and 4>i, c^j, etc. the symmetric 
functions corresponding to these partitions. I shall represent the conjugate of 
the partition a^ by a^ » and the coeflScient of ^^ in the value of Pa by {X(i) . 

Professor Cayley has shown {Phil Trans. 1857) that (^) = 0, if a^ is prior 
to a^, the conjugate of a^. We have then 

(V) = ti<X'. (1) 

M. Betti proved {TortoHni, 1858) 

therefore {k(i) = k<ii\ (2) 

If a^ is a self-conjugate partition, X = X' and 

{V) = ^<J, (3) 

if in addition a^ is a self-conjugate partition 

M=o lil (4) 



■%■■ *W *ll*^-i^ 
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If instead of arranging the partitions in the natural order we had arranged 
them as follows: a ftj, 63, 63 . . . Cj, Cg, Cg . . . where a is the partition of one 
part, those in the group b the partitions of two parts in dictionary order, etc., the 
same conditions would obtain, and it is upon this latter arrangement that the 
accompanying table is based. 

Let us now separate the partitions, which are, say, n — 1 in number, into 
pairs consisting of a partition and its conjugate. Designate the prior partition 
of a pair by b^ and the other by b^-y. Call the unpaired (self-conjugate) 
partitions Ci , Cj . . . c^ . 

If now we arrange the partitions b^ in the order in which they occur in the 

first arrangement, and place after them the Ci, Cg . . . c^, I say the order so 

obtained will give the desired form to the table. 

We have by eq. (2) 

{v.n — 7t) = Tt^i', 

since the conjugate of bn_„, i, e, b„ is subsequent in natural order to 6^. The 
order of the c's is arbitrary, since by (4) the P of a self-conjugate partition 
can contain the <^ of no other self-conjugate partition. If then we arrange 
the 4> functions across the top of our table in the order last named, and the P 
functions down the side in the same order, there can be no coefficients above the 
sinister diagonal except in the case of the self-conjugates. The coefficients on 
the sinister diagonal will be units since (Cayley, I. c.) {v.n — v) = 1. The self- 
conjugates will, for the same reason, have unit coefficients on the principal 
diagonal, and these unit coefficients will be symmetrically placed with reference 
to the sinister diagonal. Since C^fi) =^ {fi?i) j the coefficients similarly placed 
with reference to the principal diagonal will be equal, i. e. the table will be 
symmetrical. 

It is evident that the table of the values of the 4>'s in terms of the P's will 
be similar in form except that the coefficients will occupy the part above the 
sinister diagonal. This diagonal will consist of units as before, and if we agree 
to consider these units as belonging to both tables we may write both tables in 
the same square. 

The accompanying tables of the twelfthic were published in a different form 
in a former number of this Journal, but it is thought that the new arrangement 
is of enough interest to warrant reprinting. These tables have also been 
calculated by M. Rehorovsky, and appeared in the Transactions of the Royal 
Academy of Vienna. 



On a Q'Functioti Fortnula, 

By Thomas Craig, Johns Hopkins University. 



The notation adopted in the following is that used by Clifford in his paper 
"Algebraic Introduction to Elliptic Functions," contained in the volume of his 
"Mathematical Papers." I may just give the definitions of the four different 
©-functions in this notation : they are 

Q{u, a) = 2e"' "•♦•*"", 
&{u, a) = S^-> »«»'<•+»''", 
©lOt, a) = 2e<''+^'*"+»(»+*^ 
0',(\t, a) = 2<->"e<" + *>"'+*<"+*^ 
The relations connecting these are of course 
rt 



0(« + -~. a) = ©'(M,a) 



0'(«-|-^» a) = 0(tt, a) 



9(« + Y ' «) = e~"~^©i(«, a) 







9Ym + -|-. aj = e-"-*0(tt, a) 







0(«+^ + |-. a) = e-»-i0'i(u,a) ©',(„ + ^ + | ,«) = ie l0(u,a). 



The quantities 



n% 



a 
"2 



+ — may be conveniently spoken of as the first, 



2 2 2 
second and third quadrants. 

On page 448 of the ** Mathematical Papers" occurs the well-known formula 

e{u)@{v) — @{u)(d{y)—2&{v — u, 2a)0(«; + w, 2a) 

+ 20i(t; — w, 2a)0i(v + t^, 2a) 
(whenever the modulus is not written it will be understood to be a , when it has 
any other value it will always be written down) . From this follow, by giving 
special values to u and v, certain well-known and important formulae. The form 
of the left-hand number of this equation suggests writing it as 



Q{v) 0(t?) 



= 2Q{v — %t, 2a)Q{y + u, 2a) + 2Q^{v — u, 2a)Q^{v + u, 2a), 
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, say A. 



In what follows I examine the determinant 

0(«), e{u), 0(m), 0(«) 

0(»), e{v), e{v), e{v) 
e{w), ©(to), 0(w), 'e{w) 

0(0, 0(0. ©(0. 0(0 

The dots of course denote differentiation with respect to the argument. 
We have ._„ 

0(M) = y^e'' "+»■», 



a = — 00 
^=ao 



9(»)=y^cp'-+«'^, 







/3 = — -oo 
Y=oo 



0(M?)=y^e>' «+»>", 



y = — OD 
2 = ao 







(0=^^- 



4-23< 



d = 00 



It is unnecessary to write down hereafter the limits of the summation which 
is always understood to extend from — oo to + <» . On substituting the values 
of ©(w), Q{v), Q{w), Q{t) in the above determinant and makuig some easy 
reductions it becomes 

A = 642222 ]a«/?« + /5*)(/? — a)(5 - y) + (/3«S» + aV)(y — a)(/? — S) 

''''+(/?*/+ h'a'){8 - a){y — /?) ( exp. [(a* + ^ + r'+b')a 
+ 2au + 2^v + 2yic + 2St] 

where exp. [jff] stands for e^. Write this as 

A = 2222 64 (a, /?, y, S) exp. [H]. 

a P y 6 

It is very easy to see that 

1, 1, 1, 1 



(a, /?, y, b) = 



a, /?, y, 5 

a^ /?», /, h' 

a\ /?^ y«, S^ 
or, using the ordinary notation for this, 

(a,/?,y,5) = ?i(a, i3,y,^), 
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and we know that 

fKa. ^, y, h) = {a-^){a-Y){a-h){^-Y){^-h){Y-h). 

Introduce four new quantities ai, /?!, yi, ^, defined by the equations 

ai= a — fi — y — 5, 

yi= — a — /? + / — 5, 

from these we have the relations 

a^ + .^ + /+ A*= '{a\ + ^i + y\ + S\) 



and , a = 






(«! — A — yi — 5,) , 

(— «! + A — yi — ^)- 
(— «!— /^i + yi — ^). 
(— «!— A — yi + ^i)- 

It is clear by inspection of the above values for a^, /3i, y,, ^i, that whatever 
(integral) values a, |3, y, h may have these are either all even or all odd, 
and so there are only two cases to examine, viz. 

I. a,,/?„y,,5x=2/, 2</, 2/*, 2A-. 
n. a„/3i,yi,ii=2/+ 1, 2«7+ 1, 2A+*1, 2k+l. 

The exponent H expressed in terms of the new quantities ai , etc., is 

+ f yi( — tt — V + w — t) + \ Si{— u — V — w -\- t); 

also the factor which multiplies exp. [i7], viz. 

64i:i(a, /?, y, S) 
becomes 

C*(ai. A. yi. *i)- 
Substituting these values in the expression for A this becomes 

A = Z2S2^i(a„/3,,yi,5x)exp. [|(a! + |8? + y? + if) + ia,(«-f -«;-/) 

«i ^i 7i *i 

+ fA(— « + » — «'—<) + Tyi (—« — » + «?—<)+ Hi(— « — » — w + 0] 

where 

^(ai, A, yi, 5i) = (ai-/3i)(ai-yO(a,-MC3,-yx)(A-«i)(yi-«i)- 
There are two cases to be examined, viz. case I. of the above where ai , ^u yi , Si 
are all even, and case II. where they are all odd. The results obtained for the 
two separate cases will give on being added together the complete value of A . 



N 
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and since 
this becomes 



fi(/+4,<? + i.*+i.i + i) = f'(/.J.*.i) 



e.(^),e.(-|.),e.(-|L),e.(^)' 



^ = 



e.(-|-). e,(-|-), e.(-|-). §.(i) 

«.(^)' ^^C^)' K-D- K^) 

<\y K\)' «.(i). S.(^) 



Now A = A] + A( , and so we have the final formula 



e(«) e(«) e(u) e(u) 

e(») Q(v) e(r) e(r) 

0(tp) e(w) e(«:) e(M:) 
e(<) 0(0 0(0 0(0 



\^{¥) H-t-) Kl) K^) 
K-^) Kl) K^) «(-!-) 
Kl^) K^) «(^) §(v) 
K-V) Ki) K\) «(1) 



\ «. (-I-) «. it) «. (-r) «. (-I-) 
«.a-) «.(i) «.(4) s.^) 



The functions and ©^ are even functions, so in this equation we might 
"^ '^ ^,|-by-^,-^,-^, -4- without altering the 



replace--, -^, ^, ^ by 

values of either or ©i . Assume now the particular values 



u 

V 

w 

t 



= u, 



;ri a 
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We find now 



2 
2" 
2 
'2 



;rt 
a 

= -«--, 



a 



-^ 1^ 



Substitute these values in the above formula, observing the known relations 



0(« + |-)e-»-?0,(«) 



0i(« + -|) = c-"-?©('a) 





and we find without difficulty 

0, 

©, © 0' 





• • • 

0' 



01, ©1 — ©1, ©1 — 201 +01, 01 — 301 + 301 — 01 
©1, ©1 — ©!, ©1 — 20'i + 0',, 0'i — 30'i + 30'i — 0'i 



+ 



©'l, 


©'l-©= 


„ 0',-20'i + 0'i, 


©1 — 3©i + 30'] 


i-©'i 


©1. 


01-01 


, 01-201+01, 


©1 — 301 + 30, 


-01 


©, 


©, 


• • 

©, 




••• 

© 




©, 


©, 


• • 

©. 




• •• 






©, 


© ©, 


© — 20'+0', 


• •• 

0'- 


-30' + 3©—© 




©, 


— 0, 


0—20 +0, 


••• 

0- 


-30+30-0 




©1. 


©1. 


•• 

©1, 


••• 

©1 






©1, 


©1, 


• • 

©1, 


• •• 

©1 







A common factor e""*""" 5 has been divided out of both sides of this equation. 

Arranging the rows in the first doJerminant on the right-hand side of this 
equation so that they shall be in the same order as those of the determinant on 
the left, we see that this determinant is identical with that on the left-hand side, 
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and so we arrive at the remarkable result 

0' — 20' + 0', 
0—20+0, 



©', 


0' — 0', 


©, 


0—0, 


©'l, 


©'i. 


©1, 


©1, 



0* — 30' + 30* — 0' 
0-30 +30-0 

• •• 

©'i. 

••• 

©1. 



= 



©1. 

Interchange the first and second rows of this, also the third and fourth ; add the 

first column to the second ; add the first column plus twice the second to the 
third ; and finally add the first column plus three times the second plus three 
times the third to the fourth, and this becomes 



= 



0, 0, 0, 0, 

0', 0', 0', 0^, 

®i, ©1+01, 01 + 201+01, ©1 + 301+301+01 

e'l, 0'i+0'i, ©'i + 20^1 + 0^1 , 0^, + 30'i + 30^1 + ©'i 
In all of these the it has been omitted, simply for convenience in writing. 

By decomposing this last into the sum of two determinants and partially 
expanding the second this may be written in the form 
©' ©1 ©'i 






0' 


©1 


•• 




• • 

0' 


•• 

©1 


• •• 




• •• 

0' 


• •• 

©1 



©'l 
©'l 

• •• 

©'l 



= 0' 



©1 

201 + ©1 

30, + 30, + 0, , 



0', 

20', + 0', 

30', + 30', + 0', , 







©'i 

2©', + 0', 



©'. ©1, 

0', 20, + ©,, 

&, 30, + 30, + 0,, 30', + 3©, + 30', + 0', 
The left-hand side of this equation is the Wronskian of 0, ©, ©,, ©,, or 
say (using Muir's notation) Tr(©, ©, 0,, ©,). 

By choosing other sets of values of » , w and t , a number of other formulas 
may be obtained ; it is, however, scarcely worth while writing them down. 

I do not know that the following relation has ever been noticed, viz. writing 
sn, en, dn, for sn u, cnu, dnu, and denoting by accents the successive differen- 
tiations of these functions with respect to u, we have 

sn' = en dn , sn" ^ — sn (dn* -|- ¥ en*) 

cn'= — sn dn , en" = — en ( dn* — J^ sn*) 
dn' = — A? sn en , dn" = — dn (!•* en* — yfc* sn*) 
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and substituting these values in the determinant 

sn sn' sn" 

en en' en" 

dn dn' dn" 

we find after some very simple reductions which need not be given, 

sn sn' sn" 



= — A/*, or Tr(sn w, en u, dn i^) = — Jd^ 



= a* sn"~^u cn"~"^t6 dn 



-1 



en en' en' 
dn dn' dn" 
If instead of sn , en , dn we write sn*, en", dn*, we have 
(sn*u)' =a sn"~"^w cnt^ dnit, etc. 

(sn"u)" = a(a — l)sn*~*w cn*t^ dn*tt — asn"t^(dn*w + A.^cn*M) 
(cn*w)" = a(a — 1) cn""*t^ dn*t^ sn*t^ — a cn"w(dn*w — T^&t?u) 
(dn*wy' = a(a — l)dn*~*i^ ¥bv?u cv?u — adn*a(A?cn*ti — T^&n^u) 
and consequently 

sn" u (sn* u)\ (sn* w)" 
cn*w (cn*wy, (cn*t^)" 
dn*i^ (dn*wy, (dn'^y 

sn* w, 1 , (a — 1 ) cn*w, dn*w — sn* w (dn* t^ + A? en* u) 

u cn*tA, — 1 , (a — l)dn*w, sn*t^ — cn*ii (dn*t^ — A^8n*t^) 

dn*t^, — A?, (a — l)8n*t^, cn*t^ — dn*w(A?cn*t^ — A;*sn*t^) 

Decomposing the determinant on the right into the sum of two this is 

sn*tA, 1 , cn*t6 dn*w 
= a*(a — 1) sn"""^!^ cn*~^u dn*"^w en* w, — 1 , dn*w sn*^ 

dn*ti, — A?, sn*tA cn*w 

sn w, en u dn w, — sn m (dn* w + A? en* u) 
en u, — dn t6 sn u^ — en M(dn*t6 — A?8n*t^) 
dn i^, — Aj* sn w en u, — dn w(A? en* t^ — A? sn* u) 
The value of the first of these determinants is easily seen to be A/*, and of the 
second — A/*, so we have finally 
sn* u , (sn* u)\ (sn* u)" 

cn*u, (cn*t6y, (cn*wy or Tr(sn*t^, cn*M, dn*w)=a*(a — 2)A/*sn*"^wcn*"^t^dn*""^t^ 
dn*u, (dn*wy, (dn*i/y' 

For a = 1 the right-hand side becomes = — A/* as found above ; for a = 2 the 
determinant is identically equal zero. A more general form is readily found by 
writing in the above determinant sn*i^, cn^w, dn^?x, instead of sn*u, cn*w, dn*w. 



+ a*sn*~^ w cn*-^ u dn*"~^ u 



On Non-Euclidean Properties of Conies. 



By William E. Story. 



In this paper I apply Professor Cayley'^ projective measurement,* general- 
ized by Professor Kleinf and still farther extended by me, J to a conic; the 
complete theory of this application is, of com-se, the complete theory of the 
projective properties of a conic in its relation to an arbitrary fixed conic, here 
called the absolute. 

Corresponding to the ordinarj'^ classification of conies as ellipses, hyperbolas, 
parabolas and circles, we have here a classification of real conies according to 
their relation to the absolute as 

Ellipses cutting the absolute in four imaginary points. 

Hyperbolas cutting the absolute in four real points, 

Semi'Hyperholas cutting the absolute in two real and two imaginary points, 

Elliptic Parabolas meeting the absolute in two coincident points and cutting 
it in two other imaginary points, 

Hyperbolic Parabolas meeting the absolute in two coincident points and 
cutting it in two other real points. 

Semi' Circular Parabolas meeting the absolute in three coincident points and 
cutting it in one other real point. 

Circular Parabolas meeting the absolute in four coincident points. 

Circles having double contact with the absolute. 

Either the outside of the absolute is to be regarded as citra-infinite and the 
inside ultra-infinite or vice versa. Of ellipses there are then two varieties, one 
citra-infinite and one ultra-infinite, each having a single closed branch ; of 
hyperbolas two varieties each having two citra-infinite and two ultra-infinite 
branches alternating, one being cut by every entirely finite real straight line in 

* Sixth Memoir upon Quantics. Phil. Trans. ^ 1859. 

t Ueber die sogenannte Nicht-Euklidifiche Oeometrie. Math, Ann.^ VoL IV. 

X This volume, pp. 180-211. 
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real points, the other cut in real points only by some entirely finite real straight 
lines ; of semi-hyperbolas one variety having one citra-infinite and one ultra- 
infinite branch ; of elliptic parabolas, two varieties, one citra-infinite and one 
ultra-infinite, each having one closed branch; of hyperbolic parabolas two 
varieties, one having the points adjacent to the contact with the absolute ultra- 
infinite and one having the adjacent points citra-infinite, each having one citra- 
infinite and one ultra-infinite branch (the relations of these two varieties 
to the citra-infinite portion of the plane are quite different, one goes to infinity 
in two and the other in three different directions, some entirely finite real 
straight lines will cut the one in. two imaginary points and others will cut 
it in two real points, whereas, every entirely finite real straight line cuts the second 
in two real points) ; of semi-circular parabolas one variety having one citra- 
infinite and one ultra-infinite branch ; of circular parabolas two varieties, one 
citra-infinite and one ultra-infinite, each having a single closed branch ; of circles 
four varieties, one citra-infinite with real contacts, one ultra-infinite with real 
contacts, one citra-infinite with imaginary contacts, and one ultra-infinite with 
imaginary contacts, each having a single closed branch. Circular parabolas may 
be regarded as special cases of hyperbolic parabolas or of circles. 

This classification is useful only when the absolute is real. If the absolute 
is imaginary, every conic is an ellipse or circle with respect to it, and there is no 
real ultra- infinite portion of the plane. 

Every conic has four intersections with the absolute, say the ahsohUe points 
of the conic, and four tangents in common with the absolute, say the absolute 
tangents of the conic ; the four absolute points lie by twos on six straight lines, 
say the focal lines of the conic; the four absolute tangents pass by twos 
through six points, say the foci of the conic ; the tangents to the conic at its 
absolute points are its four asymptotes or asf/mptotic tangents ; the contacts of the 
absolute tangents with the conic are its four asymptotic points ; the six inter- 
sections of the asymptotic tangents, also poles of the focal lines with respect 
to the conic, are ih^ ' director points or simply directors of the conic; the six 
junctions of the asymptotic points, also polars of the foci with respect to the 
conic, are the directrices of the conic; there is one self-conjugate triangle 
common to the conic and the absolute, whose sides are the three axes, and whose 
vertices are the three centres of the conic. The six focal lines, six foci, six 
directors, and six directrices may be conveniently grouped in pairs, namely 
each focal line is the junction of two absolute points, and the other focal line 
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of the same pair is the junction of the other two absolute points ; each focus 
is the intersection of two absolute tangents, and the other focus of the same 
pair is the intersection of the other two absolute tangents ; each director is the 
intersection of two asymptotes, and the other director of the same pair is the 
intersection of the other two asymptotes ; each directrix is the junction of two 
asymptotic points, and the other directrix of the same pair is the junction of 
the other two asymptotic points. Moreover, to each focal line corresponds a 
definite director which is its pole with respect to the conic, and to each focus 
corresponds a definite directrix which is its polar with respect to the conic. 
Finally, the poles and polars of these characteristic lines and points with respect 
to the absolute may be considered as themselves characteristic of the conic, but 
their introduction here seems unnecessary. 

It is evident that the focal lines pass by twos through the centres, the foci 
lie by twos on the axes, the asymptotes intersect by twos on the axes, the 
asymptotic points lie by twos on lines through the centres, the directors lie 
by twos on the axes, and the directrices pass by twos through the centre. Each 
axis cuts the conic in two points, its vertices, and through each centre pass two 
tangents, its veiiical tangents, whose points of contact are the vertices on the 
opposite axis. 

Just as we have employed the terms citra-infinite and ultra-infinite to 
denote on this side and on the other side of the absolute, so it will be convenient 
to use intra-ahsolute and extra-absolute to denote inside and outside the absolute. 
The former distinction is conventional, the latter actual. We may call a real 
straight line semi-infinite ov finite according as it does or does not cut the absolute 
in real points. Then, in the Euclidean geometry, every real straight line is 
semi-infinite ; in the non-Euclidean geometry with an imaginary absolute every 
real straight line is finite ; and in the non-Euclidean geometry with a real 
absolute (true conic) some straight lines are finite and some semi-infinite, the 
limit between the two is a tangent to the absolute, which might properly be 
called an infinite straight line, since it makes an infinite angle with any other 
straight line ; then, in the Euclidean geometry, every straight line is infinite. 

It may be assumed for convenience that, if either the conic under consider- 
ation or the absolute is imaginary, the coefficients of its equation referred to 
any real system of coordinates are nevertheless real. Then the three axes and 
the three centres of any conic other than a semi-hyperbola are real. It will be 
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11,^=0 id the equation of the polar of the point 1 with respect to A. 

Hjj z=zO\s the condition that the point 2 lies on the polar of the point 1 
with respect to A, 

12 id the projective (non-Euclidean) distance between the points 1 and 2. or 
what is the same thing, between the polars of 1 and 2 with respect to A, 

1 2 is the projective distance between the point 1 and the polar of the point 
2 with respect to ft ; further, I take for convenience, the constants involved in 
the projective measures so that 

2ik=2ik'=2ik!'=^ . . =1, 
which will cause no ambiguity, as we may always pass back to the general case 
by dividing each distance by the constant 2ik belonging to that species of 
measurement. Then 

Let also S be the conic under consideration, to which S^, Sn, Sio, S^, bear 

the same relation as ftoo* ftm ^loi ^m ^^ ^• 

If the points 1 and 2 are the poles, qitd ft, of the two focal lines of S of 
the same pair, we may write 

(3) ASoo=^«noo— 2ftioft«„ 

where the signification of the parameter X is determined by the condition that 

for every point of S 



= 2 



cos 10 . cos 20 



cosl2 
80 that 



(4) cos 10 . cos 20 = sin 10 . sin 20 = 5^ ^ cos 1 2 = const., 

i. e. the j^roduct of tlie sines of the distances of any point of a conic from its focal 
lines of either pair is constant. It is to be noticed that, with the projective 
measurement, every theorem, descriptive or metrical, has a perfect reciprocal, 
hence the product of the sines of the distances of any tangent to a conic from its 
foci of either pair is constant. 

If 1 is a focus of S and 2 the pole, qua ft, of the corresponding directrix, 
we may write 

(5) S^=£in{£iu^^-^i,)-ii^n^. 
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hence for every point o{ S 



22*00 

I 



i. €. sin* 10 = [I sin* 20 , 

whence 

(6) ?^=^^ 

sin 20 

i. €. the ratio of the sines of the distances of any point of a conic from either focus 

and the corresponding directrix is constant^ and reciprocally the ratio of the sines of 

the distances of any tangent of a conic from either focal line and the corresponding 

director is constant. The values of these constants, which correspond to the 

eccentricity in the ordinary theory, depend on the pairs to which the focus and 

focal line belong. 

If 1 and 2 are the foci of S of either pair, the directrix corresponding to 1 

will pass through the intersection of 1X10= and n^o= 0, so that its equation 

will be of the form rflioV^ — Am)V^^= . 

and we may write 

but the tangents to £1 from 2, whose equation is 

are also the tangents to Sy hence the result of substituting the value of £1^ from 
this equation in the left-hand member of the preceding must be a perfect square, 

i. e. JinnHIo — ^^28^10 — f^ {'^^W^^ — i^o V^^^)* 

= {7i— (i)anOi + ^^vsf^^ji^ fiioH^o — (;i + iLv") n^njo 

must be a perfect square, and hence 

i, e. X:// = 1 — T*: 1 , 

and Sqo becomes 

(7) s^={i-v')aua^ii^- (n,,ajo+ Unnio) + 2i.v^^;:i^nion^, 

which may also be written 

aS'oo= niiH^noo 1(1 — ^ *) — (cos* 10 + cos* 20) + 2v cos 10 cos 20 } 
= — nnn,8noo[cos(10 + 20) — r][cos(10— 20) — v] ; 
i. €. for any point of aS, 

(8) 10 + 20= db cos-^r or 10 — 20= ± cos-^r, 

hence eitfier the sum or difference of the distances of any point of a conic from the 
two fod of either pair is constant^ and reciprocally either the sum or difference 



364 Story : On Non- Euclidean Propeiiu^ of Conies. 

of the distances (angles) of any tangent of a conic from the two focal lines of 
either jjair is constant. 

If 1 , 2 , 3 are the centres of Sas above defined, 
^11=0, nu=0, ilis=o, 
and the equations of the axes are 

and we may write (provided S has not contact with 12) 

(9) ^oo=An!o + iunjo+r^; 

if then 4, 5 are the intersections of (S'with any chord through 1, we may write 

n,,=n„ + pri„, ii,5=pn«, a^=pas„ 

and, since 4 , 5 are points of S, 

and, by subtraction of the first from the second, and division by Xil„, 
Il„+2pni,= 0, i.e. p = — 2"^, 



then cos 15 = 



= =F cos 14, 



i. e., neglecting multiples of the length of the whole line and noticing that in 

general 4 and 5 are different points, 

(10) 15 = — 14, 

hence either centre of a conic binccts an;/ chord through it, and reciprocally either 

axia of a conic hiseciH the distance (angle) Itetn-tai the tangents from any point of it. 

This justifies the name centre. 

In general, if 6 is the bisector of the line joining 4 and 5, we may write 
Xt = Xi + f>Xi, 'jt~!/t + 9!/s. Z(i=24 + p2s. 

n„=n„+2pn„+p»n„. 

n„ = n« + pn« , n„ = ii„ + pn„ , 

and the condition for p is 

cos 56 = ± cos 46 , 
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= (n,,n55- n!5)(p'n55- 1144) =o, 

and there are two bisectors 

(\\\ Ax^s/ll^ + x^s/ll^, 2/4^^+ ysV^, 24^^+2:5^5^4) 

{x^^'^^— x^s/H^j y^\/li^ — y^\/li^, z^^'U^— z^s/lF.^) , 

namely, these bisect respectively the two segments of the line between 4 and 5 , 
and are distant from each other by half the length of the whole line, i. e, each 
lies on the polar of the other, qvu £i ; in other words, the bisectors of 45 are 
the foci of the involution of which 4, 5 and the intersections of the line 45 with 
£i are pairs of conjugates. Hence if a point bisects every chord of S through 
it, its polar with respect to S is at the same time its polar with respect to fl, i. e. 
the vertices of the self-conju^ate triangle common to S and' £i are the only centres of S. 
There exists an identical relation between the distances of any point from 
three arbitrary points not in one straight line, say 1, 2, 3, or from three 
arbitrary straight lines not passing through one point, say the polars of 1, 2, 3. 
Namely, if 1 , 2 , 3 are not collinear, we may write 

Xo=^i + (ix^+vx^, yo=^yi'\- iiy% + ryv^, 2o=Xzi+|[tS8+ 1/23, 
then 

so that X, II, V can be expressed as homogeneous linear functions of fljo, Iljoi i^soi 
and these values give by substitution Sl^ as a homogeneous quadratic function 
of flio, IXjo, flgo, i. e, there exists a (non-homogeneous) quadratic relation 

between cos 10, cos 20, cos 30, i. e. also between sin 10, sin 20, sin 30. ^ These 
relations are easily seen to be 



iljl Lli^ ili3 iljo 

il2i il^ iljs ilgo 

I ^^31 ^^3» ^rW "^^ 

LIqi ilon i2o3 12^ 



= 0, 
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(13) 



1 




COS 


12 


cos 


13 


cos 


10 — 


] 


L 


sin 


12 


sin 


13 


sin 


10 


COS 


21 


1 




COS 


23 


COS 


20 


SID 


21 

1 


] 


I 

1 


sin 


23 


sin 


20 


COS 


31 


COS 


32 


1 




COS 


30 


sin 


31 

1 


sin 


32 


] 




sin 


30 


COS 


10 


COS 


20 


COS 


30 


1 




sin 


10 


sin 


20 


sin 


30 


1 





= 0. 



If 1, 2, 3 are vertices of any self-conjugate triangle, quM £i, 1^ = ^31 
= fiu = , and the relations are 

(14) anSl^£)^£l^=Cl^Cla£i\,+ Cl^£l,,£i!^ + Cini^i^, 

_JL_ _!_ _L 

COS* 1 + cos' 20 + cos* 30 = sin* 10 + sin* 20 -f sin* 30 = 1 , 

(15) \ or 

I I !_ 

sin* 10 + sin* 20 + sin* 30 = cos*l + cos* 20 + cos* 30 = 2 . 
By virtue of these relations equation (9) gives, for any point on S^ 

TSiii cos* lO + fiSl^ cos* 20 + v£i^ cos* 30 
' = (^Oii — rflag) COS* To + (it/H^ — v£i^) cos* 20 + v£i^ 

,^gv ^ =(xnu — rn33)sin*10+(|t^na— vn33)sin*20 + i;n33=0, 

or 

(^Qn— rflgg) sin* To + (//H^ — rflgg) sin* 20 — (Xfln + fi£i^ — vH^) = , 
I. e, there exists a linear relation between tlie squares of the sines or cosines of tJw 
distances of any point of a conic from any two centres or ajces, and reciprocally a 
similar relation exists hetrjoeen the squares of the sines or cosines of the distances 
of any tangent of a conia from any two axes or centres. 

Let 1, 2 be two directors of aS of one pair, then, just as S^ was written in 
the form (3), so H^ can now be written in the form 

(17) iloO='^^W^OO 2/SioAS'2o, 

where aSio=0 and /S'2o=0 are the focal lines of S corresponding to 1 and 2 
respectively. Take any point 3 on S, the tangent at this point meets Si^ and 
Sifi in 4 and 5 respectively, say. Then 

*S33 = , A^ai = , /S35 = , ASi4 = , /Sis = , 

and by (17) 

^*34 "-- ^13 ^ti » ^M4 "— AO12 O44 , 1135 = A323 ^15 J ^^ "-• ^^\2 ^55 » 

il33 = 2oi3 ^3 > 

and by (12) applied to 1, 2, 3, 4 and S, 



0= 



Sii Si^ Sis 

021 028 ^»3 ^U 

Ssi Ss, 

S^ S^ 



Sii Sii Sjs 

021 ^n ^23 

Ssi S^ 



Su + ^13 Su , 
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I. €, 



Oil ^18 ^13 I ^«= ^J3^»4» 

^21 \i ^23 
Szi S^ 



and similarly 



from these equations follow 



a3ii Oi8 Oi3 
Oai ^22 ^23 



31 







,C = .ca ,C« . 

O55 A3^A3i5, 



cos' 34 = 



018O24 



1 



i>«i> 



•••*44 



2^/Sl2028044 2/OX3O13O28 



aS, 



31 



COS* 35 = 



_ i% _ «^aS?5 _ 



X/«i>. 



88 "^sa 



2/^12 ^18 '^56 2^.Si2 ^Vi ^88 

COS* 35= cos* 34, 



a3ii a3i2 ^13 

\\ A323 *^28 

S^ 

Oil *^U '^IS 

Ojl Ojj Ojs 



as, 



81 



'32 







hence 
and evidently 

(18) 36 = — 34, 

i. e, any point of a conic is equally distant from the intersections of the focal lines 
of either pair with tlw tangent at tlie jmnt^ and reciprocally any tangent to a conic 
makes equal angles with the junctions of the foci of either pair to its point of contact. 
Still using equation (17), let any transversal cut aS in 3 and 4, Si^ in 5, 
SiQ in 6, then 

^33 = ^ » ^44 = , aSib = , ^2« = ^ » 
a's = pars + (1x4 , !/h=p!/3 + (y!/ii %=pZ3 + ^2;4, 
^15 = p>S'i3 + (TaSi4 = , .'. p:(T= aShI— /Sis, 
^5= Sux^— Si2x^, y^= Suyz — Sisyi, Zj^= S^z^— Sisz^, 



similarly 
and hence 



^26—^14^23 SisS^^y ^'35— >^18^34» ^65" 2aSi3 aSu aSs4 , 

^1« ^^ ^18 ^U ^14 ^23 J ^46 ^^^ ^24 ^34 > ^66 ^^ ^AJjs A324 A334 , 

-1^38 ^^ 2a3i3 ^23 7 -^^65 ^ ^^^12 ^65 "~ 2Aa3i2 ^13 ^14 ^84 » 

II35 = XaSi2 aSjj ^13^26= ~ ^18 ('^>S'i2 aS'84 + aS^ aS^s — aSis aSj4) 

1244 ^ 2a3i4 ^24 > ^^M ~" ^^^12 ^66 ^ 2Aa3i2 ^23 ^24 ^34 ♦ 

fl^g = ^Sii S^^ aSi6 ^24 = ^24 (^^12 ^U ^13 ^24 + ^u^^s) , 

COS* 36 = ^ — ^^^^^ ^84 + ^4 ^ — Siz Sj4)' 



SJ^SJ 



88'* 55 



^^iiSuS^^S ^ 
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.-. 46= ±35, 
where the sign can be determined by the case of a tangent, for which evidently 
the positive sign cannot be taken, hence in general 
(19) 46=— 35, 

i, e. on any transversal to a conic, tlie intercepts between the curve and the ttco focal 
lines of eitlier pair are of equal lengths and opposite signs, and reciprocally the two 
tangents from any point to a conic make equal {opposite) angles tciih the Junctions of 
the point to tJie {different) foci of either pair. A more accurate statement of the 
theorem is this : any straight line intersects a conic in two points and its focal lines 
of either pair in two points, and either point of (lie conic is jxist as far in one direction 
from the point of either focal line as the other point of the conic is in tlie opposite 
direction from tlve point of the other focal line ; and reciprocally through any point 
2XISS two tangents to a conic and tuco junctions of the point to its foci of either pair, 
and either tangent to the conic makes the same angle in one direction tcith the junction 
to either focxis as the other tangent to tlie conic makes in the opposite direction with 
the junction to the other focus. 

Again use equation (17) and let 3, 4 be any fixed points of S, and 5 a 
variable point of S, and let 6, 7 be the points in which the lines 35 and 45 
respectively meet aSio = ; then, as in the proof of the preceding theorem, since 
S^^ = and xSi, = , 

x^ = AS13X5 — /SiRXg , y^ = Si^y^ — Si^Uz y '^6 = ^13^5 — ^1523 1 
^7 = SuQC^ — Si^x^ , y^ = aSh^s — Si^y^ , z, = S^z^ — Sy^Zj^ , 
Sss=0, S^=0, S^=0, 

^M = ^^^12 ^66 > ^77 =^ ^^li ^77 » ^«7 = ^^li ^97 J 
cos* 67 = ^ = — •^- = ^^^^^^ + ^14^ ^15 ^f 

but, by (12) applied to 1, 3, 4, 5, and S, 

0= Sn Sis ^14 ^15 I =(^13*S|5+ >Sl4^35 ^15^34)* 2/535/545(2/513/514 SuS^i), 

Ssi Ssi a535 

S41 S^s ^45 

^Rl ^53 ^554 
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I7j= 2SieSi4 — SiiS^ 



hence cos* 67 = 



2^18 ^14 



which is independent of 5 , i. e, the segments of any focal line cvJt out by the 
junctions of a variable point of the conic with ttjoo fixed pojmts of the same is constant^ 
and reciprocally the angle subtended at either focus by the segment cvi out of a 
variable tangent of the conic by two fixed tangents of the same is constant. 

The theorems already proved show the inaccuracy of the assumption 
usually made, explicitly or implicitly, that the principal of duality or reciprocity 
is inapplicable to all cases in which metrical relations are involved. It is, for 
instance, noticeable that in the chapter on ** reciprocal polars" in Salmon^s Conic 
Sections no example is given of reciprocation between a theorem involving 
distances between points and one similarly involving angles between lines. The 
fact is the method of reciprocal polars can be applied to all theorems involving 
distances betioeen points and angles between lines in which all the points and lines can 
be constructed by purely descriptive processes. It will be observed that the 
properties of the focal lines of a conic above proved are known properties of 
the asymptotes of a conic in the Euclidean geometry, i. e. the asymptotes have 
these properties in the ordinary theory by virtue of their coincidence with focal lines , 
and not as tangents at infinity. 

Let us consider more carefully the equation (9) of the conic S referred to 
its axes. This form of equation can be used, of course, only when S is an 
ellipse or hyperbola. In either centre, say 3, meet two axes nio=0, 11^=0; 
flio = meets S in two vertices, of which 4 may be one ; similarly H^ = meets 
S in two vertices of which 5 may be one ; 34 and 35 are then the lengths of two 
semi-axes meeting in the centre 3 ; and we have 

^14=0, n,5=o, ^r^4+rn|4=o, m*5 + rr^5=o, 

and by (14) 



hence 



VOL.V. 



Sa^ SL SL 

coc*ai- ^*' - ^^" 
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or, putting tan 34 = 6, and similarly tan 35 = a, 



__1 1 1_ 

%.e. ^''^''^— €?Ur,'VQ^' £«' 

SO that 8^ can be written 

(21) ^^=^ + ^~]^' 

where a, h are the tangents of the lengths of the semi-axes meeting in 3. 

Equation (21) may be made the basis of an investigation of the properties 
of conjugate diameters through the centre 3. Let 4 be the extremity of any 
semi-diameter 34 whose equation is 



now 






and hence for any point of S, 



hence 

'^'^ ii^ii^ f?c?{\ + 6») + V{\ + a») 
or, putting tan M^p, 

If 34 and 35 are two conjugate semi-diameters of S whose equations are 
respectively 

pVn^nio— Vi^fl«, = and aVn^Clu— Vli[iiin = 0, 
i. e. if the pole 6 of 34 , qtia S, lies on 35 , 



, _ ii„S,o ii^ii^ ii^Q^ 
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must be proportional to pVAjjiijo — v'Hijiljo, i. e. 

ns,= 0, i^Vn^iii, + paWn^nj.= 0, and 

ovn^fii,— vn;in,.= 0, 

whence 

(23) (Wa* + 6* = , or <T = 3- . 

which is then the condition that p*/il„ilia — v'n„Ii(o and 0*/D^D.io — "/Q-uQn 
are conjugate diameters. 

If we put tan 35 = 5 we obtain, as in (22), 

, {ff* + l)a*6' fi'a* -\- b* . 

^ ~ ff*a* + b' ~ f?d}-\-b^ ' 

hence 

(24) / + 5»=a' + 6*, 

t. e, the »um of the squares of the tangents of the lengths of any two conjugate aemi- 
diameters through either <xntre is constant, and reciprocally the sum of the squares 
of the tangents of the angles which two tangents, one from each of ttoo conjugate 
points on either axis, make unth that axis is constant. 

Let now 3 be the angle between the two conjugate semi-diametera 34 and 35, 
then 



cos»& 



_ (/"^+1)' _ fi'(a'-l^f 




„i„,3 - iP-'^f - (p'a' + b^y __ g-y . 

(^'+iX<^ + i) (p'+iXf^w+b*) pY' 
hence 

(25) pq 8m^^=ab, 

i. e. the product of the tangents of the lengths of txco ormjugate semi-diamefers 
throagh either centre into the sine of the angle betuxen them is constant, and recip- 
rocally the product of the tangents of the angles which two tangents, one from each 
of two conjugate points on either axis, make with that axis into the sine of the 
distance between the points is constant. 

The equation of the tangent to *S' at 4 is jiS« = 0, where 

*'»— a»j;Ju 6'i^i. Ht, 

and the angle ^ which this tangent makes with the diameter 35 conjugate to 34 
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is given by 

\d* V ) {p<f — ab*f 

cos'4>- ^^ ^>«i-^^ .-(^■^l)[;,»a.(l-^y)-^6'(l + a^)] 



fl»+l 



hence 



-<,»(l + a») + (l + 6»)' 

or 

(26) 5tan4) = ai, 

i. e. the tangent of the length of a semi-diameter through either centre into the tangent 
of the angle which it makes with the tangent at the extremity of the conjugate semi- 
diameter through the same centre is constant, and reciprocally the tangent of the angle 
which a tangent frofm a point on either axis makes vnth thai axis into the tangent of 
the distance of that point from the point of contact of either tangent from the con- 
jugate point on the same axis is constant. The corresponding theorem in the 
Euclidean geometry will be foimd by introducing the constants k and kf' with 

the values oo and — respectively ; then (26) becomes 



2ik 


tan 


1> = 


a 
2ik 


b 

2ik ' 




tan 


<^ = 


ab 
2ikq 


= 0, 



hence 4> = , i. e. any diameter is parallel to the tangents at the extremities of 
the conjugate diameter. In the general case this is not so, it is not even true 
that the tangents at the extremities of a diameter are parallel, in fact these 
tangents meet in the point where the conjugate diameter through the same 
centre intersects the axis opposite that centre ; the angle between either tangent 
and the conjugate diameter is the angle ^ in (26), and the angle between the 
two tangents is 2<^. In the Euclidean case the reciprocal of the theorem above 
stated has a real interpretation only for conjugate points on the conjugate axis 
of an hyperbola. Then any point on the conjugate axis has the same ordinate 
as the point of contact of a tangent from the conjugate point on the same axis, 
and the theorem may be expressed thus : the intercept on the conjugate axis of 
an hyperbola between any point of that axis and the perpendicular let fall from 
a point of the hyperbola having the same ordinate as the given point upon the 
tangent from the given point is constant. 
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These results, so far as they refer to centres and axes, only apply in general 
to ellipses and hyperbolas. The equation of a conic of any other species cannot 
be put into the form (21). It can, however, be put into an almost equally 
simple form. The forms which I give below in equations (27)-(30) are substan- 
tially those given by Clebsch (**Vorlesungen liber Geometric,'' I^' Band, 2^ 
Abtheilung, VI) . Clebsch has given also in the same place a method by which 
the species to which a conic belongs can be determined. If 

£l^=aa? + i3y^ + y^+ 2^yz + ^xzx + 2i/<ry , 
/Sio = aoi? + by^ + C2? -{- Ifyz + 2gr2a5 + 2Axy , 
the species to which S belongs depends upon the cubic equation 



A(X) = 



= 0; 



7xL — a, 'Kif — h, %x — 9 
H — h, X/?— ^&, ^—/ 

^X — 9^ ^4>— /» ^y — c 
namely, if the roots of A (^) = are all different, S meets fl in four distinct 

points ; if two roots are equal, S has contact with XI ; if two roots are equal and 

for them all the first minors of A (Jl) vanish, S has double contact with ft ; if all 

the roots are equal, S meets ft in three consecutive points ; and if all the roots 

are equal and for them all the first minors of A (X) vanish, S meets ft in four 

consecutive points. Let A {X) be developed and the terms arranged according to 

powers of ^, say 

X 



A{X) = 



a 4' 

^ /3 4» 

X i> y 

m 

then the discriminant of A (X) is 

2) = 4 (3«, — fi!)(3«i«8 — 4) — (9*3 — «i 9%y ; 
it is assumed that the system of coordinates is real, and that the coefficients In 
the equations of ft and S are all real. 

I . ft imaginary. 

a) If 2)> , aS is an ellipse ; 

b) if 2) = , /S is a circle. 

II . ft real , S real. 

a) If i? > , /S is an ellipse or an hyperbola ; 

b) if 2) < , /S is a semi-hyperbola ; 

c) if i? = , aS is an elliptic or hyperbolic parabola ; 

d) if i? = and all the first minors of A(^) vanish for the double root of 
A (A,) = , S is a circle ; 
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e) if — = — = — (and therefore i? = 0) , Sis 3, semi-circular parabola ; 

Si Sm SSt 

/){{ — = — =z — and all the first minors of A (X) vanish for the triple root 

O Si Si 

of A{X)=0, Sis 9i circular parabola. 
Ill . ft real , S imaginary. 

a) If Z) > , /S is an imaginary ellipse ; 

h) if i? = , /S is an imaginary circle. 

It is hardly necessary to state the extra and intra-absolute positions of the 
centres and foci, and the finite and semi-infinite positions of the axes and focal 
lines, as they are geometrically evident. It may, however, be worth while to 
remark that a semi-hyperbola has only one real centre, one real axis, one pair 
of real foci and one pair of real focal lines ; the elliptic or hyperbolic parabola 
has a double centre and a double axis coincident with the point of contact with 
ft and the tangent at that point respectively, two double foci and two double 
focal lines; a circle has one isolated centre {axiaJ centre), every line through 
which is an axis, and one isolated axis {central axis), every point of which is a 
centre, the axial centre is a quadruple focus, and the central axis is a quadruple 
focal line ; a semi-circular parabola has an infinite triple centre, a triple axis 
tangent to ft, two triple foci of which one is the triple centre, and two triple 
focal lines of which one is the triple axis ; a circular parabola has an infinite 
double axial centre and a double central axis tangent to ft, a sextuple focus 
coincident with the axial centre and a sextuple focal line coincident with the 
central axis. 

The equations above given for ft and S may be regarded as equations in 
trilinear coordinates x, y, z, where these are constant multiples of ftio , ftao, ftao. 
The forms of equation given by Clebsch, for what we have called parabolas of 
various species and circles are substantially then the following : for an hyperbolic 
or elliptic parabola, let 1 be the single centre, 2 the double centre, and 3 the 
pole {qua ft) of the single focal line other than the double axis, then fti, = (>, 
ft„ = 0,fti3=0, 

(27) i^=-^ ]^^ ~S^' '^~=^~""^"'"^n^' 

for a circle, let 1 be the axial centre, 2 and 3 the single foci, then 

ft„=0, ft3S=0, fti, = 0, fti3=0, 

(28) n,= ^ + 2%^, S^ = ^ + 2?.^i 
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for a semi-circular parabola, let 1 be the triple centre, 3 the pole ( qua £1) of the 
triple focal line other than the axis, and 2 the pole {qv/i £i) of the anharmonic 
conjugate of fl3o=0 with respect to the tangents to £i and S at their single 
intersection, then nii = 0, fli2=0, fl^Ilss — n|s = 0, 

(29) n^=_-2^^ + 2-^^, ^^^a^-2-^^-2-^, 

for a circular parabola, let 1 be the axial centre, 2 any point on the central axis, 
and 3 any point not on the central axis, then flu = , fli, = , 



(30) 






There is, however, a simple form of equation which applies to all conies 
excepting semi-circular parabolas, which I give below as (31). Every ellipse, 
hyperbola, semi-hyperbola, elliptic, hyperbolic or circular parabola, or circle, 
has at least one real finite (i. e. not situated on fl) centre, such that the opposite 
axis is real and transverse (both to ft and S ) , not a chord of double contact of 
S and ft . In the case of the circle the centre in question is any point of the 
central axis, and the axis in question passes through the axial centre. That 
such a real centre exists for all the conies named excepting the semi-hyperbola 
is evident, and for the semi-hyperbola it is only necessary to prove that the real 
axis is transverse. To prove this let 25 = be the chord joining the real inter- 
sections of S and ft (both real conies) , y = the real axis, x= the polar, 
qua ft , of (1 , , 0) ; then ftoo and /SJ^ can evidently be written 

ftoo = a:*±y*— 2;*, Sfn=a^+X7^—2?+fixy. 
The intersections of ft and S lie on the pair of lines 

(;i=Fl)y* + it£xy=0, 
i. e. the imaginary intersections lie on 

(;i=F i)y + f^=0, 
and for these intersections then 

{(;i:^l)»zb^»}y>-/iV=0, 
hence (^ ^^^ l)*zt f4*< 0, and therefore the lower sign must be taken, and 

ftoo = aJ* — y*— 2?, Sfio=oi^+Xy^—s? + (ixi/, 

where (^ + 1)* — f4*< 0; the intersections of /S^with the real axis are given by 

2 = 0, a?+?.j^ + (ixy=o, 
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and by virtue of the condition for X and ii the factors of the last equation are 
real ; hence the axis is transverse to S, and it is evidently transverse to ft. 

Returning now to the general case for all the conies named, let y = be the 
real axis, cc = the tangent at either vertex on y =: (other than the point of 
contact with ft, if such exist), 2 = the polar, qua ft, of (0, 0, 1), then £1^ 
and Sf» may be written 

(31) ftoo = a? — y*-z*, S^ = a^+hy' + cxz, 

where c*+4(a + &)&>0 (this condition is only necessary when (?<C,cf). The 
conditions for the different species of conies are easily seen to be the following : 

for an hyperbola, c*-<tt*, — <C s"' and c*+ 4 (a + &)&> 0; 

" ellipse, <f<a\ — > — 4-' c»+ 4(a + 6)6>0; 

a semi-hyperbola, c^^a^; 

an hyperbolic parabola, 6**= a* and — -< —] 

** elliptic parabola, (?=^a^ and — > — \ 

a circular parabola, i^ = a* and — = — \ 

for a circle having real contacts with ft, c*+4(a + &)6=0 and -^ > — 2 ; 

for a circle having imaginary contacts with ft, c* + 4(a + &)6=0 and -t-<C — 2. 

If /S is a semi-circular parabola we may write 

(32) ftoo=2a:y — 2?, ^= 2ay + 26y25 — 2», 

where y = is the triple axis (and focal line) of aS, z = the other triple focal 
line, and a = the tangent to ft at the single absolute point of S. 
It may be remarked that (31) may be written 

(33) fl„=_ + _ + _, S^ = a^-b-jj- + c^_^^^^^, 

where 1 is intra-absolute, and 2 and 3 extra-absolute ; and (32) may be written 

where 2 is the triple centre of S, 1 the single absolute point, and 3 the pole 
qua ft of the junction of the triple and single absolute points. 



ti 



u 



<i 



u 
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The circle is particularly interesting, on account of the simplicity of its 
metrical properties. Equation (3) becomes, for a circle, 

(35) /Sio=xnnnoo-n?o, 

where 1 is the axial centre, and flio=0 the central axis. Prom this equation 
follows, for any point of S, 



i. e. 

(36) 10=cos"^V'A,, 

i. e. the distance of any ])oint of a circle from its OMal centre is constant^ and recip- 
rocally the angle which any tangent of a circle makes vyith its central axis is constant^ 
for the reciprocal, qua fl, of a conic having double contact with ft is another 
conic having double contact with ft at the same points, i, e. a circle concentric 
with the former one, and every theorem concerning a circle has its exact 
reciprocal. 

Instead of (35) we may evidently write 

(37) il^=(ASnSoo-Slo, 
whence, if aSI^ = , 

Cko=-S\o,£l,o={(i-l)SnS^o.iin={ti-'^)Sl, 



= i- 



(^'y 



hence, by comparison with the previous values of the left-hand member, 
(38) A, = l — |M, 10= mr^^ii. 

Let 2 be any point on the central axis of S, and 3 any point of S, the line 23 
intersects S again in a point 4 ; then 

«4=p«»+o'a;3, y4=py% + oy^, Zi=pZi + ozsy /Si2 = 0, aS'88 = 0, ^^44=0, 
but S^ = p* /Si, + 2paSis , 

and therefore p : c = 2S^ : — S^, and say 

X4 = 2A^a:, — A^a^g, 2^4= 2/^y,— A^ys, 24= 2a^2» — ^^si 

ftj3 = ^/Sii A%3 , ^ = [lSiiS^ = [iSnS^S^i 
^%=(lSiiSni ft33=— ^13» -^^44= — ^14) 

i. e. 24 = — 23 , 

but 24 is not independent of the position of 2 ; hence every chord of a circle is 

bisected by the central axis^ and reciprocally the angle between any two tangents of a 

Vol. V. 
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circle is bisected by the junction of the axial centre with their intersection. In this 
sense, then, every point of the central axis is a centre, and every line through 
the axial centre is an axis. 

Still using (37), let 2 be any point in the plane and 3 the point of contact 
of either tangent from 2 to aS'; then 

^8^3=0, ^ = 0, 

it/«^«8 /^SnS^-Sl, (l-/i)i>ni^a ^i?ii^a' 

— 1 — • 

t. e. cos 23 = — T cos 12, or 



(39) tan23 = ^-^^^=^(^-^^^i;^^^«-^^, 

which is independent of any choice between the two tangents from the point 2 , 
i. e. the two tangents to a circle from any point are of equal length, and reciprocally 
any two tangents of a circle make equal angles with the chord joining their points of 
contact. 

The tangent to S, given by (36), at any point 2 has the equation 

whose pole, qua ft, evidently lies on the radius 12, and hence any tangent of a 
circle is perpendicular to the radius to its point of contact from the ajxial centre^ and 
reciprocally any point of a circle is perpendicular to the intersection of the tangent 
at that point with the central axis. 

The theory of the radical axes of two or three circles may be deduced 
geometrically (as in Salmon's Conic Sections, Art. 306), or we may proceed 
analytically. Let S\ aS"', S'" be three circlfes, where 

(40) /%=;i'ftnftoo-nio, ASX{=rft«ftoo— ftio, si^=:>i"D^o^-££^. 

Through the intersections of S' and S" pass three pairs of straight lines of 

which one pair is 

(41) rft,,ftfo— ;i'ftnft|o=0, 

and the peculiarity of this pair is that its lines intersect in the intersection of the 
central axes of S' and S". The common chords of two circles which pass 
through the intersection of the central axes of the circles may be called their 
radical axes. Every pair of circles has then two radical axes, and similarly 
every pair of circles has two radical centres, those intersections of their common 
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tangents which lie on the junction of their axial centres. Prom (41) follows 
directly, for any point of either radical axis, 

lAC)\ ^10 _ ^ 

i. c, by comparison with (39), the four tangents to ttjoo circles from any point of 
either of their radical a/xes are of equal lengthy and reciprocally any line through 
either radical centre of ttbo circles makes equal angles vnth the tangents to them at the 
four points where it intersects them. The three pairs of radical axes of the circles 
S\ aS"', S'", taken two at a time, are 

x"£i^^—w^a^ai=o, wciuO^-r'n^ai^^o, rn^njo-vfinn|o=o, 

i. e. separately 

vx^a^a^o ± x/^^Q^Ojo = , \/x^n3ozb\/^7^f5 1X10=0, 

from which it is evident that the six lines forming the three pairs of radical axes 
pass by threes through four points^ the ** orthogonal centres " of the three circles, 
namely through each orthogonal centre passes one radical axis of each pair ; and 
reciprocally the six radical centres of three circles lie by threes on four straight lines^ 
the ^^orthostatic axes" of the three circles, namely on each orthostatic axis lies one 
radical centre of each pair. The six tangents to the three circles from either 
orthogonal centre are of equal length, and hence their points of contact lie on 
the same circle, whose centre is the orthogonal centre and which cuts the given 
circles perpendicularly in these points, i. e. it is orthogonal to the given circles. 
Any three circles have then four orthogonal circles. Reciprocally either 
orthostatic axis makes equal angles with the tangents to the three circles 
at its six intersections with them, hence these tangents all touch the same circle, 
whose central axis is the orthost&tic axis, and whose contacts with these 
tangents are perpendicular to the contacts of the given circles with the same, 
i. e. this circle is orthostatic to the given circles. Thus any three circles have 
four orthostatic circles. It may be remarked that two circles intersect in 
four points and have four common tangents, but two and only two of the 
intersections can be orthogonal, and the contacts of two and only two of the 
tangents can be orthostatic. Let ^'Ilii = a'*, ^''n^ = a"*, ^'"Hja = a'"* ; then 
(giving any possible combination of signs to a', a", a'") a'^fl^o — a"flgo=0, 
a'Hao — a'"nio = 0, a"Ilio — a'njjo= 0, are three radical axes meeting in the 
same orthogonal centre 4, for which then 

fin: 11^:1134=: a': a": a'", 



380 Story: Oii Nun-Euclidean Properties of Caiiics. 

say 

(43) £i^= tal, £l^— to", 034= to"', 
and for the contacts of tangents from 4 to S* we have 

i. e. a'^floo— n?o = , a'^H^o— 0.^i0.y^= a' {a' £i^— ^Hio) =0, 

from which follows 

(44) ^noo-njo=0, % 

which is symmetrical with respect to S\ S" and aS"", and hence is the equation 
of the orthogonal circle corresponding to the given combination of signs of a', a" 
and a'". The ratios 0:4:^4:24:^ are determined by (43) and these are to be substi- 
tuted in (44). 

Similarly let ( 1 — X' ) £in = /3'^ ( 1 — r ) H^, = ^"\ ( 1 — X'") £l^ = 1^"'^ then 
the radical centres of aS" and S" are those points of the line 12 from which 
tangents to S and S' will coincide, say one of these points has the coordinates 
parj + ca-j, pyi + oy^y pzi + GZ2, and the equation of the pair of tangents from 
this point to S' is found to be 

- a*(fln- i3'*)n|o+ 2a{Gn,,- p/?'*)flion3o = 0, 

- ^'^ [(p*fln+ 2pani, + a*n,,)noo- p'^fo- a^ftlo + 2p(rflicAo] = , 
and in order that these shall coincide with the tangents to S" it is necessary and 
suflBcient that p* : a* = |3"* : |3'^ i. e. pia = ^":±: ^' and the equation of the polar 
{qua ft) of the radical centre is 

(45) |3"ft,o ± i3'ft,o = ; 

the combined equation of the polars, qua ft, of the two radical centres of S 
and S' is then (1 — X")ft^ft?o — (1 — :i')^n^o. 

If ftgo = is the equation of an orthostatic axis of S\ S" and S'", then, if 
any combination of signs is given to ^\ ^" and ^'", by (45) 

ft,5:ft,5:ft35=/?':i3":/3'", 
i. e., say 

(46) fli5 = H^', ri» = H^", ^35 = t^'". 

The locus of poles, qua SI , of tangents to the orthostatic circle of S, S' and 
S", say to (i£l^£ko— ftfo = 

is given by the equation 

(47) {l-(i)a^a^-£ll,= 0; 
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and if 6 is either 'point of intersection of the orthostatic axis £i^ = with S\ 

we have 

(48) n5e = 0, X'nnn«,-flfa = 0, 

and the tangent to S' at 6 is 

i. e. the pole of this tangent, qua fl , has the coordinates 

Hie ar« — flee ari, £i^^yf^ — £if^y^, HieZe — HgeZi, 
and this pole must then lie on the circle (47), whence follows, on reduction 
by (48), (l-it^)(l-X0nii^56-n?5 = O, 

H^ — H^ 



1. e, f.t =; 



J?. 



'55 

and the equation of the orthostatic circle corresponding to the given combination 

of signs of 13', i3", ^'" is 

(49) (1X55-0^00— n?o=0, 

and the locus of poles, qua H, of its tangents is given by the equation 

(50) ^noo-n|o=o, 

where the ratios x^:y^:z^:if are determined by (46), 

Baltimore, June^ 1883. 




Di un nuovo teorema relativo alia rotazione di un 

corpo ad un asse.^ 

Nota del Prop. Dominico Tubazza. 



Si riferisca il sistema a tre assi rettangolari paesandi pel baricentro e per 
brevity di scrittura pongasi 

2x*Am = ?n.e*, 2^ Atw = wi ./*, 22*Am = ?n.gr*, 
Sa^yAw = m.cA, XxzAm =: m.cic, ^t/zAm=::m.cI 
essendo m la massa del corpo. 

Ora nella mia memoria '* di alcune proprieta relative agli assi di rotazione 
di un sistema rigido '^ io ho dimostrato che per imprimere al sistema un moto 
di rotazione con velocita angolari w intorno ad asse parallelo all' asse z e distante 
5 dal baricentro e mestieri impiegare una forza mF=: — ?nio . cZ ed un giratore 
mG=^ — m,cl applicati al centro di giratore minimo, che h quel punto del piano 
XZ che a per coordinati 

diretti perpendicularmenti al piano XZ e in senso contrario ad Fse il corporota 
da X verso F. 

Prohlema. Abbiasi un sistema rigido di massa m fisso a due pemi Ae B 
intorno cie quali possa liberamente girare ; a questo sistema venga trasmessa 
una determinata quantita di moto mF in data direzioni ; si domanda la velocity, 
angolari iniziale che prendera il sistema e le pressioni che soppOrteranno i cardini. 

Si riferisca il sistema a tre assi rettangolari passandi pel baricentro ; Puno 
{Z) parallelo all' asse di rotazione; Taltro (Y) perpendicolare al piano che 
passa per Tasse e pel baricentro ; e il terzo {X) perpendicolare a questo piano ; 
sieno a e ^ \e coordinate del punto in cui la quantita di moto trasmessa incontra 
il piano XZ, ed a e 6 le distanze dei due cardini dal piano XY. Si decomponga 
la forza mF in tre, Tuna m/^ parallela all' asse x ; I'altra mfy parallela ad Y 
e la terza m/, parallela ad z, e rimossi i cardini si sostituiscano in loro luogo 
due forze equali e direttamente contrarie alle pressioni sopportate dai medisimi, 
e decomposte queste in tre secondo i tre assi sieno mp^ ; mpj^ ; mp, le tre relative 

* Owing to some oversight, this article, which was received about three years ago, was mislaid and 
has only just come to light— Ed. 
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al cardine A , ed mp'^ ; mp'y ; mp', le tre relative al cardini B ; sia finalmente w la 
velocita angolare iniziale intorno alP asse AB. Trasportando tutte le forze al 
centre di giratore minimo, queste dovranno ridursi unicamente alia forza — mwd , 
ed al giratore — mcl, e quindi, dividendo tutto per w dovranno sussistere le 
equazioni sequenti : 

(I) fx'\'Px + P'x=^ ; fy + Py+P'v= —W.h] A+P% + p'^=0, 



(H) 



d 

ck 



{?+t\^'+\'^+t\p-+{''+1-\^--\'+-¥U' 



-I 



« + 



8 



I |i>» + i>'»} = — to.cZ 



Donde ponendo per brevita 



(III) 



6' + c»+/»=i». 
«; = — 



e 



(IV) 



Px = 



(a — d).c.l 



a—d 



6-y9 



— a)t- -^^ b — a'-^* b—a'-^' 



{b-a) 



_ _ {a — d).c.l . a — d a — ji 

P'~ {b — a).e -Jy^ b — a'-'*^ b — a'''' 



— S)[b.d-\-ck) j^b — 

b 



+ ^f •/. 



_ j {a-SXb.d 
Py— \ (b — a) 

Ua-8){a.d-i.ek) a-^) 
Py— \ {b — a)i* '^b — a)''''' 



. Pt + P'i=—/i 
le quali equazioni risolvono completameDte il problema proposto. 

Se la direzione della quantita di moto trasmessa incontra il piano XZ nel 

centro di giratore minimo allora sar^ 

medianti i quali valori le equazioni superiori diventano. 



(V) 



w 



= — l ; Py= 0; i>y = 0; 2>» + l)'t= — /. 



P^ = 



Pr = 



cl 



./.+ 



t» 



d^b — a)-" ' 8{b — a) 

d , 

•Jy 



z» 



d{b — a) 



3{b — a) 



. b.8 + ck . 

•J' S{b — a)''''' 
a3-\-ck 
•J'^ !({b — a)'-'" 
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dalle quali equazioni risulta che, essendo essenzialmente a differente di 6, non 

possono Px ^ p^x essere zero a meno che non sia in primo luogo /^ = , ossia a 

meno che la quantitA di moto trasmessa non giacia in un piano perpendicolare 

all' asse X, cio^ parallelo all' asae dato e perpendicolare al piano che passa per 

I'asse stesso e pel baricentro ; quando ci5 awenga allora tanto p, quanto pf, 

saronno nullo cosi se sia 

cl.fy—iy, = 

come se sia /, = , e cZ= in quest' ultimo caso h pure i>, + jpi = il caso in cui 

sia/, = 0, e cl=0 corrisponde al caso gii noto, ed essendo pure jp,+y,= 

I'asse non striscione ; se invece sia cl.fy'=-^f^ ossia quando la direzione della 

quantitA di moto trasmessa, passando pel centro di giratore minimo, giace in un 

piano parallelo all' asse e perpendicolare al piano che passa per I'asse e pel 

baricentro, e formi con questo piano un angolo la cui tangente trigonometrica fe 

espressa da — i allora pure I'asse non soflFre percossa ; il corpo prende spon- 

taneamente a girare intorno all' asse desso, solo I'asse puo strisciare lungo sua 
direzione. 



VOL. y.r-The Interaction of (Xrcte», etc, 

p. 34, last half of third line should read " a case which,'' instead of '< the case in which they 
do intersect." 

Asterisk omitted to note on p. 34 by Prof. Cayley, answering to the * on line ninth. 
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